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of Berlin. 
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tire-grate, described in the Journal of the Society of Arts of May 12, 1 S."» 1 . 





ADVERTISEMENT. 


The Committee appointor] by the llot/al Society to direct the publication of the 
Philosophical Transactions , take this opportunity to acquaint the Public, that it fully 
appears, as well from the Council-books and Journals of the Society, as from repeated 
declarations which have been made in several former Transactions , that the printing 
of them was always, from time to time, the single act of the respective Secretaries 
till the Forty-seventh Volume; the Society, as a Hody, never interesting themselves 
any further in their publication, than by occasionally recommending the revival of 
them to some of their Secretaries, when, from tin* particular circumstances of their 
ullitirs. the Transactions had happened for any length of time to be intermitted. And 
this seems principally to have been done with a view to satisfy the Public, that their 
usual meetings were then continued, for the improvement of knowledge, and benefit, 
of mankind, the great ends of 1 heir first institution by the Koval Charters, and which 
they ha\c ever since steadily pursued. 

Kill the Societv being of late Near" irreatlv enlarged, and their communications 
more numerous, it was thought advisable that a Committee of their numbers should 
be appointed, to reconsider the papers read before them, and select out of them such 
as tliev should judge most proper for publication in the future Transactions : which 
was accordingly done upon the *2bth ol .March 1 7 -VJ. And the grounds of their 
choice are, and will continue to be, the importance and singularity of the subjects, or 
the advantageous manner of treating them ; without pretending to answer for the 
certainty of the facts, or propriety of tin* reasonings, contained in the several papers 
so published, which must still rest on the credit, or judgement of their respective 
authors. 

It is likewise necessary on this occasion to remark, that it is an established rule of 
the Society, to which they will always adhere, never to give their opinion, as a Hody, 
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upon any subject, either of Nature or Art, that comes before them. And therefore 
the thanks, which are frequently proposed from the Chair, to be given to the authors 
of such papers as are read at their accustomed meetings, or to the persons through 
whose hands they received them, are to be considered in no other light than as a 
matter of civility, in return for the respect shown to the Society by those communi- 
cations. The like also is to be said with regard to the several projects, inventions, 
and curiosities of various kinds, which are often exhibited to the Society ; the authors 
whereof, or those who exhibit them, frequently take the liberty to report and even to 
certify in the public newspapers, that they have met with the highest applause and 
approbation. And therefore it is hoped that no regard will hereafter be paid to such 
reports and public notices; which in some instances have been too lightly credited, 
to th*' dishonour of the Sociotv. 


The Meteorological Journal hitherto kept by the Assistant Secretary at the Apart- 
niei't" of the Royal Society, by order of the President anti Council, and published in 
the Philosophical Transactions, has been discontinued. The (Government, on the 
recommendation of the President and Council, has established at the Royal Obser- 
vatory at (Greenwich, under the superintendence of the Astronomer Royal, a Magnct- 
ieal and Meteorological Observatory, where observations are made on an extended 
scale, which are regularly publi-hed. These, which correspond with tint grand 
scheme of observation* now carrying out in ditferent parts of the globe, supersede 
the necessity of a continuance of the observations made at the Apartments of the 
Royal Norit ty. which could not be rendered so perfect as was desirable, on account 
of the imperfections of the locality and the multiplied duties of the observer. 



A List of Public Institutions and Individuals, entitled to receive a copy of the 
Philosophical Transactions of each year, on making application for the same 
directly or through their respective agents, within five years of the date of pub- 
lication. 
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Adjudication of the Medals of the Royal Society' for the year lH.j.'i by 

the President and Cocncil. 


The Coi>lk\ Medal t<» Heinrich Wilhelm Dove, for hi* work "On the Distrilm- 
tion of I Irat over the Surface of the Kartli." 

The Ko\al Medal to Chaiiles Dviiwin. K*«|.. for his woiks cntillcd *• (ieologieal 
Observations on Coral Keel's.” Volcanic Islands," and on 14 South America;"’ and hi* 
woik. "Fossil (irrhiprda of Cireat Kritain. Section Lepadida*. Monograph of the 
< 'irrhiprda." 

I '/'hr '‘i nun/ Hot \ l Medal iru\ unf mt m <!< <t.) 

The Ii\KEin\N la:< rt »se for IS.'oi was delivered by ( 'oSonel Swsink. Y.P.R.S . and 
entitled "On the lulltienee ol the Moon on the Magnetic Declination at Toronto 
St. I lelena. and Ilobarton.” 




PHILOSOPHICAL TRANSACTIONS. 


I. On the J i lira/ ions and Tours produced In/ I hr Contact of Jiodies haring diff treat 
'Tent print tiers. lit/ John Tyximli,, Ph.t). s T.H.S.. Mcni/irr of (hr Itoi/al Soviet 1 / 

of Haarlem , and Prof essor of Xatnral Philosopln/ in the 11m/ a l Institution. 

Uici ived .Inuuary 1 — Road January *JD, 1>.*54. 


In the yrar ISO'i. M. Scuwaim/,. inspector of oik* of tin- smeltinir-works of .Saxon v, 
having a ({iiantlty of silver in a ladle which had just solidified after melting, and 
wishing to hasten its cooling placed it upon a eohl anvil, when to his astonishment 
sounds, which he compared to those of an oryan, proceeded from the mass. The 
rumour of this discovery excited the curiosity of Professor Hiusk.kt. the editor of 
(iiumtir's Annalen, and in the autumn of the same sear he paid a \isit to the smelt- 
ing-works in question. lie there learned that the piece of silver from which the 
sounds proceeded was cup-shaped, had a diameter of or l inches and a depth of 
half an inch. ( in. man himself, under the direction of M. Scuw.urrz. repeated the 
experiment. lie heard a distinct tone, although nothing that he could compare 1o 
the tone of an origan. He also found that tic* sound was accompanied by the 
quivering of the mass of metal, and that when the vibrations of the mass ceased, the 
sound ceased likewise. The Professor limited himself to the description of the pile 
nomcuon and made no attempt to explain it. 

In the \ear 1 S*2'.> Mr. Autiii a Ti;i:\ia.\.\.\ was enj;ajjrd in spreading pitch with a 
hot plastering iron, and observing in one instance that tin* iron was too hot. he laid 
it slantingly against a block ot lead which happened to beat hand. .Shortly after- 
wards he heard a shrill note, resembling that produced on the chanter of the smaller 
Northumberland pipes, an instrument pla\cd by his lather's yamekeeper. Not knou r - 
iti£ tin* cause of the sound he thought that this person mi^ht be practising out of 
doors, but on <*oiiiij out the tone ceased to be heard, while on his return he heard it 
as shrill as before, llis attention was at length attracted to the hot iron, which he 
found to be in a stall* of vibration, and thus discovered the origin of this strange 
music. In he came to Kdinlmryh and mentioned the fact to Dr. Rum : the latter. 


MUCCCI.IV. 


It 



mt. TYXHALL ON TIIK VIBRATIONS AM) TONKS IMIODPOKI) BY 


not knowing what Scmwautz ami (iii.hkkt had observed previously, regarded the 
phenomenon as new and reeoiiiineuded Mr. Tukvki.yan to investigate it more fully. 
Mr. Tukvki.yan did so ; among other things he discovered the form to be given to 
the vibratin'; mass (the rocker) in order to obtain the effect with ease and certainty. 
The re-ults of his numerous and well-contrived experiments were communicated to 
the Koval Society of Fdinburgli, and were subsequently printed in the Society's 
Transactions. 

On the 1st of April 1SBI these vibrations and tones constituted the subject of a 
Friday evening's lecture by I’rofe-sor Fakaday at the lloyal Institution. The following 
extract from the .Journal of the Institution, vol. ii. p. l’JO, informs us of the views of 
the philosopher la-t mentioned with respect to the cause of the times. ** As the sounds 
were evidently due to the rapid blows of the rocker, the only difficulty was to discover 
the true cause of the sustaining power by which the rocker was kept in motion, 
wliil-t any considerable difference of temperature existed between it and the block 
of lead underneath. This power Profe—or Fau\u\y referred to expansion and con- 
traction. a- Professor hi>ur. ami Mr. Tukvki.yan had done generally. Hut he ga-.e 
a minute account of the manner in which, according to his views, such expansions 

and contractions could produce the effect The superiority of lead, as a cold 

metal, he referred to it- great expansibility by heat, combined with its deficient con- 
ducting power, which is not a tilth of that of copper, silver, or gold ; so that I he 
heat accumulate- much more at the point of contact in it than it could do in the 
latter metals, and produces an expansion proportionally greater." 

Profes-or .1. 1). Foruk- was present at this lecture, and by it. apparently, he was 
induct'd to undertake the further examination of the subject. On the Isth of March 
and on the l-t of April, ISBB. the results of his inquiries were communicated to the 
Koval Society of Kdinburgh. He dis-ents from the explanation supported by Pro- 
fe—or Fauaoay. The vibrations, he urges, are dependent for their existence on the 
difference ol’ temperature of the two surfaces in contact ; if then the heat accumulate 
at the -urface of the cold metal, it- effect will he to bring both surfaces to a common 
temperature and thus to stop the vibrations, instead of exalting them, as supposed 
bv Professor Fakaow. Again, it the phenomenon he due to expansion, the greater 
the expansion the greater ouulit to In: the effect; but the expansion depends upon 
the quantily of heat transmitted from the hot rocker to the cold block during their 
contact, and this again upon the conductivity of the block ; so that, instead of luring 
a bad conductor, the block, to produce the greatest clfect, ought, to he the best, con- 
ductor po-siblc. The idea of an accumulation of beat, at the surface being more 
favourable To the action than a rapid communication with the interior, Professor 
Fokmks regards as an ” obvious oversight*." 

Having thus, to all appearance, overturned the views previously entertained, Pro- 
f« —or Foiiuks proceeds to found a theory of bis own. 1 lis experiments have led him 
’’ Magazine, Series t), vol. iv. pages 1 ami tS'J. 
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to the enunciation of certain “general laws,” and these converge upon the still more 
general conclusion, — “that there is a repulsive action exercised in the transmission 
of heat from one body into another which has a Jess power of conducting it.” This 
repulsion I’rofcssor Fomins considers to he “a new species of mechanical agency in 
heat,” and he cites the remarkable experiments of Fkksnki., on the mutual repulsion 
of heated bodies in vacuo, as bearing directly upon the subject. 

Such, apparently, was the unsettled state of the question when my attention was 
drawn towards it last summer. The possibility of the explanation offered by Pro- 
fessor Fomins, affording, as it seemed to do, a chance of becoming more nearly 
acquainted with the intimate nature of heat itself, was a strong .stimulus to inquiry. 
I was not aware, until informed of it by my friend Professor M aunts, that Snnnncn 
hail further examined the question, and substantiated the conclusions arrived at by 
Faraday. On reading Skkkkck's interesting paper 1 found that he had already ob- 
tained many of the results which it was my intention to seek ; nevertheless the 
portion of the subject which still remained untouched presented sutlicient interest to 
induce me to prosecute my original idea. 

I purpose in the present memoir to examine the experimental basis of those laws 
which Professor Fomins regards as establishing the existence of - a new mechanical 
agency in beat’: and as I am anxious to place it within the power of every experi- 
menter to test the results to be communicated, I shall connect with each series of 
experiments a sufficiently exact description of the instruments made use of. 

The first general law enunciated by Professor Fomins is as follows: - 

" i he rihrntiuns never tnhe /j/ttcc hchceen su bit antes nf' the sonic nature.'' 

Let us see whether this law will bear the test, of experiment . 

1 Iron Hacker . 

Fig. I represents a sketch of the rocker ; the length AC is. VI inches; the width 
YU I S.',, ami the length of the stem FF is I ’J iii«*hes. Fig. - is a transverse section 

l ij. i . 


Kilt. *J. 


Km. 4. 


*' \ 1 


; 1 — 

t» l J /v 




of the rocker, showing the groove underneath; the depth NX is of, of an inch. 
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The distance ;7 is O'.'L'i of an inch, and it is divided into three equal spaces, the central 
one of which is occupied by the groove, and the other two arc the surfaces which 
rest upon the bearer. Fig. ,‘i is a plan of the rocker turned upside down. The 
spaces k. tig. 1, and nnwp , tig. :t. will, for tin* present, be left out of consideration. 

1. The blade of a dinner knife was fixed in a vice so that the edge was horizontal. 
The rocker was laid upon the edge, and the stein suitably supported. On stirring the 
rocker a loud and musical sound commenced, and continued for a considerable time. 

2. The knife was removed and a plate of sheet iron 4 \,th of an inch in thickness 
was fixed in the vice; the hot rocker was caused to rest upon the edge of the plate. 
On stirring the rocker, vibrations, accompanied by a musical tone, wi re set up as 
before. 

The experiment was repeated with a second plate of iron ’ M jth of an inch in 
thickness, and a still better tone was obtained; — when the rocker rested on a block 
of iron the vibrations were not permanent. 

II. ( 'i/jj/cr liuckcr. 

The pieces k and oniop, tins. | and are plates of copper, screwed tightly on to 
the surface of the iron. In this way a single rocker is made to do the duty of two. 

1. A plate of copper v>\jth of an inch in thickness was fixed in the vice, as in the 
former cases; and the copper portion of the rocker was caused to rest upon it. A 
-light shock, imparted to the rocker, immediately excited a strong and durable tone. 

2. .V bit of copper foil was fixed in the vice; it was almost as flexible as stout 
foolscap paper, blit to give it rigidity the height of it which projected above the vice 
was ver\ minute. With a little care I obtained tones stronger and more musical 
than in the foregoing instance. 

:s. When the rocker was laid upon a l/lnik of copper no tone was obtained, and it 
v. as found that the ditliculty of obtaining a tone increased .as the plate, made use of 
bi-eame thicker. 

1. Instead of the plate, two wires of copper J-.th of an inch thick, and pointed with 
a tile, were fixed in the vice at about one-eighth of an inch apart. The rocker was 
turned upside down, so that the flat surface of the copper k rested on the wires as in 
tig. t forcible vibrations were obtained in this way. 


III. It mss liuckcr. 

1. A piece of brass tube was fixed in the vice and its cylindrical surface rendered 
clean by aline lile. A brass rocker of the same dimensions as that, represented in 
tig. 1. was caused to rest upon the tube; on stirring the rocker continuous vibrations 
succeeded. 

2. A plate of brass j * lo th of an inch in thickness was fixed in the vice. The 
n.iker being laid upon the edge of the plate and stirred, stronger and more durable 
v ibrations were obtained than in the case of the tube. 
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B. The experiment was repeated with a plate twice the thickness of the former ; 
distinct vihr.'itions were obtained. It was found in this case also that the thinner the 
plate, within its limits of rigidity, the more decided were the effects : — when the rocker 
was laid upon a block of brass there was no permanent, vibration. 

1. The rocker was turned upside down, its flat surface resting upon the points of 
two common brass pins; a constant rocking was the consequence. 


IV. Silver Rocker. 

This instrument was formed by attaching a piece of silver to the brass rocker used 
in the last experiments, exactly as the piece of copper, ntnop, was attached to the 
iron rocker, lig. I. The silver partook of the geneial shape of the under surface of 
the rocker, being bevelled off on both sides of the groove passing through its centre. 

I. A strip of silver about o 0 th of an inch in thickness was fixed in the vice, and 
the silver portion of the rocker was caused to rest upon the edge of the strip. On 
shaking the rocker a tine mellow musical tone was obtained. 

‘2. A new half-crown was fixed in the vice and the rocker caused to rest upon the 
milled edge: no permanent, vibrations were obtained. A similar difficulty was 
encountered with the edge of a shilling. On the edge of a sixpence, a feeble, though 
distinct vibration wa< obtained. 

W hen the edges of the coins were beaten out with a hammer, and thus rendered 
thin, distinct vibrations were obtained with all of them. I do not assert the impos- 
sibilit\ of obtaining vibrations on the edge of a half-crown, but merek state that 
with the same rocker vibrations wen obtained upon a thin edge of silver, and not 
upon a thick one. 

t. The rocker was placed against a block of silver weighing about, ten ounces: no 
permanent v ibrations vv ere obtained. 


\ . '/.inc 1 1 

The instrument is of the same sizo and shape as the iron rocker, lig. I, except that 
the depth. SN tig. *2. is less and the mass therefore lighter > 

I. Placed upon the edge of the thinnest sheet zinc, the edge having been sharpened 
bva file, distinct musical tones were obtained: -on a block of /inc the rocker refused 
to vibrate permanently. 

Tin Rocker. 

I. A cake of tin. formed by pouring the molten metal upon a smooth flat, surface, 
was heated and balanced upon two small protuberances of a second piece of the 
same metal. Continuous lockings were immediately set up. I met the mass by 
accident in the laboratory, and having obtained the vibrations without changing its 

* Better results are obtained when the roeker is still fuithor lightened , by sconcing away part of its central 
mass, thus making its upper surface concave instead of Hat. 
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shape. I did not think it necessary to strengthen the action by forming it into a 
regular rocker. 

The number of metals capable of this action might, I doubt not, be greatly ex- 
tended. Thus far we have obtained vibrations with 

Iron upon iron, 

( upper on copper, 

1 trass on brass, 

Silver on silver. 

Zinc on zinc. 

Tin on tin, 

and these. I think, arc sullieient to show that the first general latv of Professor Fokhks 
■lies not stum/ the ft st of e i/ierimcnt. 

Skkhec k indeed had already proved the. niitenablcness of this law. Ilis method of 
experimenting ha- been followed in one or two of the cases above described. Tin- 
placing of the heated rocker upon pointed wires is his idea. Hookings are very 
readily obtained in this way ; but when tones arc required, the sharp edge will, I 
think, in general be found preferable. 

The second general law of action stated by Professor Fokhks is as follows:- - 

-• linth stilt stum es must he metu/lie." 

This is the ease which first excited my attention ; for even granting the final ex- 
planation given by Professor Fokhks to be the true one, the necessity of the law 
before u- does not at all follow. Previous to entering upon the present subject I had 
f Mind that rock-crystal and rock-salt possessed conducting powers not much, if at 
all. inferior to some, of the metals; and this led me to suppose that cither, or both of 
these substances, might possibly be made to exhibit the action which the above law 
rest ricts to metals. 

My first attempts failed through want of delicacy, as first attempts generally do. 
Mat a little practice suggested the means of imparting to the rocker the requisite 
degree of mobility. Crystals of quartz were cut in such a manner that when the 
roekei was laid upon them a very slight force was sullieient to cause it to oscillate. 
My this means I had the satisfaction of obtaining distinct vibrations from a brass 
locker placed upon rock-crystal. 

I H-frain from entering into a more exact statement of the manner in which the 
crystals wen- cut ; for subsequent experience proved that there is no difficulty in ob- 
taining the client, without any artificial preparation whatever. 

1 shall now proceed to describe the results obtained with noil-metallic bodies. 

1. Hot L -t i i/stnl. The brass rocker already described was heated and placed upon 
the natural edge of the prism; the stem was supported by a knife-edge, so that the 
locker lay nearly horizontal : a strong tone was thus obtained. 

Vibrations also followed when the rocker was laid upon the edge of the pyramid 
v. iiich caps the hexagonal prism. 
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The experiments were repeated with fumy quartz, and the same result was ob- 
tained. 

2. Fluor-spar . — A smaller brass rocker than that last used was found to answer 
best with this crystal. The dimensions corresponding to AC, Ali, fig. 1, were .TH 
inches and 1'23 inch respectively; while the depth was the same, or nearly so. This 
rocker having been placed upon the natural edge of the crystalline cube, a clear and 
melodious note was instantly produced. Forcible vibrations were also obtained with 
the larger rocker, but not so clear a tone. 

The angle of the cube was cloven oil* so as to expose the edge of the octahedron ; 
on this edge also vibrations were obtained. 

Fortification d^ate . — Distinct vibrations and tones were obtained with the. large 
brass rocker. I found it sometimes convenient to increase the time of oscillation by 
laying a thin brass bar with small knobs at the ends, across the rocker — a mode of 
experiment due, 1 believe, to Mr. Tukvhlvan. With this precaution, in the ease 
before us, the rocker continued swinging for nearly half an hour, and when it. ceased 
it was under the temperature of boiling water. 

Hod, -salt . — The rocker used in the foregoing experiment was laid aside and a 
piece of rock-salt was prepared for trial. The mass was cloven so as to exhibit the 
surfaces of the primitive cube: and was so placed that the straight line formed by 
the intersection of two of the surfaces of the cube was horizontal. Previous to 
healing the rocker, I laid it, according to practice, upon the mass, merely to ascertain 
whether the arrangement was likely to answer. To my astonishment a deep musical 
sound commenced immediately. I he temporal lire ot the rocker was at this time lar 
below that of boiling water, and when it. had ended its song it. was scarcely above a 
blood heat. 

The heated rocker was laid upon a large boulder-shaped mass of the salt; it com- 
menced to sing immediately. I scarcely know a substance, metallic or nou-metallic. 
with which vibrations can be obtained with greater ease and certainty than with 
this mineral. To the. remarkable properties which the researches of .Mkllom have 
shown to belong to rock-salt a new one may now be added. 

drant urine. -I was tempted to tr\ this mineral from having met a piece of it pos- 
sessing a clean sharp edge. The large brass rocker placed hot upon this edge, gave 
a decided tone. 

Sulphate of Hot ash . — (are is required with this artificial crystal, as it readily Hies 
to pieces on the sudden communication of heat. With proper precautions, feeble, 
but well-established vibrations, were obtained. 


Oni/.r . — A distinct tom*. 

Tourmaline.- After many trials I obtained a continuous vibration and low tone. 

* 


Fossil n 00,1 . — Two different specimens were examined and distinct tones obtained 


with both of them. 


Handed dgafe . — Strong and continuous vibrations, when the rocker was very hot. 
Cha/eedoni /. — Loud and long-continued knoekings on a knob of this mineral. 
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Glass. — Decided vibrations on tin* smooth rounded edge of tlu* foot of a drinking- 
glass. Mr. Tkkvklyan believed that hr oiut obtained vibrations upon glass, but tlie 
fact is doubled by Professor Fokhks. Tins is the only experiment, on non-metallic 
bodies, as far as 1 am aware of. hitherto on record. 

Farthenicarc.— - A feeble tone, which soon ceased, was obtained on the edge of a 
dinner plate. 

Flint. — A decided tone, though not so strong as that obtained from roek-crvstal. 

Li/dian Stour. — Permanent vibrations. 

Heliotrope. — A durable tone. 

Iccland-spar. — A lighter rocker than any of those hitherto described was found 
necessary in experimenting with this crystal. The mass is soft, and is readily bruised 
bv the rocker, when M;e latter is heavy. With a suitable instrument a continuous 
feeble tone was obtained. 

Uni lit Miititr .— Distinct tones were produced by several specimens of this mineral. 

.//•%< niacal Cohn It. — A Strong tone. 

Mtftorir lion from Mexico. — A low musical tone. 

This li*t might be readily extended. The substances mentioned in if were chosen 
on account of their accidentally presenting the conditions favourable to experiment. 
The principal condition is a clean even edge. Several of the minerals possessed 
such edges cut artificially; others possessed them naturally. In the case of chalce- 
dony. the rocker was placed upon a rounded knob; in the cast; of tourmaline, one of 
the ridges, which usually run along the surface of the prism, served as a support ; 
with glass and earthenware the surfaces were smooth and rounded. As a general rule 
however I have fount l an even edge best. With such an edge, and rockers similar 
to those di scribed, no difficulty will be experienced in repeating and extending these 
expci iments. 

It is usual to permit the knob at the end of the handle of the rocker to test upon 
a flat surface, while the instrument itself leans slantingly against the bearer. In 
delicate cxpei iments I think a knife-edge is a better support for the handle, the 
rocker being - placed horizontal, or nearly so. 

Omitting the last three substances, which might, perhaps, with some justice be 
regarded as metallic, we find a number of exceptions to the law under consideration 
which far exceeds the number of bodies mentioned in the paper of Professor Fokhks. 
’/’//eve rtiepfioiiy demonstrate that the second law also is untenable. 

The third general law runs as follows ; — 


” 'I he e ibnit ons tube place icifh an iniensifi/ proportional ( within certain limits) to 
the difft rent c of 't, umdueting powers of the metals for heal , the metal haring least 
i onductinp power heinp net ossurih) the coldest'' 

The evidence adduced against the validity of the first, law appears to destroy this 
one also: for if the vibrations are to be ascribed to a difference in the conducting 
power*, of the rocker and bearer, then when there is no such dilference I here ought 
to be no vibrations. Hut vve have shown, in half-a-dozen cases, that vibrations 
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occur when rocker and bearer are of the same metal. The same facts deprive the 
latter part of the third law of its significance. 

I will however cite one or two experiments, in which the conditions regarded 
necessary by Professor Forres were reversed, and the effect was produced notwith- 
standing. 

1. Silver stands at the head of the conductors of heat. A copper rocker was laid 
upon the edge of a thin plate of this metal ; strong musical notes were obtained from 
the arrangement. 

-- Forcible vibrations were produced by placing a brass rocker upon the same 
silver plate. 

R. A feeble, but distinct tone, was produced by the iron rocker. 

1. Ciold is a better conductor than brass; nevertheless strong vibrations were 
obtained by placing a hot brass rocker upon the edge of a half-sovereign. 

77/ ese e.x pertinents are, / think, sufficient to prone the non-ex istence of the third latv. 

In the prosecution of his inquiry Professor Foiusks discovered “ that at least, two 
metals were perfectly inert in either situation, namely, antimony and bismuth.” 
Considering the explanation given, that the effects are due to the mechanical repul- 
sion exerted by the heat in its passage from a good conductor to a bad one, the 
inertness of the two bodies mentioned presents a grave difficulty. Reflecting on the 
subject, the thought occurred to me, that if a mass of bismuth or antimony were cut 
so that the plane of most eminent cleavage might be vertical, the superior conduct- 
ivity which the mass probably possesses in the direction of the said cleavage might 
aid in the production of the vibrations. I cut such a piece from a mass of antimony 
ami fixed it. in a vice, so that the horizontal edge on which the large brass rocker 
rested was perpendicular to (lie surfaces of principal cleavage. Loud and sustained 
vibrations were the consequence. I repeated the experiment in the ease of bismuth 
with equal success; and after a little practice found that the precaution of cutting 
the substances in the manner just described was wholly unnecessary, and that tones 
could be obtained with facility, no matter what might be the direction in which the 
mass was cut. 


We have thus proved antimony and bismuth to be active in one position at least; 
but antimony is active both as rocker and bearer. Two irregular masses, the one 
weighing about a pound and the other five pounds, were so tiled down as to present 
suitable surfaces for rocking. Heated, and placed upon a flat mass of lead, both 
masses vibrated permanently. Those experiments add their evidence to that, already 
adduced against the third law; for antimony is a worse conductor than lead, and 
antimony is here the hottest metal. 

These results appear to leave the theory of Professor Forres without any founda- 
tion. One point only remains to be considered, l’rolessor Faraday attributes the 
superiority of lead as a bearer to its great expansibility by heat, combined with its 


deficient conducting power. 


Against 


this view Professor Forres argues in the 


ingenious manner already described. 


It cannot be denied that when the supporting 


metal is a good conductor a greater quantity of heat will pass into it during contact 
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than wlii'ii it is a bad om*. It cannot bo denied that the greater the quantity of heat 
transmitted, the greater will be the expansion ; and lienee the conclusion seems 
unavoidable, that, if the vibration be due to expansion, both rocker and bearer, other 
things being equal, ought to possess the power of conduction in the highest possible 
degree. 

Assuming then that the effects are produced by ordinary expansion, the argument 
of Professor Forres stated in its severe logical form would be as follows: — 

The greater the expansion the greater will he the elfeet ; blit, 

'rite greater the conducting power the greater is the expansion : therefore, 
The greater the conducting power the greater will be the elfeet. 

This, to all appearance, is conclusive. A slight inadvertence, however, in the use 
of the term •expansion' appears to deprive the argument of much of its force. In 
the first proposition the term means expansion in n vertical direction : for if this be 
not meant the proposition would be untrue. In the second proposition, however, 
it is the total r.i//an\ion that is referred to 1 *. Now supposing the conductivity of the 
bearer to be infinite: that is to say. that the quantity of heat which it receives from 
the rocker during contact i>* instantaneously distributed equally throughout its 
entire inns'*, then, although the total expansion might be very great, there would be 
no lot a l expansion at all. and therefore none of the elfeets in question. The expan- 
sion we require is a sudden elevation of the point where the rocker comes into con- 
tact with the bearer, and it i» manifest that “ a rapid communication with the inte- 
rior” may. by suddenly withdrawing the heat from the point where it is communi- 
cated. almost extinguish the requisite elevation, and thus prevent the vibrations. 
This appears to be the precise reason why Professor Foruks has failed to obtain the 
numerous results described in the foregoing pages. Ilis bearers were of such a form 
that the mass of matter immediately surrounding the point of contact quickly abs- 
tracted the heat communicated to that point, and thus destroyed the condition upon 
which the vibrations depend. The success of the experiments described in this me- 
moir depends on the precaution, that the abstraction of heat was pi evented, to some 
extint, by reducing the bearers to lamina: and mere spikes; and the fact that a thin 
ed^e gave a better tone than a thick one thus receives a full explanation. These 
considerations. I think, render it clear that the cause of the superiority of lead assigned 
bv Professor Faradw is bv no means an “oversight.” On the other hand it would 
not be sap. to allirm generally, nor has it been affirmed by the philosopher last 
mentioned, that the less the conducting power the greater will be the elfeet. In the 
case of glass and earthenware the vibrations soon come to an end, for the requisite 
difference of temperature between rocker and bearer, as anticipated by Professor 
Foruks, soon ceases. Perfect non-eonductibility would be just as inefficacious as per- 
fect oonductibility, and the region of practical results lies between these two extremes. 

* > hi. like k inake.s ii'-e of the same ariniineut.-— J. T. 


Haifa l Institution , Januun /, 185-1. 
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1. Ron tin* iruin ol' thought which suggested the following considerations, I am 
more particularly indebted to the researches of Professor Draper of New York, con- 
tained in his remarkable work, “On the Organisation of Plants, the ( hemical Effects 
of the Solar Hays, &c.,” 2nd edit., New York, IS 15. His experiments tend to show 
that the law of action and reaction, which prevails so generally in other departments of 
nature, is no less true in all the varied phenomena of the sunbeam, so that the latter 
cannot he reflected, refracted, much less absorbed, without producing some change 
upon the recipient, medium. 

2. Whilst however I acknowledge my obligations to the author for the information 
I have derived from his excellent work, I wish carefully to guard against the infer- 
ence that I agree with him as to the necessity of admitting the existence of more 
than one imponderable, being strongly of opinion that all the effects of the solar 
rays mav he attributed to some or other of the infinite variety of undulations of which 
the universal ether is capable, and which in the case of the sunbeam are impressed 
Upon it by vibrations at the surface of the sun. 
jr :t. The ris rira , which has its origin in these vibrations, is transmitted through 
the ether with the velocity of light in extremely minute undulations of different lengths 
and periods. 

If then a sunbeam, fraught with a vast variety of such undulations, he incident 
upon a medium so constituted that its particles are capable of vibrating in unison, or 
even in harmonic consonance less perfect than unison, with some or other of the 
ethereal vibrations of the incident, beam, it must necessarily happen that one system 
of vibrations will be called into existence by the other according to the laws of 
resonance. 

There may he a difficulty in explaining, hut. there can be no doubt of the fact, 
that the vis viva due to such induced vibrations, like that which is due to the vibra- 

c 2 
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tions of heat, may become more or less persistent in the medium; producing at one 
time the phenomenon of fixed chemical action, at another time that of permanently 
latent heat, at another time that less permanently latent or retarded heat, at another 
time that of eoloration and absorption, at another time that of phosphogcnic action. 
The remarkable phenomena lately discovered by Professor Stokks seem closely allied 
to the latter, differing however in the circumstance that they cease to exist the mo- 
ment the exciting rays are withdrawn. Guided by analogy, 1 am inclined to think 
that these phenomena will he found hereafter to possess some slight though insensible 
duration, while I regard all action which is really momentary as expending itsell 
upon the passing rays as they emerge in the form of reflected or refracted rays. 

Hut all these effects, of whatever kind. I regard as due to one and the same cause, 
which can, I conceive, be no other than the expenditure or distribution of the vis viva 
originally derived from the sun, and conveyed by the ether unchanged in amount. 

1. liy the term vis rim is here meant, the sum of the vibrating molecules each mul- 
tiplied by the square of its velocity, a quantity which, by the usual dynamical theories, 
is constant, when we neglect the distant attractions (whose effects must be insensible 
on the all-hut-imponderable ether), and take into account only the mutual actions of 
t lie molecules upon each other, in all cases, most certainly, when the molecules after 
being put in motion return to the same places which they occupied before their motion 
commenced, and there resume their former state of rest. It is extremely probable 
that this is the case in the propagation of a solar ray through the ethereal spaces, as we 
know that it is the case when a small vibratory pulse is in the course of propagation 
along a stretched wire, as also in every case of propagated undulations in which we 
can examine a the circumstances. \Ve may further argue that, if the particles of an 
ethereal space, originally at rest, after transmitting a state of motion from a preceding 
to a succeeding space, were not again reduced to rest, the space first mentioned will 
continue to originate fresh motions, which would be propagated in one or more direc- 
tions. nf'trr tin- funner inter has /tawed ; the ethereal space, therefore, after transmitting 
a luminous wave, would either continue fora while to be self-luminous, which is con- 
trary to all we know of light, or else to be the source of vibrations of a different nature 
to those which set it in motion; a supposition, which is so great a departure from 
simplicity, as to be extremely improbable; it is further, as before stilted, opposed to 
ail the analogies presented by eases of propagated undulations in which the circum- 
stances are known. There is therefore scarcely room for a doubt that the vis viva of 
the: luminous waves is transmitted through the ethereal spaces unchanged in quantity. 

Then* is yet another way of establishing this principle, which may be more satis- 
factory to some minds. 

Let jt. p' denote the vires vivas due to a luminous wave as it spreads out spherically 
with the velocity (//j, and crosses successively over the spherical surfaces -I -rr-, -1 m : ' 1 

in equal times ( „j-, r - >' being any two distances from the origin of the light regarded 
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as a point, and a. the length of the undulation. Then, if m be the area of the pupil, 
properly directed towards the luminous point at the successive distances r and /■', 

tSTJt . UjJJ 1 

4*7* ail( quantities of vis viva which pass through the pupil in equal 

times, and being condensed on the retina produce the sensation of light with bright- 
nesses proportional to their magnitudes. This accords with the views of all writers 
on the subject of physical optics. On the other hand, we know by experience, that 

these brightnesses are as and Jj, consequently />=// ; the ether intermediate to the 

two spheres in transmitting the luminous wave has therefore delivered over the Ha 
viva unchanged in quantity. 

a. Let us now consider what will become of the vis viva when the luminous wave 
is incident upon the plane surface of a refracting medium. 1 shall confine my atten- 
tion in the present communication to a singly refracting isotropical medium, amongst 
tin* comparatively grosser particles of which the incomparably more subtle and more 
numerous particles of the ether are supposed to be diffused in a different state of den- 
sity to that which prevails in the surrounding spaces, such altered density being due 
to the attractions or repulsions which the particles of the medium exercise on those 
of the ether. 

This being premised, we may regard the expenditure of the vis viva as of two kinds, 
according as it is distributed to the particles of the ether, giving rise to the retlected 
and refracted rays, or to the particles of the refracting medium. If it be expended 
solely on the ether, the sum of tlu* vires viva- of the reflected and refracted wave- 
ought to be exactly equal to the vis viva of the incident wave; hut if a portion of the 
vis rim be communicated to the particles of the medium, the vis viva of the incident 
wave ought to surpass the sum of the vires rinr of the reflected and refracted waves 
by a eerlaiu excess. 

(>. The object with which the present inquiry eommeneed was to take into aeeount 
the effect of such supposed excess, in the hope of arriving at some explanation of the 
►Stokesian phenomena. The remarkable result I have obtained, that even/ loss of vis 
viva will be accont/mnici/ hi/ a diminution of the refractive imle.v , is quite in the direc- 
tion of the author's own idea of ‘*a change of refraugibility but I confess it throws 
no light on the change of period, which it is also necessary to account for. The latter, 
1 am inclined to think, is tine to an action of the nature of harmonic resonance, and from 
some calculations which 1 have made, I think it probable that the light produced in 
the Stokesian experiments may he due to resonant vibrations excited in the medium, 
which are about a major or minor third lower in pitch than those of the invisible 
rays producing them, the medium afterwards communicating those vibrations to the 
ether as a new source of light. 

7. Some apology may he required for borrowing from the language of music, terms 
explanatory of phenomena which cannot he heard, and iu some eases neither heard 
nor seen ; but critical taste must be prepared to yield a general licence to physical 
inquirers to indulge in such catuclirescs of language, whenever they are called for by 
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tht* generalisation of ideas, for the expression of which, without such an alternative, 
a new language must necessarily lie invented. 

S. The inode of procedure which seemed most likely to lead to a successful result, 
was to assume in the first instance the hypothesis that the ris riru is expended solely 
on the reflected and refracted rays, and afterwards to modify, if possible, the steps of 
the process so as to adapt them to the hypothesis that a portion of it is expended on 
the medium, regarded as distinct from the ether by which it is permeated. 

!>. In adopting the more simple hypothesis I was really startled by the formula at. 
which I arrived in the course of the investigation, for not only did the general or 
('artesian law of refraction spring out most unexpectedly, as if by magic, but those 
very same expressions for the intensity of the reflected rays, which were first disco- 
vered by Fhesnkk, and subsequently verified by the experiments of Hkkwstkk and 
Ahauo. were an immediate consequence of the formula'. 

Hut while my results are in perfect harmony with experience so far as the latter 
has proceeded, at the same time they differ from those of Fkksnki, in some particulars. 
In the first place the index of refraction is not the simple quotient of the velocities 
of undulation, but of those velocities each multiplied by the density of the ether in 
the cm responding medium. In the second place, the vibrations of the ethereal par- 
ticks are performed in the plane of polarization (and not perpendicular to that plane, 
as Fuksxki. supposed), agreeing therein, amongst others, with Maccullaoii, Nai jiann. 
and the earlier researches of C’Atciiv. but opposed to the more recent investigations 
of the latter and to the experimental determination of Professor Ntokks*. Further, 
the expressions for the intensities of the rr/'nn tci/ rays differ slightly in other respects 
from those of Fhf.snkl, as given in Aiiiy's Tracts; I am not aware that these inten- 
sities have been tested by experiment, nor arc the refracted rays so readily accessible 
to the experimenter as the reflected rays. I may be permitted however to claim, in 
favour of my own results, that in no one instance do I have recourse to forced analo- 
gies or gratuitous hypotheses, the process I have pursued standing in need of no such 
help. I adopt indeed universally the fundamental hypothesis that the vibrations on 
which light depends, and consequently those of the reflected ami refracted as well as 
of the incident ravs. are strictlv transverse to the directions of the ravs. I admit, that 

• # • It 

this hypothesis, considered it priori , must be regarded as perfectly arbitrary; but. it 
gains e\idenee, almost amounting to certainty, it posteriori, when we take into 
account the immense variety of phenomena connected with the polarization and de- 
polarization of light, of which it affords a simple and satisfactory explanation. I am 
aware of the? difficulties which have caused other theorists to mollify this hypothesis 
in case of the reflected and refracted rays ; but I do not think that those difficulties 
should be objected to me, who approach the problem ill an entirely different way, 
and who take into account circumstances which have been neglected by them, 
namely, the vibrations communicated to the medium itself. It is not surprising that 
such difficulties should occur in a dvnamical theory which takes no account of such 


* Cambridge Transactions, vol. ix. part 1. 
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communication of vibrations ; indeed the statical condition of two contiguous ethe- 
real media of different densities is impossible, unless we take into account the mutual 
statical actions between the particles of the ether and those of the crystal which it 
is supposed to permeate ; much more are the (///nautical conditions likely to be fraught 
with inconsistency, unless we take into account the mutual dynamical actions of 
those particles. I think it is considerably in favour of tbe present mode of viewing 
the problem, that no difficulties of the kind under consideration are found to present 
themselves. 

10. 1 confine my attention, as I have before stated, to an isotropical singly refract- 
ing medium, like glass or water, though I think, if 1 had more time at my disposal, I 
could extend the theory to doubly refracting crystals. A very simple integration 
gives me a general expression for the ris riva of an elementary cycloidal wave, in 
terms of the amplitude and the constants of the periodical function. Ily help of this 
1 obtain two equations of ris vim , one for a wave whose vibrations are in the 
plane of incidence, and the other for a wave whose vibrations are perpendicular to 
that plain*, both vibrations being transverse to the axis of the ray. liy the principle 
of superposition, these two equations will hold true simultaneoucly when the above 
waves are regarded as the components of one and the same. wave. I obtain three 
other equations between the amplitudes, from the simple consideration that a particle 
situated in the common surface of the two media cannot vibrate in more than one 
way at once. Of these three equations two involve the amplitudes of the first com- 
ponent wave, and the third those of the second. 

'fhe live equation^ serve to determine, in terms of the angle of incidence and the 
component amplitudes of the incident wave, the five following quantities, namely, 
the angle of refraction, I lie two component amplitudes of the retlected wave, and those 
of the refracted wave. 

I I. Ily the help of Form Kit's theorem we may decompose any form of undulation, 
extending between given limits, into a series of elementary cycloidal undulations, 
varying in wave-length, amplitude and orientation ; and, again, a wave whose orien- 
tation deviates from tin* plane of incidence, or a plane perpendicular to this passing 
through the axis of the ray, may be resolved into two, one in each of the above 
planes, which 1 shall term respectively the primary and secondary planes. 

Let 0 be the angle of incidence of a cylindrical beam or incident rav ; and let 

i/—/i sin (H/+.1-) 


^ — h sin (///-}-. r-f- r) 

A 


represent, the displacements title to any one of its cycloidal elementary waves, 
resolved parallel to the primary and secondary plane, . v being tbe distance from the 
point of incidence measured along the axis of the ray, (a) the velocity of undulation, 
and t the time measured from some epoch anterior to incidence. 
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From these two equations we may readily derive the following, 

A'-- *'<*(/ V ) ' **+P= nn '\~)’ 

giving for the motion of an ethereal particle, in general, an ellipse having its centre 
in the axis of the ray and its plane perpendicular to that axis. 

The constant r determines the dill'erence of phase of the two component waves ; if 
the phases be coincident, we have c=0, in which case the above equation becomes 

k 

The particle, therefore, performs its vibration in a straight line inclined to the axis 

k 

of//, that is, to the plane of incidence at an angle whose tangent is I shall call 

this the angle of orientation : denoting it by y, we get 

k 

tany—. 


tan L’y: 


2 lik 


l- 


k 1 ’ 

k 1 




■k- 


ln general it is not difficult to show, by the usual method of transformation of coor- 
dinates that the major axis of the elliptic orbit, whose equation has been exhibited 
above, makes with the plane of incidence an angle of orientation (y) determined by 
tin* equation 

-tik / 2 ne v 

tail cos 

If h = h\ y= j in both cases; the linear radius of vibration and the axis major of 

the elliptical vibration are therefore inclined to the plane of incidence at an angle 
uf l.’j . 




In the particular case of h — k, and c= 4 > 


o 


tan 2 p /=f, : 

and is therefore indeterminate, but in that case the equation become.- 

f+z*=k*. 

«*ach particle therefore describes a circle about a point in the axis of the ray, and all 
traces of orientation disappear. 

It. is needle-s to state that the three cases, which have here been briefly discussed, 
are those u-ually distinguished as belonging to plane polarized, elliptieally polarized, 
and circularly polarized light. 

1 2. By the theory of superposition of small motions we are at liberty to consider 
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each component wave separately. Let us first take the primary component whose 
displacement is in the plane of incidence and determined by the equation 

27T 

U—h sin 

In order to determine the vis viva due to one undulation, let « be the distance of 
the particles of the ether from each other; the medium being 1 isotropical, ^ will bo 

the number of particles contained in a unit of line, and the number contained in 

a unit of surface, in whatever direction the line or surface may be turned: the 
interval « being supposed extremely small compared with /. the length of an undula- 
tion, --- will be the average number of particles contained in a portion dr of/., which 

• ■ „ 'lir/itl *^7T 

may be regarded as vibrating with the common velocity - cos (at — .») found bv 
dillcrcniiating the expression for// with respect to t. The. vis viva of a single line of 
vibrating particles at the given instant ( t ), therefore — “ - (at-\-.r)d.r from 

StA t /' 

'Jin ~ ft ~/l ' 

r—r to i = r-f-/.. This is easily found to bo ~ >x ; and it is worthy of remark, 

(hough this is no more than we ought naturally to expect, that the result is inde- 
pendent of the phase at the beginning and end of the integral. The same will be 
true of every length > of particles which constitute the incident cylindrical beam, 
whatever may be the naliire of the phase at the two extremities. Let m be the ob- 
lique section of this beam made by tin* common surface of the two media; then 
uj cos 0 is the transverse section of the incident beam made by a plane perpendicular 

»« w ct ,v ' 3 , t 

to its axis, ;i?id ; - U the* number of ethereal particles in this section. Hence to 

obtain the '7v rim of one undulation of the Incident beam we have only to multiply 


. . - . . . ‘ 
the ns rtrtt of each line of particles , by 


•os 5 


. and the result is 


- 'x ('os 5 


A A * X L ' A:X ' 

which hohls true whether the particles be in the same phase for the whole extent of 
each transverse section, as. 1 think, is commonly supposed, or whether the phase be 
supposed to vary from particle to particle in such transverse section, according to 
some continuous law depending on the original vibrations at the surface of the sun or 
other origin of the beam ; it being understood of course that at a given instant the 
same type or system of phases will recur for sections separated from each other by 
the interval There will be the same recurrence of type for sections made by plant’s 
inclined to the beam at any given angle 0, and separated from each other by the per- 
pendicular interval /, cos 0; and, further, the vis viva contained between two such 
planes will be the same as before, since every line of particles will have as much vis 
viva added at one extremity as is cut oil’ at the other, when the cutting planes are 
turned from the transverse position through the angle 0. If 0 be the angle of inei- 
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donee, the cutting pianos become parallel to the surface of separation of the two 
media. 

lienee if wo take A1’=/.= HQ, and take a 
section l’Q of the incident beam parallel to All \ , 

v a.'l the surface of separation, the r/\ t int of N ; / / 

....... ... , .. . • *_V4 Vjo cos 5 \ / /’ 


\ \ 
\ ' 


./ / 


l*All(i will have for its expression 

If instead of /.wo wish to introduce the period 
of undtdatiou (■.-). or the numher of undulations 

>. 1 . 

in a unit ot tune p). since f/ = r= y . the oxpres- 



/ / 


^ — V 
'/I / 1; 



•J T ’ ’J T -/ 

lion become — - . ax c;o> t\ or 

_t r a 


.U'-M COS <1. 


< /! 


I :t. In the same way’, if//’ and A, be theampli- r/ —/U. j 
i lilies of tin* reflected and refracted rays, ( ) the 

angle of refraction, a the distance of the ethereal particles from each other in 
t!u* 'round medium, and a the velocity of undulation in that medium, the rires 
nr-t of i he same wave after tin* reflexion and refraction has been completed 

it T - / ' J , I ^ ' fo 1 

".ill he severally represented by * mv cos i* and /- // cos (L v being taken the 

% ■x l 

same as before, inasmuch as phases of any given kind, the nodal points for instance, 
u ill be transmitted across the surface of separation just as rapidly as ihey arrive, so 
:.ir as regards tin* number transmitted in a given time, but with different velocities 
of undulation n and <t in the two media. Hence, on the supposition that no ria rim 
i' lost bv the ravs, we shall have, omitting common factors, 

/. '/r- '; f/'ttci '* 5 , A / V/ / m-s5 i 


1-1. .\ny particle in the surface of separation will be at one and the same moment 

performing its phase to the incident rav with the transverse velocity cos ~ 7Cnf -, or 
11 - * x x 

•Jr/r, and to tin.* reflected and refracted rays with the transverse velocities 

•Jt/oois C2--J), :’t// ns : and since this particle cannot move in more than one 

wu\ at once, it is clear that tin* two latter must be equivalent to the former, accord- 
ing to t 1 e laws of’ composition of velocities, which is the same, as that of forces. 

Hence, omitting the common factors, the amplitudes A'A, of the reflected and 
rcli acted ra\ s will be statically equivalent, to A, the amplitude of the incident, ray, 
regard being had to their seveial directions. If, therefore, we resolve A7/ ( in the 
direction of It and perpendicular to that direction, the sum of the two former com- 
ponent will equal A. iirnl the two latter components will destroy each other. 

There is no difficulty in pursuing this process, but I prefer the following which 

r It i - - :s r* • !y i.** e* --ary l-> n mark, that, fur tin- refler-tfd and refracted waves, r// — .r should be written in 
•r ■ j 1, <- ' t i hi *!.■• o\j K.-'iuiis fur the displacement, but the ."inn of has no influence on the result of 
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leads to the same results, and gives a geometrical meaning to the language employed. 
By a well-known theorem in statics, if one force be equivalent to two others, and 
lines be drawn making any given angle with the directions of the three forces, the 
sides of the triangle intercepted by these lines will respectively represent the forces 
in magnitude and sign. 

Let us agree to regard as positive those motions which tend to the right hand of a 
person supposed to be swimming on tin; plane of incidence in the direction in which 
any one of the three rays proceeds. Now the directions of the three rays themselves 
being those of the three excursions h/i'/i t , each tamed from right to left through a right 
angle , it follows from the theorem just enunciated, that the sides of a triangle which 
are respectively parallel to the three rays, will properly represent the transverse velo- 
cities in magnitude and sign. 

Bel 1*0, OP' and OP, be the directions of the incident reflected and refracted rays ; 
take m any point, in the latter, and draw///// parallel to OP', meeting PO produced in//. 

By the rules of com position, O/z is equivalent to ()/// and /////, and since all three; arc 
measured in the direction in which the rays proceed, their signs must all be regarded 
as positive. ( 'onsequently //,//' and //, have the same sign and are severally pro- 
portional to ()//, ()///. inn, and therefore to sin ()/////, sin ()/////, sin //(.)///; that is, to 
sin ), sin ‘20, and sin {0 — <> ). 

\\ e have, therefore. /,=.„>(/; | 5,. 

//, MM ‘J5 K, 

// "in ;/ | j t ) ; 

l.'». These equations, combined will; the former, 1 - - 

serve to determine //'//, i\. , 

Substituting the above \ allies in the equation / 

of No. (Id;, put under the form ' 


// 1 ns y : 


//'; i/. ns 5 h } 




, r h ■ j 


”i 


i i 

h- 


\YV £<‘t. 


Now 


tH'OS 5 . . . . , . , , , . k „ ft, cos 3. 

„ — Mir(£i — 0 )} = - „ - 1 sm' 0 ros' 1 t J . 

a • ft, 

sin- — siii~ ( /> — 1 > ( ) 

— ' sin(/t-f-/M-f- sin (i> — (' ) > • sin — sin i,;J — 1\)} 

— li sin ('.cos (' cos ('.sin (' . 


Therefore, substituting and dividing hv the common factors, we get 


or 


; 

sin sin (K 

»;• a 

o : i 


This equation, combined with h'—h sl " ‘V /, 


. . sin l’5 

//.=// . , . 
1 *111(3 -+5,) 

u 2 
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completely determines the reflected and refracted rays. The ris vim of the reflected 

ray will thus have tor its expression 

-t -V i- . silt’ (5 — 5) 

. it'.U) cos 

X Mil* v* ( 'J') 

If* w he the area of the pupil, we must alter the above in the ratio ranwcost’, the 
section of the reflected beam, which {jives 

‘ 2 t :, i 2 sin*’ i j — s ’. 

— r ui~ ■ . - { 

a' Mil* \J •>- }'■ 

for the quantity of ri . s rim which enters the eye and is afterwards condensed on the 
retina; the corresponding expression for the incident ray is 

o_:/ : 

> . < 

- -- // iiTT. 

a 

If then we denote the brightness of the incident ray by 1, that of the reflected ray 
will be represented by 

siir 3 — 3,1 
’•111- ; r 7 

J 

In like manner the ris rim of the refracted ray is 

J-t V , mii- : '2i 

■ (l}i) COS t ■> 

■jl * ' mii- ; t !), , 

and the portion which would enter the eye, could it be placed so as to receive it, is 

‘Jt * 4 * sin * ■' J ‘3 ■ 

a vm m . x , , - 

• Mir t -3 r V 

"i vin<; tor its comparative hriglitnos the expre*>ion 

•jl ' <1 siir J;- 


that i". 


or 


; * ‘tit. 5 

2 Mir .0 -f v, 
mii 5 # 1 Mir 5.niM r j 

r * ' > t * ' 

-III V '■111- a 7 ( I 

1 r i»- 5. 'in 5 'in 5, 

■'in ! 5 +-5 r 


Id. I.ct us now take the component wave whose vibrations are performed in the 
second. iry plane. Any displacement being repiesentcd by the equation 

— 7T 

t = /. sin “ » +r), 

proceeding exaetlv as before, we slmll have, on the supposition that no vis rim is lost, 

k -V/ ros 5 /, 1 ‘a rt i", 5 /jV/jCos^ 


a * 


+ 


The motion of a particle itt the surface of separation regarded as performing its 
phase to lln: incident ray is 2^/o cos (2 ti7j, which, as before, must be statically equi- 
valent to cos (2ti 7) and 2-z-/: f v cos {'2^t) ; but the directions of these three motions 
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being perpendicular to the plane of incidence and therefore parallel to each other, we 
have not two equations, as in the last case, but only one, natnelv. 

k=/c'+k l ; 

but 0 t being already determined, we have sufficient data for determining /f' and k r 
Putting the equation of vis vim under the form 

" COS • r /.* x _ ", cos \ < /. u , * 

■ “.r -i" — h ; — u .i t« — h / > 

we see that it is satisfied by making either h — /i'=0, 

//cos 9. , a.CA) s3. .. .. 

or — - (/•*-+ !>)=--;, (/■•-/>'). 


The first solution gives k'=k and /r ( =<), so that the ray is totally reflected ; the ris 

rim of the reflected ray being equal to that of the incident ray. 

The second solution gives in conjunction with 

« . . a, . , 

, sin o.= j sin 0. 

u • a! 

sin /Jcos 6.(k-\-k’) = sin 0 t cos i\(k — //), 

or (sin sin 2t , ( )/i‘ , =(sin ’2t\ — sin '20)/;. 

, |. . ii I sin f-j5) — sin (23.) 

whence we obtain /, =—/,•. / » 

sill (25) l-MiitL’9 ( ) 

. tan 1 5 — ij 

tan 1 5 -l f J t ) 

i / hi tan i5 | 5/i 4 tan 1 3—5 ■ 

/r =/.—/» =A’. ... 

tan (5 f-5 ) 


or 

1 sm 25 4 mu 2/ ( 

The c/'s rim of the reflected rav is therefore 


' l ;in - ! 5 - 5 , ! 

.4 (!'.» COS (I , ' , 

* tan- ■ J 5,: 


and its relative brightness, compared with that of the incident wave, uanicls. 

Sir'll 1 . tan z 1 5 — 5 > 

...4 "liicos 0 . IS 


r l'he vis rim of the refract etl wave is 


I, Itt/COS (t 


I sill- 25 

^in 25 -I sin-’ 6,j-' 


and its relative brightness is obtained by first multiplying it by . t , t . os 5 and then 
dividing it by 


,l ji i 

_ir - . <r.M cos 0. - " (as in No. In), 
a' « cos y 
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giving for result 
that is, 

or 


x' «, -I sill*’ '2i 
uf a . -iirJS + siii ■JS/'"-’’ 

■l mu : 1-5' n 3 

>in 5, ■>iu -5 t sin v? 5 y ’■ ■' 

1R ro»-'3.>ini »in 5 ( 

pin -■> t sin ‘J j c 


The rule to be followed in selecting the proper solution out of two possible 
ones, is to take that which causes the ray to deviate as little as possible from its 
original direction ; this is at least the most natural course, and accords with expe- 
rience in accounting for t he phenomenon of polarization, as we shall immediately see : 
the contrary choice would leave that phenomenon unexplained : we have therefore 
no alternative but to adopt the second solution. 

17 - It may be observed, by the way. that the expressions of the intensities 


sin- 5 -v tare 5 — 5,' 

Mir ; . J t.Lir j ♦ i ■ 


which 1 have found for the reflected rays whose vibrations occur respectively in the 
primary and secondary planes, exactly coincide with those which Fiu>m:l has found 
for the rillected rays whose vibrations are respectively performed in the secondary and 
primary planes; while the expressions for the intensities of the refracted rays, with 
tin- same interchange of planes, only approximately coincide with those deduced by 
Kkksnkj.. 


IS. If t 1 -{— d = ‘ t the expression for the secondary reflected ray vanishes ; lienee it 
follows that the incident beam, resulting from the superposition of the two compo- 
nent'. after reflexion at the particular angle which satisfies the condition d-(- d -= 

will produce a reflected ray of the piimary class, that is to say. a ray whose vibra- 
tions are performed entirely h> the plane of incidence. 

If x be the index of refraction, we have 

^ "in 5 a / V/ (tn 

■ '""'in i~~ 

r . denoting the densities of the ether as it exists in the two media, for which the 
rates r,f undulation are respectively a. a. 

When — T ( — 1 \ we have sin t i — cost*, and therefore tan 0=p, the law (first disco 


vered by hin.W'nnit wiiieh determines what is called the polarising angle, agreeably 
to experience. 

lint alter incidence at this angle, the beam resulting from the superposition of the 


two component rays, v. ill. after reflexion, consist entirely of vibrations performed in 
the plane of incidence, and not, as Fkksnkl supposed, in a plane at right angles to 


this. 
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19. Let y, y',y t denote generally the orientations of the major axes of the molecular 
orbits of the incident, reflected and refracted rays, which, in the case of plane polar- 
ized rays, are the same as the angles which the planes of vibration make with the 
plane ol incidence (sec No. 11). First, for a plane polarized incident ray, in which 
case e=o, we have 

k . k' k. 

tan y—j* tan /— f -„ ta ny ( = /( |- 

Substituting for // It' h l k l their values, we find 


^ j.) =_ Wl, y .•»» « + ».) 

// cos ( 5 — 6 ,) * cos 1 , 3 — Q t ) 

Ian -/,=*• =2 tan/. . si " (,+ . S '> . 

* h sinlii-f- sni L’^ mii 2 'j + mu 25/ 


These formula 1 show the shillings of the plane in which the vibrations arc performed, 
and consequently of the plane perpendicular to this, which is usually called the plane 
of polarization. The first agrees with the formula, p. 3<> 1 of Aiky's Tracts, y, / bci ng 
of course the complements of the angles there denoted by «, o, which formula is there 
stated to have been \crilied by numerous observations of JIiirwstku and Akaoo. If 
the incident ray be elliptically polarized, the expressions for tan y. tan /, tany ( are of 
course more complicated. 

I have stated in No. I I, though for brevity the proof has been omitted, that in the 
general ease. 


If We put 


we shall have 


whence tan'y-j- j tan 7 — I = 0 . 

imd y/ (l 

To determine, which sign ought to be used, we may observe that the expression ought 

to reduce itself to when r— 0, as in the former ease. Hut making c=(). we have 

, hk 
f= >== /1 

;mil the root becomes — -■ ± \/ (*+ ' ) ' 

which reduces itself to ^ or — according its we t;ike the upper or lower sign. The 


hk 

h ,\ )=*' 


I sill y 
* tail * y 
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upper sign must therefore he taken, ami we shall have generally without ambiguity. 


fr-k- 

tau y= — . see 


T+v/ ( 


. , [h' — k-') .. -Tr\ 

'+ I lrk‘ S, ' , " X )■ 


The other value expresses the orientation of the n.ris minor , sinee the produet of the 
two values is — l . 

•JO. It may be worth observing, that if one of these values had been mistaken for 
the other, it would have made a dilfereuee of 00° in the direction of vibration in the 
ease of a plane polarized ray. for whieh r=0, and we should thus ho brought back 
to the hypothesis of Fiiksnkl. 1 mention this merely to show how easily error may 
lie introduced in proceeding from one formula to another, and I woidd suggest the 
possibility that the discrepancies of different theorists on this particular point may 
in some instances be removed by a closer attention to the meaning of ambiguous 
signs. 

Jl. From tin* last expression for tally we may derive those for tan y and tany, : 
for this purpose »vc have merely to write //'/•■', or h t !; t in the place of h h , and after- 
wards to substitute for li I: h I; their values in terms of hi; and <>. The results 

I I 

would probably admit of simplification in some degree, but I shall content myself 
with having pointed out the mode of obtaining them. 

JJ. 1 now proceed to the case in which a portion of the vis rim of the incident 
ra\ is supposed to be communicated to the refracting medium during the same shock 
which splits up the incident beam into the reflected and refracted rays. 

Denoting by )> the vis rim of the primary component of the incident ray, and b\ 
///> // the expenditure of the same upon the reflected ray, the refracted ray and the 
medium respectively, and denoting the angles of incidence and refraction and flu* 
different amplitudes as before, we shall have 

• i 

or putting — 

^ i 

Hut we have alreadv found bv integration. 

' 

— — <nvrt> ^ 0 

1 u 


n — a*sjvi\'+c 

r a * 

-*'V , 

//—— , - a ya cos <J . 


Consequent l\ 


h'-nr // ‘n rih 


We shall lurtlur have. a* before. 


HI! — 


// h» 4 \ 4, 
h sin (24 1 


-m 4 - S r 


I : s ir 


it ros r . 
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We have therefore exactly the same equations to combine as before, with the sole 
exception that occupies the place of a t ; we have therefore only to make this 

simple change in the value of sin 0 t , and we obtain 

sin 0~(] +.v) .— - sin 0 

ag a 

SxVi’ 

p — — uvu cos 0 

i a -i 

i 2it 2 /i i , sin 2 ' j — J.t 

p . -uvu cos 0. , , ' 

a'* Sill" ■ •* 9 ( ) 

-ir'/i 2 . sin* f'Ji) 

11 a g 1 1 Sill- (9-| S ( ) 

with the same expressions for the comparative brightness as before. See No. 10. 

% 2li. 'Hie first of the above equations, compared with the (.’artesian law of refraction, 
regarded as an experimental truth, shows t licit .v is independent of 0 ; in fact 

^ a/V; sin 9 ( j 

a'V/ ; sin 9 ’ 

and since by the Cartesian law ^ ^ is independent of fi. it ‘follows that s is also inde- 
pendent of (K This quantity must, therefore be regarded as a certain coefficient of 
absorption, depending mainly on the constitution of the crystal and the period of the 
incident ray. possibly also in some degree on the orientation of the ray. or the posi- 
tion of the plane in which its vibrations are performed, with regard to certain tixed 
planes in the crystal, or refracting medium, whether solid or fluid. The theoretical 
determination of this coefficient can only result from a more perfect theory of reso- 
nance than has hitherto been given, and it is hoped that some of’ the great modern 
analysts will turn their attention in this direction. 

If we denote the former refractive index " . or , bv v.. as before, and the altered 

a' q f , t • 1 


refracted index 


x or — 1 bv 'a, we shall have 

(1 ! » V I ‘ .v cv'/ ' 

p 

1 I ‘ s’ 


'I’his very simple formula, now given for the first time, demonstrates the rule I 
have before enunciated, namely, 

77/e solar rai/s am r i ercise no art ion upon am/ medium through which thru arc trims 
miff at irifhouf an ucrompu nif ing diminution of the refractive inde.i. 

2-1. To estimate the effect of this diminution upon the intensities (/', ig of tin; 
reflected and refracted rays, unity as before representing the intensity of the incident 
primary ray, we have 

., p 1 sin* — 5,) 

1 p sin- (0 + 5 ( ) 

MDCCCMV. 
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that i*. 


^ /^/^y POS 5 ; ' 1* 0) IMS fl 

ros 5 />, 

PUS j 4 p 

__ sin- i*J5) 3 { /.’ ( 

siir' i5 t j ( i uj\i 

_ siirrj-j) 1 sin 3, 

siir vi-i j/ T t- *' sin 5 

• l pus j S.sin j.sin 5 ; 

; 1 -f $ mii j • i • j < 


Let n- now proceed to the ease of the secondary component wave. 

Denoting by '/ '/ y, the rirrs rinr of the incident, reflected and refracted rays, and 
by (/ the rh r/V«/ communicated to the medium^ wr liave 

v=v' fv.4 v./ *• 


ami denoting 


we have 


We liave. further. 


hv 


7 = 7' + (l +.v').<y ( . 

q — “ * - am cos 
7 a 


t '-VC’ . 

q t Cos P 


< ’DIM 4]lU Ikt I\ 


•Jt7~ 

q — - 1 a 's'jj <'os p . 

/< v » < / 

/ 

/L '" « o- S A* '</ <•(" «,//./ 5,- 1 i- 

.. t . t * 


with which must he combined, as before, the equation 

k=h J 4 /> 

1 Iicm* equations lead to the same results a" before, except that - .y*' } occupies the 
place of a , giving', besides the ease of total reflexion, the equation 

a+*') =v"' 5 ' 1 (*_*■>- 

a ' 

Combining with this the equation 

sin <t =fl -j-.vi- a sin £>, 

we get ( I -f- v) sin 6 cos t) ( /> -f-/.*') = f I -j-v') .sin cos . (A — A*'), 

whence /.* { ( 1 -\-s) sin -f-Vj sin 2<J ( } ~ A. ( I +.v') sin ‘2<J # — ( I -j-*) .sin 2<t}, 

, , , f 1 -t s) sin L>j — f | -} .</) sin 25, 

C (J f a - ; sin 24-1 (J +* J ) .sin 24,* 
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ivlionee 

Consequently 


2*.(1 +s) sin 20 

' ( 1 +*■; sin 29 | (I + .s') sin 29," 

2***' „ 
q— - - ava eos 0 


( 'lit'k 1 
q — tti/M c 
1 « 


•os s *n2fl — (1 +*') .sin 29,)* 

1 ( 1 + s) sin 2fl+ (1 +s J ) sin •J9 / J 


7/ = a , 

“* J 


,f 2(1+#). sin 29 I s 
'((1 H «} sin 29 + ( 1 -i sin 29 ,J 


2.>. If / J t denote the eom punitive brightness of the reflected and refracted rays, 
that of the incident secondary my being represented by unity, we shall have 




i/ | ( 1 + s) ^iii 29— ( l -I .s 7 ) .sin 29,) 2 

b x 1 ) sin 29, J 


'\(V |-.v) sin 29 +-(14 


zj . nr cos 6 n. 

j — n . - - - - . -*- (j - - . rzz • - 

■ 1 n Su C os 5, / 4 >CO.s3 COs 9 / f/ 


: ■ k~ 1 sin 9 j kf 


n A L }-.v sin 5 k 


»> 


nr 


Jr 
fair '9 -7 


i "-in v J 

! - ! -s* -in i I 1 l -f 


(1 +.v) sin 25 V 

-s) sili 25 -1 ( I + *!) sin 25 y J 


If then / ho " :in ; / . sis the experiments of Hukwsthk and Ammo would lead us 

f nir i i V 1 

to infer, in all ^ucii rases at leas! \vr must have .v' =.v. In fart. J ^ bring eejui- 

. sin *jj ■ -in «} .1. iii 

valent to . we could not have exact agreement between tlieur\ and exne- 

-m '2j : - in -J;, n • * 

riment unless 

•. I - n‘ - m *25 - ■ 1 i i 'in e9, -in *J'j -- sin 23 § 


that is. unless 


l : .v -in - j i 1 - .V; -in , J; j -in l J5 t .-in 
{ I - 1— .v ) sin 2' 1 . sin 2^ — ( 1 +.v^ sin •Jfbsin 2i\ 

— ( 1 -f-.s > sin 2t ] sin I -[- ,v i sin 2^ sin 2(J ; , 

‘Ji l -\~ v) — - ( ! -J-V j. or ,v — v. 


that i>. unless 

Neither without I hit condition would J vanish when or = r — 'Jil for in 


j i *. 


that ease t h t* expression for /' heemnes \ ( ^ , j • 

2(>. It is extremely natural to suppose that the eflecr upon the medium is mainly, 
if not. entire!}, operated hy the refrarted ravin its passage into the medium. after its 

separation from the reflected rav ; and as .v and s denote the ratios -*'• that is to 

say, the ratio, for each rase, i n which the vis viva entering the medium distributes 
itself lietwecn the particles of the medium and the particles of the ether iulertused 
amongst them, we ought to expect that in an isotropical medium, like that under 
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consideration. this ratio of distribution should be independent of orientation, and 
consequently the same for both the primary and secondary refracted waves. 

27 - 1 am not disposed however to leap too suddenly to the conclusion that the 
reflected ray in the action of turning through the angle rc — 20 has no influence in im- 
parting ris rim to the medium*: though it must be conceded that in all cases where 
the brightness of the reflected rays accurately follows the laws of Fresnel as tested 

bv Hrkwstkr and Ahaoo, the reflected rav has no sensible influence on the medium ; 
* » 

for were it otherwise, we ought in an accurate theory of resonance to find a difler- 
enee in the values of .v and s'. as we do in the intensities of the primary and secondary 
waves, both reflected and refracted, and we have already seen that such diflerencc of 
values will vitiate the law for the secondary reflected ray. It makes all the dill'er- 
ence in the world, whether the ris rim be supposed to be communicated to the 
medium at the verv instant of the shock, or immediately afterwards ; in the first case 
it will be due partly to the reflected and partly to the refracted rays, in the latter 
ease it will be due almost entirely to the refracted rays. In all cases, however, it 
is natural to suppose that the refracted rays are chiefly instrumental, and 1 hi- is 
indicated by the equality of s and s' in isotropical media, without which equality the 
laws of Fkksnkl, Hrkwstku and Auauo, could not, according to the present theory, 
be arniru/t Ii/, though they might very well be appm.i iaiatrlp true, as in fact they 
would be if * s', though different from each other, were very small compared with 
unity. In clear transparent media, where there is little absorption, s and s' are pro- 
bably very small, and such being the ease, the above law of brightness ought to hold, 
independent of the equality s = s. 

2s. I return now to the expressions for the refractive index 


O'l 


Uj : 


V, — 


S w 


1 i" l 


Ih flu . 1 lir>t piar<\ it will 


In* remarked that tlie*e diller from the value* which i* 


lj'iiullv adniited. namvlv, 

* i * „ 

i 

I confess I always eonsideted that the usual mode of deducing this value from the 
uj (h< ware, which in tact does not spread, was more elegant than conclusive. 
Ii is connected, if I mistake not, with the idea that the transverse front of a wave of 
light, as of a wave of sound, consists of particles all of which tire in the same phase : 


* Ni * •■'■ril.s I. ■ > i- worth observing, that. at the eritieal anirle (compare No. 'W), in tin* ease of >*=.v\ it 
r.- ft uit- I’i'iin th* f^e.iihe tint t lie* absorbin'. 1 * power of the medium lias no effect in diminishing tin* ris viva 
when the ra*‘ i- t..rri(«l through an angle it LiSin tin; operation of reflexion, find tlii-s is true both for the 
primary and '»*> *:.«! «r\ r*i} *. I am therefore inelinnl to think, ami other considerations confirm mein that 
L^iinnn, that th» ao-'.ibiiig m* dinm ac something like a jilr in thinning off the absorbed portions of the ray, and 
require- that the ia\ -1. v.ld pem-tra!*- ii.to it-* ^ubhtanre before it ran exercise any absorbing action upon it. 
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the equation — a may, in fact, he derived from that hypothesis, without any con- 
sideration of the spread of the wave. 

To make this appear, suppose PQ, a transverse section y 

of the incident heam, to he all in the same phase of vibra- / 

t ion, and after a certain lime to have undulated into the /C, •' 

position P,Q,, having' been previously refracted by the y / ^ 

surface All. The time from P through A to P, will be y / 

»A A!>, 


that from Q through II to Q, will he 

HU . HU, 

— _i_ 

a 1 

Equating these and transposing, we get 

HA — HU HU, — AI*^ 

<t «, 

that is, drawing QH and PS parallel to All, 


HR U.S 


and since KQ = .\li = PN, 


p/ a 


n u,s 


— eos PRQ = sin t>. 


-in NH,U 

in HUS 


sin 0 ifPQN=lM» 


and only on that supposition. 
I lenee tin* equation si 


lienee tin* equation -in 0= -m 

1 I 

expresses the condition that P.QN is a right angle, in other words, that the direction 
I1Q. of the refracted wave is perpendicular to tin* section ol similar phase to PQ. 

Now though this may be true with regard to sound, we have no reason, beyond n 
precarious antilogy, to assume that it is true with legat'd to light. Indeed I think 
the hypothesis of a similarity of phase extending over the whole ol a transverse section 
of the ray, whether it he the incident or refracted ray, is quite untenable; lor let us 
consider how light is generated. 

*2!>. Light appears to he generated by the action upon the ether ot the superficial 
particles of a vibrating body, whether those vibrations have their origin in the pro- 
cess of combustion, as in the flame of a candle, or in some other way, as in the case 
of phosphorus, the electric light, Nc. The vibrations of these superficial particles 
must he performed /'// that superficies, otherwise they could not impart transverse 
vibrations to the ether in contact with them: and such being the case, it i> highly 



MU. POWER ON THE ABSORPTION OF THE SOLAR RAYS, ETC. 


improbable. indeed next to impossible, that one uniform phase should extend over 
more than a very minute portion of superficies at a given instant, consistently with 
the conditions of continuity. 

:?0. The fairest way of considering the subject without, assuming the uniformity of 
phase. i> to take a section of the incident ray I*Q parallel 
to the refracting surface, and therefore —u. and upon ,, 

every particle of this section to erect ordinates representing 7 

the phase* of the dillercnt particles: the rippled surface ' / 

which passes through the extremities of these ordinates A .• /„ 

\ 

u ill possfs-s a kind of t\ ne. which after the time ’-will he > 

t ran stern d in the ":iil;trc All, through which it will he 
transmitted, with diminished intensity. into the refracting „ / / 

• “ r /-\s' 

VI* 

medium, and after a time — 1 will be brought into the ' / 


e A/, /a. 
/ / 


position IMj paralkl to All and l’Q. 

Presented under this point of view, the question affords no hold whatever for the 
determination of e. and I think I am entitled to conclude that the formula 


sin i J = ' sin <\ 


list' on no other foundation than an uncertain analogy drawn from the theory of 
uud. whereas the demonstrations I have given of the formula* 


2 

“111 3 

(• <1 
- 1 1 


1 

on 

1 : 

? i i 


are quite independent of such analogy, and are true whatever may he the type of the 
rippled surface at the fiont of the wa\rs. 

I may mention, hv the way. that I think it. arises from the existence of such a 
rippled front of w aye. that the friir-.s of interference, which border the margin of a 
small npeitme, upon which a conical pencil of light is incident, are found to vanish 
when 1 lit* upeiture exceeds a very small limit; in fact, when the aperture is enlarged 
so as to admit a comparatively large chequered surface of the wave's front, the several 
portions destroy each other’s effect hy interference ; hut when the aperture is so small 
as only to admit a portion which presents a uniformity of phase, then the fringes 
present themselves and admit of the usual explanation. The hypothesis of a rippled 
trout i' therefore not only the most probable when we consider the origin of the 
beam, hut it accounts simultaneously for the non-spread of the wave and the disap- 
pearance of lie* fringes when the aperture is large. 

It may perhaps he urged in favour of the hypothesis of uniformity of phase in the 
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front of lliu wave, that if is necessary, in order fo account for a succession of pubes 
on flic retina, giving for different values of /. the impression of different colours ana- 
logous to different musical nofes in 1 Ik; phenomenon of sound. 

To (his I reply, that the phases of maxima vis viva will succeed with equal rapidity 
in hotli cases, which is a complete answer fo the objection. 

In fact, if u e adopt the hypothesis of a rippled front, the vis viva due to any transverse 
section as it enters the pupil, will have for its expression an integral of the form 

II, cos 2 ~*{af + c,) + II 2 cos 2 (f//4-c a )-l- II, cos 2 ~*{af-\ rJ + Scr.. 

which, writing * 1 ^’ s-// jn the place of cos 2 //, and expanding each term, will ghe an 


expression of the form 


that is, of the form 


a+h.im(-”-)+cmh 

A 4- A, cos ^ ** A_, j cos ^ sin ** A., sin 


A -f-A, cos • (rt/-f-A a ), 


or A — A,-j- 2A, sin ? -rT (a/+Aj, 

A 

whose maximum \nlue. (A-f-A,) fas also its minimum value t A — A,j). recurs after 

/ k } 

intervals - \ ike., as is easily seen ; these intervals, in fact, hold for phase*, of any 

given denomination, just as in the ease of any single elementary portion of the front 
of the wave. 

of. Let us now consider the effect of the divisor I -pv in the formula 

__ I _ I 

! ' J ‘ ~ 1 i 


since 


)■/ . n.'ii < i o ■ • o i >n i ii* >ii ■! i.i •* lii* i.icilnmi 
i ut tin’ i cl i :icl 1 1 1 r.i \ 


We si'e, tliat, m cording as the absorption is greater or less, the values of s may 
range between infinity and zero ; corresponding to which will range between zero 
and [j>, tin* refract i\e index when there is no absorption. 

| . 1 -I N' . 

Hut the equation sin t\ — x sin 


shows that will as soon as 


t 4 -a - . . 

-smr--l, 

H- 


sin/>= ^ • 

1 + S 


lienee if .y be considerable, 0 must, be small in order that there mav be a refracted 
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raw anil it .''ini’ exceed the critical value , there will he no refracted rav, hut tin* 

l -f-.v 

incident light will he totally re fleeted without any diminution of intensity, hut with 
a change of phase (compare No. 3D, and the Note to No. 12 at the end of this paper). 
Hence we see the possibility of particular rays, on which the medium exerts a 
powerful absorbing action at small angles of incidence, being totally reflected at 
larger incidences, whilst the remainder of the incident beam is partly refracted, the 
re ti acted and reflected light thus being of completely different, colours. Specimens 
of coloured glass partaking of this property are not uncommon, and 1 have recently 
been shown a glass which is deep blue seen by reflected light, and reddish brown by 
refracted light, an effect which Professor Stokes, who showed me the specimen, 
assures me is not of the nature of fluorescence, the name he has finally chosen for the 
phenomena discovered by himself. 

At the other limit, for which .*■-=(). sin d attains its minimum value * sin ft; the 

* , U 

rays, of which no portion has been absorbed, therefore emerge on the most refrae'ed 

side of the spectrum; the same thing appears from the expression w { — j ,a , which 
shows that the refractive index is then a maximum. 

32. Although it is possible in this manner to account for a considerable range of 
spectrum extending, with rapidly decreasing intensity, from the most refracted end. 
wheie the rays have suffered least absorption and where the intensity is the greatest, 
towards tlie least refracted end. where the intensity decreases without limit, never- 
theless there is nothing in this theory which necessarily connects the degree of 
refraction with the colour, or more* generally speaking, the period of the ray. 

l'xperienec shows that the most refracted rays have the smallest period ; if then we 
Mould account for the chromatic dispersion in this way. we must admit that media 
ate more acted upon by the rays of longer period, than by rays of shorter period, b\ 
the red than by the violet ; but this is contrary to experience. The effect of absorp- 
tion upon the index of refract inn must therefore be regarded as antagonistic to the 
chromatic dispersion. 

33. M. (.'.\rr nv has, I consider, given a satisfactory theory of chromatic dispersion, 
which is perfectly consistent with every thing which has been advanced in the pre- 
sent. theory. Hut I claim for the latter that.it gives a satisfactory account of the 
phenomena of absorption and the spectral spaces discovered hy Fraunhofer, and com- 
monly known hy the name of Fraunhofer's lines, especially when taken in eonnexion 
with the eons’nlerat ion of lumhnms rt'\nnanvr, to which subject, [ think, the attention 
of s< ientilie men is here directed for the first time. 

In fact, according to the laws of resonance, those rays will act most forcibly on 
the medium, which find amongst the particles of the latter some capable of vibrating 
m unison, or in harmonic consonance less perfect than unison, with themselves, the 
uni-on of course giving rise to by far the most, energetic action, but. the other eonso- 
nuuccs producing effects more decided as the coincidences of phase are more frequent ; 
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we see therefore in general why particular rays should he selected for absorption, with- 
out any insensible gradation, and why some lines of absorption, those corresponding 
to unison for example, should he more strongly marked than others; and these pre- 
liminaries being conceived, then comes the equation 

sin 0={ I +,)£' sin 0, 

which explains how those rays which undergo absorption are turned out of their places 
and delleeted towards the less refracted end of the spectrum, and in some cases, 
though with intensities so diminished as to be imperceptible, far beyond the limits of 
the visible spectrum, in fact as .v increases, the above equation shows that 0 t increases. 
1'he refracted ray is therefore turned more from the normal, or deviates less from if 1 ' 
original course than it would do if there were no absorption, in which ease, s—n. 
The intensities of the reflected and refracted rays, both in the primary and secondary 
planes, will of course lie diminished by the loss of ris t int, as is further apparent from 
the expressions which have been obtained for i r j' and /, in Nos. 21 and 25, namely. 

she '5 — 5 ( i . 1 cos* 5 *in 5 sin 5 

* Mn 2 (5 ) i/)' 1 1 l -f-.v sin- ;5 i 

J 1 1 -|- *•) sin ‘JO — ( l ' i sin -Jj ( j ’’ 

| [ I I s) sin JO -t v • - 1 - > sin l0 ( | 

• I sin 0 ; I ( L + ,v) sin JO j" 

1 -f ,v sin 0 (_■ I sin J5 i (I | A^siuijJ 

where it may be observed that /, and /, diminish rapidly as \ increases. Without 
the turning action above mentioned, the lines of absorption might exist indeed in a 
less arketl manner, but the turning action fairly dismisses the weakened rays out 
o their places, and those places, if occupied at all, will be occupied by stray rays of a 
dillerent colour from their immediate neighbours, presenting a faint tinge of the 
colour which litis been turned from a remote space on the more refracted end of the 
spectrum. And this. I consider, is the true explanation of the phenomenon discovered 
l;y Ukkw stick, and cited by J )kaim:k, p. 85 ; that red tight exists in the r inlet spaces 
<>J‘ (hr .sn/ur s/n-e/mni and blue fight in the red : provided the red light in the violet 
spaces be regarded as the extreme violet, delleeted towards the purple part of the 
spectrum - for the extreme violet rays, to my own eyes at least, scarcely differ in 
colour from the extreme rid. 

In the celebrated Memoire ofM. Cauchy's (IH.'Ui, cited by Ekkk, Einleitung in die 
hbhere Optik, p. 20!», and reproduced in the Exercices d'Analyse Mem. tom. i. p. 288), 
the velocity of undulation is given by a rapidly converging series of the form 

« a =A 0 +A 4 A, eve.. 

A~ A 

in which 1 have thought it right not ro include « s , a‘, &e. under the unknown con- 
stants A.,, A„ so as to exhibit to the eye the rapidity of convergence. As a first 
approximation, we have __ 


iUOCCCI.IV. 



mi:, nm Kii 


o\ tuf AKMHU*rmN of nir. solau kays, fit. 


ai)i! ' 1 1 oi'dr. ihai // m-iy be ^iv.ifor lor the smaller wave lengths, as experienee shows 


A ! c i h » s| 1 1 \ e. 




ii« im-iuimv in tin* p!uee of >. the nuti -muntn r t, or the number ol vihra 


: . n - n.-i i « ' . ‘ .cd r, w '* m lime. Mure * - r , we iui\r 

\ 

<r~ A,.+ /"i » d - y •'* l v l -{~ : 

and >iuee <i , ivciii' i:i t denominators*. it will hr siillieient to write lor tlirm the 
lirst approximate \ahit •» \ . A,]. ^xr.. t li u wr ip‘t 

i/~=: ■ r - " \~ \ * ' 1 ”f" «^se. 

s» *V» 

( m'chy found ! > y i «»:n jiarini^ theory with experiment that llir two foremost terms 
m’ hi- ^vir- were Miii’.eient to am’'iut for the ehrnmatie dispersion. U r shall have. 
: i.iT'-i'un . a n» I y aeeiirate vain *. 1 of ti by extraetiim’ tin* square root ol this ' rrir^ 

i »■ < xa.’.-inn of terms involving : * : iX.»\ Thi* value is 


a— * V. 


A < 


f«»r w 1 1 i % • ■ wr max wriU «/--/- . 

‘.U 1 ^i.al! ha*, e a similar exp; vs-ioii for tin* second medium. 


i < ■ . : v v | ; * v • : i ! I y 


i, . ; y 


w men amiin may hr represented approximately under the.* form I5-j-( V, ]> ami ( hciim 
two <■« counts which can only he known by experiment ; hut 1 shall adhere to flu 
other .core si- meant form. 

[ h i r. \vi* i.iitain for tin refraetiw index nf ra\s wliieh have undergone partial 

a : a till. 


«■ ... 1 . q ( l /;> 

i * ■ l > C 1 , I , r l l y ‘ 


• , i • . | i f* / • # / v • < 

s i n t 1 — — -in c !+.%)•' ■* ■ \ "in i'. 

' cr ./ +//>'■ 


: i ■ >. i^h the expression"* lor /'/>// •/, No. 22 and 21) miiain iinrliaii”r<l in 

.■ \alur*« will ol' rour-i* I).- ;.l!’t ctrd hv tlu: rlian^r of 0.. wh'adi tla*\ involve. 
1: ■ ■ ;>! !..• iH.rdle-'s to write itieir expri^-ions over aijai n. hut it may he eonvenient 

i". • of [itiotometrieal enmparixm ti^ exhibit the ration of rirr.s ririr 

/ / V V, 

r i> 7 v ’ 

w i i i e ; i an- imnr. diatelv derivahle from them. '1 hev are a** follows : - 


1 sin ‘_t . mu 2^ 

J> ~~ 1 I .V Mil- 5 * 5 , 



y\n. power on the arsorption or the solar rays, etc. 


(\ -j y) sin 25 — ( i 4- .s f i sin Ej/i ' 
( I h.s) /n\ 25 -i- ( i -f ; 'in - 4, f 


7 / '1.(1 a 4 .si»’ ‘JO.: v. 20 { 

v ! ‘ I -f . 1 - sin -| f i + -■/. - ill i-'i,;- 


11 for i'C't topical media we suppose .s'—s. the two last i'oriimS;o become 


Uni . { j — v, 


if t .nr' = 4 -I- b t ) 

t/ i 4 sin 20 . sin 20 1 

7 " 1 | .v |sin l' 5 !- sin 20// 

•Ja. Lastly, il y. y\ y, denote, as before, the orientations of ihc compound ia\s. 
regarded as plant 1 polarized, that is according to tl;e present theory. ::s perlbnn»r:e 
t!u i ir vibration** /// a plant 1 maki.nr tin* angles y. y. y with tin 1 plant 1 of incidence, \\ e 
sh ill have 

/ 

Ja;i y. 


1:1,1 7 •// *-"• 7“ 


’5— 1 A' 


I ' \ .'•ill _ J ! ■ I 


inn y - V. I in 7 


■ i j i : j , sin 


*■ i i » ) j 


' 1 ■ i : ; r 1 * , ; i 2 j 


vc cei 


in ’-z . ‘-ill 


* * i • • ^amc i xpressions which we obtain ’d oil the ^opposition t fi; i s i ,*■ e was . o e.b-tn-f. 

; ion. and \\ hit'll have lurn I .* -(<*«! l»y Hisuwstkk anti Au\co. 

A mosl interesting" application of <his lhenr\ is the expluna! inn i; affords 
tin* rotatory phenomena of polarization exhibited by certain liquid-, us aNe liv n rt.iin 
solids, some specimens of quartz. for insSano'', v. hioh arc dis in;;tii-!io<l from t.uis 
other by tin* known appellations of right-handed and left -handed quartz. 

Ia*t ns suppose that tin 1 liquid (a solution of sugar or of honey, lor instance, hot;* <»! 
which arc found to possess this property) is divided by horizontal sections at a * t • ■ . • I 
vertical distance IVom each other, J. being the depth below the surface of the I ] j : i i r . 
Though there is no refraction or deviation as the rays pass from one stratum to .mother, 
nothing prevents us from making t\~ii in the formula* just found, which gi* *s 

//-(), Pi--/. ’ 
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y 

I - r .v -r J I 


_ »(l + .v) 

l- I 


tan y — — =c. except, when .v =.v, in which ease tan y — 0 


Further, 


•_\l i *) 

tan + v + y tan y. 


\V e sec therefore that there is no reflected i ay of the first class, nor any of the second 
class ifv'=.v ; in that case tan y j — tally, and The ris ricti communicated to the 

llnid arises therefore entirely Irom the primary component wave, which imparts to it 

th v ris riru * —p : the orientation remains in this case unchanged: Imt if. v' differs 

from .v the case is different; in that ease the secondary beam produces a slight 

/ 2 

ivllceted rav whose , ,\- rim = ! , n. and whose orientation is — * so that its 

vibration*. like those of its parent ray. lie in the secondary plane. The orientation 
■ y i of the refracted ray is given by the formula 


ran y ==., 


tan y. 


whence 


tan y 


f : 

— tail y — < \ . tan y. 


Tie’ plane of vibration is tlnrefore rotated in the positive or negative direction, that 
is. according to our conventions, from loft to right, or from right to left Recording as 
\ is gre iter or less than V, that is. according as the primary or secondary refracted 
.ay everts a greater action on the fluid. 

The quantity of cm rirn expended on the fluid is in this east: 

st iTl 

V > . + ' 7,=T^,/ y +._- , .s f ,y V< 

which must he employed in working some effect or other upon the fluid. 

It' we suppose that v and -v’ are constant for every thin stratum of fluid of the same 
wrticul height h;. since the effect ought to vanish with o-. we may suppose 


- 4- .v t- .v 


aid regarding y as a function of r. we have 


( 'ouse<piently 


tan y — tan y — o tan y — tan y 

<1 


tuny ’ 

whence log, f an y=<ri-f- log, tai: or 

tan y— tan ( 

In this equation t; is the initial value of y at the surface of the fluid, or at the surface 
of a crystal which possesses the property in question. The circular polarization, as 
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it is sometimes called, will he right-handed or left-handed according' as <r is positive 
or negative. In the latter ease we may put the formula under the shape 

cot y= cot C.gdi, 


tmi (i“ y ) = tan (J~ C ) ® r5 ’ 


which shows that for a negative value of a of equal magnitude, the left-handed spiral 
will he exactly similar lo the. right-handed spiral. 

Since the nature of the spiral as regards right and left depends on the sign of .v — s ' ; 
when this difference is very small, as it must he when then; is no sensible reflected 
ray (this appears hy the value of </), we see how a very trifling variation of the con- 
stitution of the fluid will change the rotation from right to left or from left to right ; 
and this is agreeable to experience; for though the chemist can detect no difference 
in sugar formed from beetroot and that formed from the cane, yet these are found to 
possess the property in opposite directions. In the same way the specimens of right- 
handed and left-handed quartz which possess this property, must owe their difference 
to the presence of some ingredient, which enters in so minute a proportion as not 
sensibly to affect either the crystalline form or the chemieal composition. 

I must say that this successful application of the present, theory to the explanation 
of these singular phenomena, which no one, so far as 1 am aware, lias ever attempted 
to explain before, gives me great confidence in the truth of the general theory: mu- 
less satisfactory is the perfectly simple and easy manner in which the known laws of 
refraction, polarization and photometry result, from the calculus. I think I may also 
appeal to the symmetry and elegance of the formula' themselves, as justifying the 
inference that they are not less connected with ft nth than with light. 

‘.ij. Several other modes of testing the truth of the present theory have occurred to 
me, hut I have not tin* time to work them out in detail. Suffice it to say. that hitherto 
I have not met with a single, ease with which it seems to he at variance, and I doubt 
not, whenever the theory of resonance is brought to perfection, tiiat much which is .still 
obscure w ill be completely explained. The latter theory is at present in a very im- 
perfect state, though the experimental researches of N.w \ut and others have revealed its 
phenomena with great minuteness of detail, and with a variety of most curious and 
inteicsting results. The mathematical difficulties of tin* subject, are such that they 
will icquire the highest unahticnl powers to contend with them; though l cannot 
hope personally to assist in overcoming them. I am very sanguine that they will 

final!\ vicld to the intellectual battery of modern analysis, and I am not a little 
» • * * 

encouraged in this hope by the appearance of ?d. Lambs admirable work, ‘ Heeons sur 
la Theoric Mat hemal ique de f hla*ticitc des Corps Solides,’ Svo. Paris, 1852. Having 
mentioned the name of M. L\mk, I beg tv) call attention to the circumstance that his 
results, as regards the direction of vibration in the polarized ray, coincide with what 
I have obtained in the present theory, being opposed to those of Kuksnkl and the 
more recent researched of M. (’ai'ciiy. See “ Levons,” &e., p. 1B2. 
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’W. 1 return to tin* suhjeet of reflexion ami refraeiion. In the general theory l 
hex e t iki a the ciN* of a dense refrartin"’ medium, as it is usually termed (though I 
think :i v ill turn out that it should rather he termed a rare relraetiiu; medium), in 


wtm i >ti . > 


!. or Hut all the steps till hold, mutntis nuitamhs. when I, 


and it max h* 1 convenient t<> exhibit the formula 1 adapted to that hypothesis The\ 
:nv a- follow- : 


r.ir the primarx wax e. 


. m! \ ? u'v ;ivi‘ 


' a « i - 1 


'PI -V 


1 1 • 1 ! )\ ' : u ! 


•« , i» 


'M» ; v 


1 . thought it null 1 to tlie whole series ol Jo. 14 ,ai;e for tin ronveiuenee oj 

. i - . »n- v !m i!i;iv \)' p* .s^i'^i'd of the u;eaii * to tc-1 them experimentally. and I ma;. 

t ’ s i h t Suit it I** moi e particularly in the refraeled ray- that liwy differ from the 
, ,|-i | n d a ■ of : it i- then-fore to the latter that 1 mu-! principally look fur the 

■< • ■ i i urMOal Vers Meat ion Ilf thi- ttieorv. 

I j j ; : ; !,<* a- wi U to write down 1 he form. da* for the -ccondary wa\e in ca-e v and 
; t « - ' | * * ; * 5 . or vrr\ -mall when uiM-fpial. I hex are a- lollow- 

/.' n i n 5, - ; 

/, tun V j 


a -:n eo • ! 1 1 •: 
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'/ ? .1' I 2 ( 'J I — $'• 

(/ tan' '9 t + b f 


i sin L'^.sin '29 
i .v - sin 2 r J i -f -in 


fah 7 ~ — (aii y 


c-‘)^ ..S / f 9} 

'Sj — S' 


, # - sin i 9, -t- 9 • 

tan 7 — tan 7 * , ' . - 

" i sin % i9 

r i 

For photomet rical experiments. it should he* remembered that whilst '* . ~ express 
tin* relative brightness of the reflected and incident ray**, primar\ and secondary. 1 ' 

ami J mast hr multiplied hy to obtain the proper photomel rical ratios lor Ok 

comparison of (hr refracted mid incident rays. 

-■>!>. For thr "rrilirai an^le’ at wliirli am — *.* wr haw "in 

p—I>- 7=7> 

Pi'-U* V,=°‘ 

I tot h ravs arr therefore reflected without loss of intensity, ami thi" is true mil with- 
standing' any absorptive tendency of thr medium, whirh in fart the rays do not enter. 
* ompare No. :id and No. '2J. 

;*■' The general value of the polarizing angle for which // — o. will he drl'Timne,! 


oy I lie eijiiaf into 


U + n; sin 20 ~r i i -p V j "in '20, 

( I +■*• , Si i J (Iris ( I -j- v ) sin ( } Ohf' 

. 'A 

-in 0 - "in 0 . "in 0 . 


u e Slave 


•oii*.'- , u, (*o"r-— . , e<is. 

1 : /• » I * a 


I — - ih - 1 -- v/ ’{ I — "ill ' 0 


i ,*.111 0~ - •h — 'Jj si i r (\ 


■ • i 

{ US t 

i • - .x/a. 


, 1 / 
tan \ / , 

v I — U * 
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Wlii'ii u,' is > 1, as in tlu* case of dense refracting substances, glass. water, &c., the 
better form for the polarizing angle is 

tan V A;:;. 


II. If there be no absorption. 


=t* ’ 
tan fl—rjt,. 


If the primary and secondary rays are equally absorbed. 

f/i'=Uj l and tan =//»,. 

12. In the theory of the primary wave, whose vibrations are performed in the plane 
ot incidence, although I have supposed that these vibrations are perpendicular to tin* 
directions of the incident, reflected and refracted ravs, vet the same demonstration 
will hold whatever be the inclination of the vibrations to the rays, provided it be tin- 
same for all the three rays. If we denote by s this constant angle of vibration, 
tin* only change necessary to be made in the wording of No. II. is, for “transverse" 
to read ohfitjue. and instead of the words “each turned from right to left through a 
right angle,” to read each turned from right to left through an angle (5). Hence, 
whatever be the value of s, the intensity of the reflected ray will be properly repre- 

seated bv "!" • If *=0, the vibrations are longitudinal, as in the case of sound. 

* sur .3 l 5,' 

If s = (), we have exactly the case which has been treated by Mr. (hikun#, as is 
manifest from his si/mbols ; though his language is indefinite as regards the direction 
of vibration. 

It is therefore extremely interesting to compare Mr. Hiikkn’s expression i,,r the 
intensity of the reflected ray, or rather the square of his expression (for lie seems }o use 
the word intensity in a different sense, namely, that of comparative velocity), with the 

exuressjon m . J . » observing beforehand, that, from the wav in which he has sim 

< " -III ' . J - I n 

plilied the calculus, w< ought to expect nothing more than an approximate coinci- 
deuce. The square of Mr. (ikkkx's expression is J ^ ^ ; . In applying his for- 


/?i , J l\‘ 

\ q cot 5 / 


mala to flic case of two gases of different densities, whose constitution admits of 
their remaining in juxtaposition under the same pressure, he in the first place deduces 
the equation 


from the Unown experimental relations between the pressure and the expansion of such 
gases, combined with other parts of bis theory ; and this substitution being made, the 
.... , tan- (i — 4.1 .... , 1 , . 1 • , 

1 L . . . L. ....... .1.. 1... .1 1 f itrli Hill 1- a t i I • t I r Itn f I i 


uiuarc of his formula becomes 


tan' (9 t-5p 


t , which, singularly enough, coincides with 


* Cambridire Trail-actions, vol. vi. p. 403. 
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Fresnel’s expression for a ray polarized perpendicularly to the plane of incidence, 
that is, according 1 to Fuksnkl’s views, whose vibrations are performed in the plane of 
incidence, a result which, at first sight, seems to militate against the expression I 

have obtained for the case under consideration, viz. ^ But I beg to observe, 

that the juxtaposition of two heterogeneous gases of different densities under a con- 
stant pressure is not at all analogous to the case of light as conceived in the present 
communication. For, instead of heterogeneous fluids under a constant pressure, we 
have to conceive pure ether of one density in contact with pure ether of a different 
density, and therefore under a different pressure, such difference of density and press- 
ure being due to the attractions or repulsions of the grosser particles of the medium 
for the particles of the ether. We have therefore no right to make the substitution 

?, = s .‘ n , the truth of which rests entirely on a property peculiar to gases. 

It is much more natural to suppose that the density of the ether in the interior of 

crystals does not differ much from that of the surrounding ether, so that the ratio 

does not sensibly differ from unity . lieplacing this ratio by unity, Mr. Green's ex- 
pression becomes 

I - < ' 0, 

rot 0 tan 5,- - t:m 5 sin >'$ — 5 ; ) 

I rot 5, tan5 i J tiinj sili'j-tijj 

1 rot 3 

the square of which gives ( V for the intensity of the reflected ray, agreeably to 

the present, theory. 'This curious int erchange of the expressions MM , and 1,111 J ‘' * 

1 ' siir p i )') till) iV i v,) 

according to the different circumstances of the ease, is very remarkable, and tends to 

throw light on the discrepancies of different • heorists, as regards the direction of 

vibration. 


It is further remarkable that a similar interchange, according as we substitute 


^ * j • f 

>m 3 , or I for the ratio occurs in the expression for tin* change of phase, as inves- 
sin-fi, « 

tigated by Mr. Green, in the case of total reflexion at an angle greater than the 
critical angle. Ill fact, if ’Jr denote the acceleration of phase in the reflected ray, the 
following general formula will be found to result, from Mr. Green’s equations. 

tan r— ^ v/tau’ 0 — see'' 0, 

l /.'ll J 

which transforms itself into tunc= . \/ — I, 

jxciisv V a. 


MIMTCLIV. 


U 
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or into 


!<■ . /mh ,! 5 . 
'—OB 3 V B 


according as fi 1 or 1 is substituted in tlu* place of 

The former is the expression which Mr. (}reen has obtained for contiguous gases, 
and is identical with that obtained by Fresnel by an interpretation of the formula 


tan — 
tan J, t 9) 


Mil - j—j ! 


; the latter is identical with that obtained bv Fresnel from the formula 


, According to the views of the present author, the latter will belong to a 

Mil J e 4 ° 

totally reflected ray whose vibrations are performed in the plane of incidence, and 
the former to a similar ray whose vibrations are at right angles to that plane.- • This 
and the preceding paragraph were added April 2, 1854. 
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III. On some of the Products of the Decomposition of Nitrotoluplic Acid, 
li ,, II knry M- No ao, Ph./)., Lecturer nit ( Themis fry at St . (i corse's Hospital . 


Received November 17, — Read December 8, 1853. 


In a paper read before the Chemical Soeiety, and published in the third volume, 
p. 121, of the Transactions of that body, 1 described the mode of preparation and 
properties of two new organic acids, which, from their general analogy to benzoic 
and nitro-benzoic acids, were considered to be the representatives of those acids in 
the succeeding or Tohn/l series, and were named accordingly Tolui/tic 1I K (),) 

and Nitiotoluylic (* ’i"j j(),J acids. 

These two acids, interesting as supplying two members of a well-defined series of 
acids, and as establishing a parallelism between the benzoyl and toluvl groups, were 
formed by the oxidation of ( jjniof, a hydrocarbon (<\ M1 II,,) occurring with cuniimd, an 
oxy hydrocarbon (CM.,,, 1 1 ) in the oil of cumin {Oleum cumini), from which source 

alone they have hitherto been obtained. 

The original object in submitting eymol to the action of fuming uitiic acid was 

the formation of the substitution compound j, from which, by the action of 

reducing agents, it was anticipated that, an organic base, analogous to those formed 
from nitrobenzole (aniline) 4 , from nitrotoluolc (toluidinc)'}'. and from nitroeumole 
leumidine) };, would have been obtained: the unexpected formation however of a 
crystalline acid gave a dillcrcnt turn to the investigation, and the search for cimidine 
if,,, II,. N) was for the time laid aside. 

I ha\ e at various times sinee the publication of this lirst paper relurned to the study 
of the action of nitric acid on eymol, and have made many attempts, by employing acids 
of various degrees of strength, by keeping down the temperature by surrounding the 
vessels with freezing mixtures, &c„ to check the action of the acid before it had pro- 
duced its maximum degree of oxidation on the oil ; yet though I have in this way 
obtained several beautifully crystallized intermediate products, and amongst them a 
compound homologous to dinitruhenz.ii/c, in which two equivalents of the hydrogen of 

the oil have given place to two of hyponitric acid, viz. <\. B j, still the principal 


* Zinin, Annul, dvr 1'licin. und I’lr.irm. I>d. \liv. j). 4 2S3. 

| Mi:m*uatt and 11m m \nn, Mi.111. ( 'lii-iu. Stu_\ vol. ii. p. 3 7 o. 
| N icii t>L.*sON f t'linn. S><\ Qiisut. Journ. wil. i. p. ‘J. 

(I 2 
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product of the action has been nitrotoluylic acid ; and 1 have not hitherto succeeded 
in obtaining the first substitution compound |, and of the intermediate sub- 

stances above alluded to, quantities insufficient for a thorough investigation of their 
nature. 

The study of the products of the decomposition of nitrotoluylic acid has been 

attended with more successful results : some new and interesting compounds have 

been obtained, and as these, viewed in connection with those described in my former 

paper, and with those of (.hanckl obtained in his researches on nitrohcnzoic acid*, 

complete the proofs of the parallelism of the benzoyl and toluyl groups, I have 

thought that a brief account of them might be deemed not unworthy of the notice of 

the Roval Societv. 

• • 

Preparation of Xi (rotolni/lani ide. 

Among the salts analysed in order to determine the atomic weight of nitrotoluylic 
acid was tin* ethyl compound, prepared by submitting an alcoholic solution of the 
acid to a current of dry hydrochloric acid gas till copious fumes were evolved, and 
then distilling. Some attempts were made to convert this ether into uitrotoluylamidc 
by saturating its alcoholic solution with dry ammoniaeal gas. and setting it aside in a 
well-stopped bottle: after some months however the anticipated transformation had 
not taken place. Equally unsuccessful was the attempt to prepare this amide by the 
action of heat on nitrotoluylate of ammonia, as Kikld j' procured rntninn/niile from 
eliminate of ammonia; an explosion invariably took place, however carefully tin; heat 
was applied. This investigation was resumed by repeating the experiment with 
the ether in sealed tubes exposed to heat in a water-bath. About. a grins, of the 
crystallized salt were placed in a stout glass tube, 2 feet long and three quarters of 
an inch iti diameter; the tube was then tilled to within 2 inches of the top with 
strong aqueous ammonia, scaled, and submitted to a boiling temperature in a deep 
wafer-bath. After forty-eight hours* continuous action the upper part of the tube 
had become filled with brilliant yellow crystalline plates, which were easily removed 
on breaking the tube from the solid and unaltered ether below. Two or three crystal- 
lizations sufficed for their purification. They were dried in mean over sulphuric 
acid, and then slowly brought to their fusing-point in the. air-bath. The crystals 
began to fuse at 21a Fahk. ; at 2a;T J they were fairly liquid, anti at 200° they emitted 

copious vapours. 

.inn lysis . — The combustion was made in the usual manner with oxide of copper: 

I. \*>2 1grm. yielded 1*022 grin, carbonic acid and *220 grin, water. 

II. 120 grin, gave *880 grin. carbonic acid and *18/ grin, water. 

* f’umpt. Kfiifi. v*»l. xwin. ji. ; L.\t ki-..\t anil Gkriiardt, C. R. p. 177 : Journ. IV. (’hern. xl\ii. 

NO, Ann. Ch. Wmnn. kxii. ’274 

* M* in. Ch- m. Sue. \«>1. iii, p. 404. 
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These numbers furnish the following 1 per-centages of carbon and hydrogen. — 

I. II. 

Carbon .... 53*55 536i> 

Hydrogen. . . . 4'Gii -1*I»1 


The formula of nitrotoluylainide, C ]fi j O a , Nil.,, or if we adopt the theory of 
Kolrk, that toluylie acid like benzoic acid is the oxide of a conjugate radical 




requires 



Ilyd rogen . . . . -4 * 1-1 

Proper tics. — Nitrotoluylainide is in its properties exactly analogous to nitrobonza 
niide, fiom which it dillers in composition bv((.\ IF,), flu* constant ascending or 
descending term of these organic series. It is very sparingly soluble in cold water 
more so in hot; but very soluble in alcohol, ether, and pyroxylin spirit. Its alcoholic 
solution crystallizes spontaneously in long, brilliant, yellow needles. Its fusing-point 
is about 1M.V Fviiu. ; that of nilrabrnuimi<le was determined by ( 'iianoki. to be under 
when heated with a concentrated solution of potash, it is converted into nitro- 
toluylate of that base. 

By the process above described for procuring this substance, it can only be ob- 
tained in very limited quantities, and the process is by no means unattended with 
danger, from the liability of the tube to burst under the great pressure to which it i*> 
exposed ; and whilst searching for some better method of procuring it in quantities 
sufficient to stud}’ the products ol its decomposition, I became acquainted with the 
investigations of ( iiancki. upon the nitro-cnmpoiiuds domed from benzoic acid* 
and upon trying the method there proposed by him for the preparation of nitrohen 
zauiidc, I succeeded, after many fruitless trials, in obtaining the new amide in con- 
siderable quantities. The purified ethyl compound was dissolved in ordinary spirits 
of wine, and aqueous ammonia added until a precipitate began to form : the solution 
was transferred to a stout green glass bottle, and the stopper being woll-sceuiod, it 
was plunged into a water-bath and kept for several days at a temperature of about 
I 10" Faiiii. The action proceeded very slowly; with about 15 grammes of ether it 
was usually completed in eight or ten days. The liquid, from being nearly colourless 
was now of a deep yellow colour, and no precipitation took place on the addition of 
a large quantity of water. The ammoniacal alcohol was distilled off, and the residual 
crystalline mass redissolved in weak alcohol ami boiled with animal charcoal ; from 
the filtered solution pure nitrotoluylainide separated in crystals of remarkable size and 


brilliancy. 

The formation of nitrotoluylainide by the 


action of ammonia on nitrotoluylatc of 


* Laurent and (ikkitardt, (\ 11. t 177. Annual Ht j). l’ruir. Client, vol. iii. pint 1. p 
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oxide of ethyl is represented in the following’ equation 

( ' II M ,• Jlla 1 n XVII II r* im _L 


CMI.O. ( ■ { N o }().+Mi.=t' I n,o, IIO,+CV, [“J } jo* Nil, 


Action of Hethicing . /gents on Xitrotolni/laniide. 

When an alcoholic solution of nitrotoluylamide is submitted to the action of 
hydrosulphate of ammonia, the reaction is of a complicated nature, the alcohol itself 
undergoes decomposition, and its elements take a part in the formation of the new 
products, liut an aqueous solution of the amide undergoes under the influence of 
this reducing agent a very interesting decomposition, precisely analogous to that of 
nitrohcnxnmidc under similar circumstances. Ten grammes of the substance were 
dissolved in three pints of boiling distilled water, and agitated while still hot. with 
strong solution of hydrosulphate of ammonia; the liquid was then thoroughly satu- 
rated with sulphuretted hydrogen, the bottle well stopped, and kept for several days 
plunged ina water-bath at the temperature of about I 10 °Faiik. The solution, which 
had now acquired a dark brown colour, was slowly evaporated on the water-bath ; 
large quantities of sulphur separated during the evaporation, which were from time 
to time removed. When the liquid was reduced to about six ounces it was filtered 
and set aside. In a few hours a mass of fawn-coloured crystals was deposited : 
rhe-e were redissolved in water and boiled twice with animal charcoal. On cooling, 
a crop of beautiful pale-yellow cubical crystals made their appearance ; these were 
again digested with animal charcoal, and from the filtered solution, fine, large, nearly 
colourless and transparent rhombic prisms of the new substance were obtained. 
They were dried first between folds of bibulous paper, and then in mono over sul- 
phuric acid, after which no further diminution in weight took place on reducing 
i hem to powder and heating them for two hoursin an air-bath at their melting-point, 
\i/.. *Jlu F.\nu. I alike therefore the homologous compound obtained by ( 'ii.ikcki, 
ii’oin uitroben/amide. this substance contains no water of crystallization. When the 
(used mass was removed from list* air-bath, at the moment of solidification, it burst 
with a slight explosion into a heap of glistening crystalline, plates. 

Anolnuis . — The combustion was made in the usual manner with oxide of copper. 

I. 1 12 grin. produced I (»:>.'* grin, carbonic acid and 27b grin, water. 

II. ’ io.'»7 grin, yielded •IilSgrm. carbonic acid and ‘2*10 grin, water, 
number' which correspond ccntesimully to 

1. II. 

Carbon .... H.'fSO KY.VJ'l 

Hydrogen . . <>’7H (j’H2 

On heating a portion of the substance with soda-lime in a green glass retort, am- 
monia H’ib first plentifully disengaged ; but on raising the heat a yellowish oily liquid 
distilled over, which in the course of half an hour solidified into a crystalline mass, 
having the peculiar smell of the aniline class of organic bases. Although no doubt 
wa* entertained that this substance was loluidine, it was thought desirable to deter- 
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mine the fact experimentally. Three or four grammes of the new substance were 
therefore distilled with caustic potash, and the solid product, after having been washed 
two or three times with water, was saturated with an alcoholic solution of oxalic acid. 
It was evaporated to dryness on the water-bath, then redissolved in boiling alcohol 
and filtered ; the crystals which separated on cooling were washed with eold distilled 
water, then rcdissolvcd in boiling water, and decomposed by caustic potash ; some 
clear oily drops separated, which were dissolved in ether, and the etherial solution 
evaporated to dryness. The residue was dissolved in hydrochloric acid, and mixed 
with an alcoholic solution of bichloride of platinum; a fine orange-coloured crystal- 
line mass was obtained, which was washed with ether and dried on the water-bath. 
It was decomposed by ignition in a porcelain crucible. 

Afia/i/sis. — grin, yielded '18/2 grin, of metallic platinum per cent. 

The formula of the double chloride of platinum and toluidine (C,, II y N, Ht.'l, Ptt’lj 
requires 81*0 per cent, of platinum. 

The crystalline body obtained by the distillation of the new substance with caustic 
potash was therefore evidently luhiiriint'. 

The decomposition which nitrotoluylumide undergoes under the influence of hydro- 
sulphate of ammonia is in exact accordance with the reactions constantly observed 
between this reducing agent and nitrated organic bodies, and is represented in the 
following equation : - 

( “ {no ’ mi ,+« ns=c : I0 ii i 11 n ! o j + mo+ds. 


N'itrut(»Ki\ Kumrii 


New fcub^tiiiitv 


The proportion per cent, of carbon and hydrogen required by the formula 

( „, H,.- N O; 


Carbon . 

I Ivdrogen 


<>rno 


which agree very closely with those obtained by the combustion of the new sub- 
stance with oxide of copper. 

This substance has two homologues in the benzoyl or immediately preceding scries, 
viz. cur/tttitiit/r — c<irb<mi/i<fr, a neutral body discovered by l)r. Hofmann*, and the 
true urea of the aniline series discovered by M. ( h\ncki.'|', both represented by the 
formula 

V. u Il s N, <)„=(',„ 1 1,„ N, (>,-( , I I L> . 

The origin of the crystalline compound under examination, which is perfectly analo- 
gous to that of uttiliue urea, renders if at once probable that it is the analogue of the 
latter, an assumption which was fully corroborated by the ■dudy of its properties and 
chemical deportment. 

* Chom. Sue. Quart. Juura. vol. li. p. : j (i . 

I' C'ompl . Rend, xxviii. j>. ‘J!>3 ; Lai-kkxt and Geujiakut, C. K. IK49. p. 177; Jouru. )’r. Chom. xlvii. 
j). lit); Aim. Ch. t’liarm. lxxii. p. *274. 
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It lias all the chemical functions of ordinary urea, its taste is cooling and slightly 
bitter; it is very soluble in water, alcohol, and ether. Its aqueous solution may be 
kept for some time without change, but after some weeks it aequires a brownish 
colour, and tloeculent matter is deposited. It is a true organic base, and forms cry- 
stalline compounds with several acids. On dissolving some of the crystals in weak 
nitric acid and placing the solution under a bell jar over sulphuric acid, the wiiole 
soon became a crystalline mass; and when the small quantity of adhering nitric acid 
was removed by allusion with cold water, and the crystals dissolved and boiled with 
animal charcoal, the nitrate was obtained by spontaneous evaporation in large and 
nearly colourless thin plates, the taste of which was cooling and slightly bitter, hardly 
to be distinguished from that of nitre, lly dissolving some of the crystals in dilute 
oxalic acid, and placing the filtered solution over sulphuric acid, a crystalline mass 
was obtained, from which the oxalate of the new base was obtained in long, transpa- 
rent, and nearly colourless needles, by washing away as before the excess of acid, 
redissolving in water, and allowing the solution to crystallize spontaneously. The 
limited quantity of this substance at my disposal, and the very great difficulty of pi\ - 
paring it. prevented my making a quantitative determination of any of its salts. 
When heated a little above its fusing-point the base takes lire, burning with a red 
smoky flame and leaving much carbon. I propose for it the name of fo/ni/l-itrcu : its 
relation with Ch.yncki.'s compound and with the urea type appears from the following 
synopsis : — 

l Tea . . . . (,11, X, <>, 

Anilo-urea . . (', II, (C,_, II.) N\<>, 

Toluyl-urea . . 1 1^ (( ’,, Ilj X, O,. 


Pnulnct if the Decomposition of Tolutfl-urea. 

( >n heating some of the pulverized crystals strongly with caustic potash, ammonia 
was first disengaged, and then toluidine distilled over ; when, however, an aqueous 
solution was boiled with a solution of caustic potash till ammonia ceased to be evolved 
and the potash then neutralized with an acid, the acid being left slightly in excess, a 
i dear yellow liquid wa< obtained, from which after a few hours’ standing there was 
deposited a group of magnificent golden-yellow needles, which only required a second 
solution and crystallization to render them perfectly pure. They were dried first 
between folds of filtering paper, then reduced to powder and thoroughly dried in the 
air-bath, after which they underwent no further loss of weight by being fused. 

. /na/i/sis.- -This was made in the ordinary manner by combustion with oxide of 
copper. 

I. •R:$.»T» grm. produced ’7^0 grin, carbonic acid and "188 grin, water. 

II. ‘10 12 grin, gave ‘9^9 grin. carbonic acid and *221 grm. water, 

corresponding centesimallv to 

I. II. 

Carbon .... GUUi G.T22 

Hydrogen. . . (>‘22 (i‘15 
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By heating with soda-lime toluidine distilled over and solidified in the receive *. The 
new body thus formed is a well-defined acid, producing a series of crystalline salts ; 
those of potash, soda, and ammonia, crystallized with difficulty; the lime and baryta 
salts, though exceedingly soluble, were obtained after long standing over sulphuric 
acid in fine acicular tufts. The lead salt was obtained by dropping the ammonia 
compound into solution of acetate of lead ; it fell as a white powder, which when 
boiled with a large quantity of distilled water, and filtered, separated, as the solution 
cooled, in the form of long, brilliant, transparent, and nearly colourless needles with 
tufted ends. By decomposing this lead salt by dilute sulphuric arid, the new acid 
was again obtained in long needles having a fine crimson colour. On adding a solu- 
tion of the ammonia salt to a solution of nitrate of silver, a copious gray crystalline 
precipitate fell, which, when washed with cold distilled water, and then redissolved 
in a large quantity of boiling water, furnished the silver salt of the new acid in the 
form of thin plates, of a glistening and brilliant, appearance. After a second crystal- 
lization the salt was dried in the dark in maw over sulphuric acid, and then sub- 
mitted to analysis. 

slnali/sis. — I. It).'* grm. gave *07- grin, carbonic acid and *! -IS grin, water. 

!I. \‘il8 grin, left by ignition in a porcelain capsule i:J2 grin, of metallic silver. 

111. grm. left *11 Oil grin, of silver, 

results which correspond in 100 parts to 

I. II. HI. 

Carbon .... H7‘02 

Hydrogen. . . . IV32 

Silver I IT. I II -SI. 

II wc assume that this new acid is formed from toluyl-urea by the elimination of 
one equivalent of ammonia and by the assumption of tin* elements of two equivalents 
of water, the substance tints hypothetically obtained will be represented by the 
formula 

t\ lS II, N <),: 

t bus 

( V I l„.N,<), 

- II, N 

(V H N O, 

+ II <>, 

(VII, N O, 

and on comparing the numbers obtained by the analysis of the acid and its silver salt 
with those calculated from the above formula, we find such an agreement as to place 
beyond doubt the accuracy of the assumption. 

Thus, the formula 

( V 11 £ ,N<) 4 


MIICCCLIV. 


u 



nil. XOAD ON SOME OF THE PRODUCTS OF 


r>o 

requires 

Carbon (>.*>\"i7 

Hydrogen .... .VlKi 
ami that of AgO. C^IIaNO., requires 

Carbon .‘>7*21 

Hydrogen . . . IMl) 

Silver -II ‘SO 

The numbers actually obtained from the analysis of the acid and its silver salt arc. 
for the acid. — 

. Mean. 


for the silver silt.- 


Carbon . 

. . 1 

Hydrogen . 

(»• 1 S 

( 'arbon . 

. . :*»7 -02 

Hydrogen . 

. . ;{•;«!> 

Silver 

. . -11 MiG 


This acid, for which I propose the provisional name of ('arbn-tnhn/lir acid, has 
several representatives in the hcazoyl series, viz. aafhraailir arid, obtained In 
Kiutzm iik by the action of caustic potash on indigo; bcnzamic arid, the product ot 
the action of hydrosulphuric iicid on nitrobenzoic acid discovered by Zinin ; and 
lastlv, rarbaailic acid, prepared by Chancel, by treating nit robenzamide with hydro- 
sulphuric acid. Of these three acids, which are all represented by the formula 

c;.,ii No.=e , II,, no. — <\ ir, 

bmzamir and rarbaai/ir .acids have lately been found by M. ( Jkklano * to be identical, 
while aathruailic acid is a body of a different type. It remains to be examined. t«< 
which of these two acids, whether to aa/hruailic or to rarbaai/ir acids, the new acid 
above described corresponds, 'l'lio mode of its generation woidd render it pro- 
bable that it is homologous to tarbaai/ir acid, whence the provisional name I have 
assigned to it ; should it however prove on further examination to correspond Hither 
to unt/mniilic acid, then the convertibility of this acid into salicylic acid by means 
of nitrous acid, first suggested by I)r. Hofmann }', anil lately experimentally confirmed 
bv M. (iKkkano would appear to indicate that the analogous transformation of the 
new acid would furnish a series of new substances which at present are entirely wanting, 
namely, the proper homologues of salicylic acid and its derivatives. Thus:— 

1 IO. C, , Hr. N( >,+N( K — I ID, c, , 1 1, o, +2N + 1 IO 

Aiithninilic acid. Salicylic acid. 

HO, C lfi 1 1 « NOj+NOj= IK), (’ 1 r.II 7 0,+2N+HO 

New acid, Hoinologuc of 

salicylic acid. 

The extreme difficulty however of preparing the different substances described in 
* Quart. Joui 11 . GLcui. Soc. \(»1. v. jj. 1 3 o . t Iliid. vul. iii. p. J ibid. vul. v. p. 133. 
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this paper, and more especially the costly nature of the hydrocarbon (cymoi), which 
constitutes the (at present) only known source of the parent acid, viz. nitrotoluylic 
acid, form unfortunate harriers to the continuation of the investigation. Ci/mof, how 
ever, doubtless exists among the liquid products of the distillation of coal ; indeed. 
Mr. Mansfiklo, in his valuable memoir on Coal Tar*, describes a fluid which distils 
over between 170° and to Fahr.), “which bears so strong a resem- 

blance toeymolin odour, and in other properties, as to induce a belief that this body 
is identical with the hydrocarbon existing in cumin oil.” it is my intention to search 
for it in this fluid, and should it prove possible to obtain it cheaply and in abundance, 
the experiment, above suggested, and many others of equal scientific interest, will be 
made, the results of which 1 shall hope to be allowed the honour of submitting to the 
lloyal Society. 

in conclusion, I will give a tabular view of the corresponding members of the 
benzoyl and toluyl groups, the parallelism of which in the present and previous me- 
moir I have had the pleasure of establishing. 


l$i‘H7<»vl M‘iii‘s. 

no. c:„ n o, . 

Hcii/nic arid. 

"‘’’‘■'{no,} 0 ' 


Toluvl vi rit.'. 

no, < v, n o, 

To] ii . 1 •»* ;u id 


no, r,: 


n, 

NO. 


o 


Nil min 


ii/tur it-- 


■ ■id. 




N il rohrii/ainidt 

t n.ft ,.n ) n o. 

V j 

*\ 1 1 1 1 < > - in i a. 

no, r., ii, no. 

__ _ . j 

< 'ai iidiiiJir ;u iti. 


Nit rotohi} lie arid. 

‘'•:Noj 0 - NM 


Nitrotolii) lainiiu’ 

C MI i (( , i 1 II.)N j O, 


Toliiyloin a 

no, cjuo. 


( ’;u Ijo-tolu) lir arid . 
* ( brin. Si if Quart. Joimi. \ol i. p 244. 
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Suction XI. — On the. Quadrature of the Logarithmic Ellipse and of the Logarithmic 

JL/perbola. 

LXXXIV. In the former part of this paper, printed in the Philosophical Transactions 
for the year 1852, the author has shown that the geometrical types of those integrals, 
named by Lkukxdkk and others elliptic functions, are the curves of symmetrical 
intersection of surfaces of the second order. In the progress of those investigations 
he discovered two curves, which he called the Logarithmic Ellipse and the Log- 
arithmic Hyperbola. The properties of these curves have the same analogy to the 
paraboloid of revolution that spherical conics have to a sphere, or which ordinary 
conic sections bear to a plane. To determine the areas of those curves, or rather 
the portions of surface of the paraboloid bounded by them, appeared to the author a 
problem not undeserving of investigation. 

'Phe logarithmic ellipse is defined as the 
curve of intersection of a paraboloid of 

revolution with an elliptic cylinder whose I \\ 

axis coincides with that of the paraboloid. 

The logarithmic hyperbola, in like man- 
ner, may be defined as the curve of inter- 
section of a paraboloid of revolution with 
si cylinder whose base is an hyperbola, and 
whose axis coincides with that of the parti- / 
boloid. * /o 4* 

Through the vertex Z of the paraboloid 
let two parabolas he drawn indefinitely 
near to each other, Zl\ ZQ, and let two 
planes indefinitely near to each other at 
right angles to the axis OZ out the parabolas in the points a, //', r, r'. 

The little trapezoid uru'r' is the element of the surface, and if the normal an 
makes the angle /a with the axis OZ, d ^> being the elementary angle between the 
planes, aa'—h \ a n/’/.r/y, />• being the semiparameter of the generating parabola. 


/ 


\\ 

\ 

\ 


\ 


/ 


\ 


/ 


\ 


Now nr— ds — h ~ (J ^. Hence the elementary trapezoid uru'v — 


A' sin 


Integrating 


this expression, area — ; (t;;<>. 
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or pertorming the integration with respect to i*. 

area=*. |//y see ! //,-f- constant. 

Now when the area is 0, sec v,= 1. and there lb re 

constant = — v|f/y. Whence 

/ • 

area= ' |</y(sec>— 1 ) (437.) 

I his is the general expression i«.»r the surface of a paraboloid between two prin 
cipal planes, and bounded by a curve. 

W hen this curve is the logarithmic ellipse, let the area be put (All). 

We must now express y and v, as functions of another variable 0. 

Let 1 =a cos rt. i/ = fr sint/ ; the base of the cylinder being the ellipse whose equation 

> s — h 7 =1- ~ is the amrle which 0/-4-//-’ makes with the axis u. 

il~ //’ *- • 


Now 

and 

But 

therefore 


. >/ ■> 

tan-^ = = tanW. 
/ // 


f/C = 


tan 2 Of= y = 
* /« 


rV'f- 

//•' cii'-tl i //sjn-fC 
// -’ co'. p -i-lr 


( IBS. 1 

( 13!). 1 


t* 


sec ■«.— 


ro^'O ! <7- + A’i <in*$ 


/■ 


( 110 .) 


Hence substituting these values in ( we get for the area 

... nfilt/ff >L~ -f tr- ens-tt-f- X 1 * -f . jiin-’p] j /- l’ 

( A! i j — L .] |y ( h . Mn ..^j — j <-os ’ 


i/0 

’U + lrAnW 


Let 


n — /<•’ — h 1 t 

*/- i X ' — l - » 


(441.) 
( 112 .) 


i being the modulus and the; parameter, as in 05.). 

Tin; ahovi: expression may be written 

. . . , , nh ' X l i /0 

:W.(AII)= , . - 

■ '/* co.Wy \ tr * 


+ 


'2,i I, 


f) { tr sinP, v / iX* + c/ i < — (a* — h l ) > i 1 1 ~ tX J 
/ vt? 


+ 


^ — .t/ 1 — l/j *u\*0 

' tr’- nh 1 tr Nin ‘0 } 

v 7 > ir r t/ 2 j — [tr — tr) ^in J 0 

fh 


(443.) 
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Therefore, integrating' the preceding expression, 

•HAItt— W i— M 
' 1 ’ " VI 1 f LI -V sin^J ✓ 1 - r 

‘i#////’ i* </0 

*/ k 1 -f </ j I —rxin J 0 

+ ' 7 I — r si n’t* — /r tan' '^tanoj 

Hence the area of the logarithmic ellipse, or rather the area of the paraboloid 
hounded by the logarithmic ellipse, maybe expressed as a sum of elliptie integrals of 
the lirst, second and third orders, with a circular are. 

^ j j ^2 ^ ) 

Since — e 2 >r, or the function of the third order is of the circular form. 

ft" fl -f~ n 


Assume a spherical conic section such that 

a b 


therefore 


tan^ = / , tati | o = / ;, / 

bk 


tP — !r 




tan/3 

— -cos sm s= , . 

tana " \' tt + /, tr -\- h 


-// 


(.■omhinint; the first and last terms of the preceding ennahon, they become 


/r 


tan 


./b \ (an /J i t!P 

i-taiiH) — . - cosftl. , . 

\" J tana V| — \ I— m - Min 


No\\ r this is the expression for the surface of a segment, of a spherical ellipse whose 
principal angles are and ’Jp'. Let tliis tie N. 

In tin* next place, /: ''tt’ -\ \ — /' jmIi’U 

« 

is ;i portion of the elliptic cylinder whose altitude is and the semiaxes of who*r 
base are Vn -j-/r' and v'/r- f f.et tliis be 1C, 


and 


■thk 1* 00 

\ ' | A - * \ I - /- -mi ■' 


is an expression for an aie of the spherical parabola whose focal distance i» one-halt 
the Ideal distance of the former. Let. this he denoted by I*, 
lienee if we denote the entire surface round / by j All j. 


:t| All j = 4//K+ 


S//M- 


,1*— 1/rS (lt;»; 


\'lr I /■ ' 

Or the Jirea of the logaritbmic ellipse, may be expressed as a sum of the ares of a 
plane ellipse, of a spherical ellipse, and of a spherical parabola, mult iplied by constant 
linear coefficients. 

LXXXV. To find the area of the logarithmic hyperbola. 

/'T 

The general expression for the area, as in ( is { j(see‘«.— I 

* See tlic Theory of Elliptic: Integrals, and tlu* Properties of Surfaces of the Second Order, applied to t ii* - 
investigation of the motion of a body round a fixed point, p. IG. 
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( 2** 

Now tilt 1 equation of the base of the hyperbolic cylinder being 4 — 1 , 


let 

then 

and 

lienee 

Since 


•r =i/seeW, i/=bl:mO, 


(146.) 


taiiv=~= A sinO, 
T .1 <1 


f/v n </- 

• f - — ■ CUS(/f/(l. COS *v-> — i i » ■ > /i f 

con'V // 1 Y <r -f ir sure/ * 


. , ///> COsOtfO 

( v >iir£? 

r 2 1 /rMirfJ 

tan ^ — ■. i — i . yi ? 

4 A* ATO!>T 

, //- : X' : ros*7? J- // 2 sin 2 ^ 

8CC >= AW0 


sec V/. = 


! co> : 0 + «■ 4- /csin-’#' 


i'iWO 


Let (AT) denote the area of the logarithmic hyperbola, then 
:i(AT)=/ J | 


k'ctx'O «-’ + i’.-iii 't) j 

Let \ eos"(t-j- n~ -}~ b “siii’tf, 

and the last equation will become 


i , o<'d- ir <-/<•’ siirf) mb cn^Oi/O / b . \ 

— A" tan 'r- sintfj . 


047 ) 

(llH.t 


f «/</• ro^lb-V C'lihkdO i/bi' 1 <i l a //-'iiidtll . //; . \ 

:t(AT) = l . ,,. + 1 4 - < I ; ir —/r tan -1 ( -sinO) ; 

J //•-, v \ \ V V cove v 7 V J 


and this may be written in the form 

i /» 


,,r b 1 r ,io , r up aP 1 r ,/o 
:>■ AT .= . | 2//AA-— . — r I- - 

h i ■ /;“ r •> Mil H \ y \ J b a | » v / \ 

L - Ji 

///) , //$ . /// . \ 
+j(«-+M, i/V -/rtan '(-smO) 


( I IP.) 


Let 


A* •_ /l - 

f,Ul s — X-' | «' 7 ’ 


and the preceding equation may be written 

f. ir - //, I* ,/fl 

.^AT)= , /l; . . 1 , , 

uh -V 7 ,; - -L-JrJ 1 T )t Mil I 
nh tr '-It 1 - A* 


0 ) \/ 1 — i l sin 0 

, nhirr-lri* <10 n ^-/r.V </() , 4# //, . \ 

+ tvV i “ l "' U s,n0 J 


Since 


h ■’ I -j n n l } - h 2 
' • / 2i il Ij 2 * 

I.’ 


and a" ( I — >//;( 1 +//)= I — r, and (47-) gives 

00 /| — dO i 2 l'i/0 I ,/ \/»/« sin0cos#\ 
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lionet* 


/I I /A C ,10 /1-7/A f ,10 i 2 (•*»,. .J/ms 

(“-■ ■7^Hnw=(- « r)^HM,/i+vdv/i +tan L ' "i 

/I I «\ k(„* + b 2 ) 

\n) K'a 2 \ -t 2 

h p ild 

I (> ! ) l‘ ' 

-a «- Vos-' 


sin# cost? -1 / . , . , 
_ . Mol.) 

VI J ; 


But 

Hence 


A (AT) ah 

k 4 k V k‘ 


ah{k l —lr) r<!() ah [a 2 | h l ) r lid 

+ A* Vk 2 h«V ^T + ** v'iHq nA-tiVd V\ 

. . _,r V ninsind cnsd~\ . T ^ I 

+ 1 vi \J L" JJ 


. . . . (452.) 


Now if Y be an arc of the plane hyperbola of which v' lr—/f is the transverse axis, 
and i the reciprocal of the eccentricity, we shall have 

ah nl,< a 2 \_ I, 2 ) i' <ld _ 

A'* A* V,r \-k 2 \cuVd V\ 1 ' 

Anil if we take the spherical ellijise whose principal scmiungles, a and ( '3, are given 
by the equations 


h h / k - -f- #/- 

CHSa =*’ eoso^/ k ^ hi , 


we shall have 

and 

also 


k’ 

sin's — ,, ,,r 2 —,... . 

A ■ -j- A ' - 1 tr 


ill) 


k- — lr 
‘ 


till ip 

A \ 7 A J -j 


: ttill 


’C sin( 0- 


Hence the sum of the first and last terms may he written 

ild 




Ian, 3 

tana Vl — c-’mii-'P] V 1 — siii-i sin() j 


( • ilb 

I 1 — r -Mild V 


and this expression is S, the value of the area of the spherical ellipse (a/3), as shown 
at page 1G of the Thron/ <>J I!lli/>lic ////#•« m/.s, iS c. 

Now, as before, A being the transverse axe of the auxiliary hyperbola. 

A= — //. and B= e'/r-p//. 


hence the coefficient of | may he written ^ /, and the equation (152.) finally 
assumes the form 


ah A“ 


:i*(A Y) = Y + ^ J - /,•• S + /• 1 tan 1 


Vmn sind cos 0 j 

v/1 J 


( »5 I.) 


Or the area of the logarithmic hyperbola may he expressed as a sum of the arcs of 

MDCCCLIV. i 
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a common hyperbola, of a spherical ellipse, of a spherical parabola and of a circular 
arc. multiplied by constant coefficients. 

LXXXYI. There is one particular case a lien the area of the logarithmic hyperbola 
may be represented by a very simple expression. Let /:—!>, then if we turn to (MS.) 
Y=;ir'4-//\ and 1=1, since /=t>. lienee (I.V2.) may he changed into 

A T i = r/ 'V-j-A’ tantf+A-' tan l ( - tanfA 

V v II- + tr / 

+ At an' | Ji' + l . s 'nOeos ()^ — lr tan" si 11 M j ; 

and this expression may be reduced to 

:»i A Ti — u \'tf '4- A-' tauO+A- tan -1 ^ ; taut/) — A- tan ‘^sind), .... (-1 •>'».) 

a value entirely independent of elliptic integrals, and which may be represented by a 
ri^lit lint' and the dilfereuee of tuo circular arcs. 

I.\\X\ II. The curve of symmetrical intersection til" a sphere by a paraboloid, 
whosi principal sections are unequal, may he rectified by an elliptic integral of the 
third older and circular form. 


< ~ ' = ->■>. and / +/. =-■ 


( j;>h.) 


he the equations of the sphere and paraboloid. Then find ini; the values of <h. </// 
and d\. 


t </: ' ~ . :—J r — k r 


Assume * — — /. ) cos () -j-’J (/•—/.,) sin '0. 

Introducing the new variable < 1 and its functions. 


s' k, r — k- 3 + a r — k, ' lim'd 
,/lJ t' r-k t:urd 


■ - ( Li / . ) 

(L’iS.) 

. . (LV.L) 


Assume /.•!/• — t;m'0 = /. | i tan ^ ( 1(»0.) 

ihen introduciiur the variable z and its functions, 


lienee integrating. 


//, 


'll. 

v'l 

r - 

-k r-k 

,:0~ 

s'k r- 

-A. 

CD's 

"r 

1 k, r — i 



s'k 

1 1 7 " ” 

-/• 

1 


v/*- 

/' 

~k 

(l 

/■ 

-/■ 


ffO _ 



s'k, 

O’ — kj 

/: * 



1 ' 


' k — k | i ( 


s'k r- 


! 1 

L 

* 

“ "k 


V'- 





S 

s'kr 

— A] ; 

l. t 

m. 

— 

///sin J 




(-AGIO 


(4G2.) 
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If we write m for 


Now us 


k— / r 2 — kk x \ . .. . r 


sin -'a — sin'^3 


k r — /., 
sin-v — mu ’/3 


, and »i=c = sill , at ,,^, 3 , • • • 


we get from these equations 

l(r—k x ) . /,(/•—/) 

tail «= , ' , tair/3 = 


whence 


. .. tan/3 . 0 

v | ilUit f 5 in i :> — — it,)* 


Making’ these substitutions, ( l(>2.) will become 

A '= vV*— lc/,\. ,U1 ^ sin/-j| . . . ' r . (1(55.) 

Now, as we have shown in (hi.), this expression denotes an arc of the spherical 
ellipse whose principal angles arc given by the equations ( Hit./, and whose radius is 
r — />/:,. Hence if a sphere be described whose radius is not /•, but 'V’ — /•/»*,, the 
length of the curve, the intersection of (he sphere (/•) with the paraboloid (//>',) will 
be equivalent to that, of a spherical ellipse described on the sphere whose radius is 
vV 

When /■ — /r. /.' being greater than ( I.*'.).) becomes 

f . 

» ' /< v /<" — /•',) or •«,’—■_>/.'( t ; — /, ! }l). 

lienee v is an are of a circle. That such ought to be the case is manifest, for in this 


ease the sphere intersects the paraboloid in its circular sections, and \ 


A •'«, 


cosine of the angle which the plane of the circular section of the paraboloid makes 
with its axis. 

Wo have shown in the first part of this paper that the curves of intersection of 
rourru/ric surfaces of the second order may be rectified by elliptic integrals. When 
the intersecting surfaces are not concent tic, the rectification of the cnr\e of inter- 
section may be reduced to the integration of an expression which may be called an 
by pe re 1 1 i p t i c i n tegr: 1 1 . 

The general expression for the length of an arc of this curve will be an integral of 
the form 


,4/, * • j, '‘ ' A' 1 *' 1 "• 

\ a * 1 -| h t ,J i / ” ! / ./ j J 


When the surfaces are symmetrically placed and have a common plane of contact, 
the above expression may be reduced to 


i* / / y i ’’ \ 3 / { 7 ./ ! 0 

,v= rv, t,, -I / 


This is also jin hyperelliptie integral. 



ISO DH. BOOTH ON THE GEOMETRICAL PROPERTIES OF ELLIPTIC INTEGRALS. 


When, moreover, the surfaces are concentric* and symmetrically placed, the pre- 
ceding expression may still further he simplified to 


Ci /x > '-1 3 .C -f- 7 

•=V'»y/ ' 

i V iu • + ti l )■ <• 


which is the general form for elliptic integrals. 

We can perceive therefore that the solution of the general problem, to determine the 
length of the curve in which two surfaces of the second order may intersect, investi- 
gated under its most general form, far transcends the present powers of analysis. 
It is only when one of the surfaces becomes a plane, or when they are concentric and 
symmetrically plaeed, that the problem under these restricted conditions admits of 
a complete solution. 

We may hence also surmise how vast are the discoveries which still remain to lie 
explored in the wide regions of the integral calculus. We see how rpicstions which 
arise from the investigation of problems based on the most elementary geometrical 
form"- surfaces of the second order — bailie the utmost powers of a relined analysis, 
with all the aids of modern improvement. It is not a little curious, that nearly all 
the branches of modern analysis, such as plane and spherical trigonometry, the 
doctrine of logarithms and exponentials, with the theory of elliptic integrals, may ail 
be derived from the investigation of one geometrical problem, — To determine the 
length of an arc of the intersecting curve of two surfaces of the second order. 

LWXVIII. In the logarithmic hypertonic sections, we may developc properties 
analogous to those found in the spherical and plane sections, if we substitute para- 
bolic arcs for arcs of great circles in the one, and for right lines in the other. Here 
follow a few of those theorems. 

I. From any point on a parabolic section of the paraboloid lot two parabolas be 
drawn touching the logarithmic ellipse or the logarithmic hyperbola, the parabolic 
arcs joining the points of contact will all passthrough one point on the surface of the 
paraboloid. 

*J. If a hexagon, whose sides are parabolic arcs, be inscribed iu a logarithmic 
ellipse or logarithmic hyperbola, the opposite parabolic ares will meet two by two on 
a parabola. 

If a hexagon, whose sides are parabolas, be circumscribed to a logarithmic ellipse, 
the parabolic arcs joining tin; opposite vertices will pass through a fixed point on the 
"iirlaec of the' paraboloid. 

-1. If through the centre of a logarithmic ellipse or logarithmic hyperbola two 
parabolic ares are drawn at light, angles to each other, meeting the curve in two 
points, and parabolic ares be drawn touching the curve in these points, they will 
meet on another logarithmic ellipse or logarithmic hyperbola. 

If a circle, whose radius is r/, be described on the surface of the paraboloid, and 
therefore touching the.* logarithmic ellipse or the logarithmic hyperbola at the extre- 
mities of its majoi axis, and from the extremities of any diameter two parabolic arcs 
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be drawn to any third point on the circle, if one of these parabolic arcs touches the 
logarithmic ellipse or the logarithmic hyperbola, the other will pass through a fixed 
point on the surface of the paraboloid. 

6. If on the paraboloid we describe a circle whose radius is W+i®, and if from 
the extremities of any diameter of this circle we draw par.'ibolic arcs touching the 
logarithmic ellipse or the logarithmic hyperbola, these tangent parabolic arcs will 
meet on the circle. 

These theorems will suffice. There would be little difficulty in extending the list. 
In fact nearly all the projective properties of right lines and conic sections on a plane 
may be transformed into analogous properties of great circles and spherical conic 
sections on the surface of a sphere, and of parabolic arcs and logarithmic sections on 
the; surface of a paraboloid. 


I’i”. -J.s. 


/ 


Q' 


\ 

u 


Suction XII . — On the Uectifieutiou of the Lemni.senfes. 

LXXXIX. There is a particular class of plane curves, of which the Icmniscatc of 
lU.KNOuf.i.i is an example, to which the principles established in the foregoing pages 
may be applied with much elegance. 

Definition.- -This entire class of curves may be defined by the following properly. 
The square of the rectangle under the radii ventures drawn from the foci to any 
point on the curve is equal to a constant, plus or minus the square of the semidia- 
meter multiplied by a constant quantity. 

Let Q, Q' be the foci, and () the centre, £, r 
the lines drawn from these points to any point 
on the curve. Let ()Q — ()Q' = o. and let f be a 
\ ariablc constant. 

Then by the definition 

£ y * -|- / V ( ; 

lint -'V — (.1 "-Yu TH-e 1 -f *_V// ’ — Je ! .i . 

and /■’=•* ■’+//', 

hence ( ' + -<■•) « f- ( ./ " — 'Jen/. ... . . 

This is the gencrsil equation of the curve, which assumes different forms, as wo 
assign varying \alues to /'and o. .Some examples may be given. 

(a.) Let o=0, or y = cc , the equation is that of a circle. 

(b.) Let _/”> ‘2o'\ and make < / V! +‘2o'.=//'', jf ’ — 2e'—/>\ .... , ft is. 

the cqusitiou will become ( ( !(»!>. > 

This is the equation of a curve which may be called the elliptic lemniscafe. It is 
the locus, sis is well known, of the intersection of central perpendiculars with t;im:cnts 
to an ellipse. 
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(e.) Lot /'■ — '2c 1 . The equation becomes ( .1 ■+//-)' = IrV-, or the* equation is that of 
two equal eireles in external eonlaet. 

m 1.) The equation heroines 

(.i*+if)*={-2r'+/ i ) i J - t2r-/V s and <r>ir. 

■ e. ) Let The equation heroines (. r’ +//')' =‘2e a (.r- — or the equation is 

that of the lemniseate of JlKitNon.i.i. 

if.) Let f 2 . passing through 0. he taken with a negative sign. The equation in 
this ease heroines 

i i - = —/')■! ' — (*2< ’-f- t / ")i / ', and tr > t r. 

In one ease only thus the equation of tlie lemniseate in its general form coincide 
with that of Cassini's ellipse; namely, when,/=o, and /i — r, Ir being the product of 
the radii veetores from the foci. 

The definition of ( 'assim’s ellipse being * k a curve such that the product, of the radii 
vt etores drawn from two fixed points the foci- —to a third point on the curve, shall 
he constant and equal to h'\' its equation will obviously he, 2c being the distance 
between the foci. 

h' — ( ' = < »--(-// )- — ’2c 2 (.r — 

when /i — r, i r='2c J (.i ~ — //'). 

Tliis is the equation of the lemni-eate of Hkknoclli. 

These ellijitie lemniscates may abo he defined as the orthogonal projections of the 
curves of symmetrical inter-ernon of a paraboloid of revolution with cones of the 
second degree. Inning their centres at the vertex of the paraboloid. Let « and .-J he 
t he principal semiangles of one of the cones. Its equation is 

cot i J d_ eot ’o •//'— *'• 


Make 


tan* — 




tanp]=“ • and the equation of the cone becomes 


ti l 1 i - //’ l/ I /»" i". 

Let the equation of the paraboloid he ./*+//■ =2/". 

bliminating the equation of the projection of the curve of intersection will become 

1 1 1 1 T I* 1 //'. 

\(.\ V* hen tl c section is an ellipse, the equation of this curve is, as in ( ICt).), 

( ■> 2 +//" ) 1 — + 1 '\>/ ' (-1 7< L ) 

This equation may he put in the form /•'=«’’ cos’/.+Zr sin‘ J >., 

/ being the radius vector, and >. the angle if makes with the axis. Let v be an arc 
of this curve : 


'inee 


wA\ ‘ J . . f dr \ - / ds \ 1 c os 2 X I Id sirrA 

-f b 1 sin 


&)=''+(*). q =:<: 
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Assume tan/.= - f - tan«p (•!“••) 

Making in the last equation the substitutions suggested by this transformation, we 
get, after some reductions, 

h 4~ . . ! / . ^ /2 - ) 

1 + v />- ~) w,1 ' f j v 1 ~ ( — **- ) sm ~? 


(■>72.) 


V . fC — 4»' 2 // 2 — _ 

jji =//, _ " <r f — * , (-!/•>.) 

and the last equation will become 

ri l -\-b~C f!y .L* //£ _ 

b ^ t ; L -f// Mii-’f J \/l — /'siii'V J e l — /•' sin J ^ * ’ ’ " ^ 1/ 

On the plane ellipse as a base, let a vertical cylinder be erected, and from the 
centre of this ellipse let a sphere with a radius = + he described. This sphere 

will cut the elliptic cylinder in a spherical conic section. The expression for an are 
of a spherical conic section measured from the extremity of the atlt/or arc is given by 
the; equation 


.V 

eoso i* 

"r 


i.'o'-.S i* 

"V 

K 

rusa sin** i 1 
«. 1 

1 tan sill*; ' 

1 -- mu V, sin 1 * 

sin* ] x' 1 

• 

— in r. Mir* 


Nee Theory of Klliptic Integrals, p. : I'j . 

Now in this case u and n being (In' principal angles of tin* concentric cone whose 
base is the spherical conic section. i 


I herefore 
1 Iencc 


cos rt “ , 

• r b 




. / . smy>“ . 

\ u~ i/ .j 

'■ • t " 


or the sum of the principal angles of this cone is equal to two right angles, or the 
cone is its own supplemental cone. From these equations we may infer that 

eoSfS \ . f, n»v nso b 

(;i»jxsinx /; ' siine { /#- 


sin-a-'-Mn^o ft - — b~ . miia — sin 3 a' > fr 

tan =— — y , sm r,— . 1 = , • 

eo.s:< h- sui« /r 

Making these substitutions in the preceding 1 equation, we get 

h 'C > ,c 
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On comparing' this equation with (47-1.) we shall see that they arc precisely identical. 
Whence we infer that an are of the elliptic lemniseate is equal to an arc of a sphe- 
rical ellipse which is self-supplemental. It is very remarkable, that, whatever be the 
ratio of a to b the semiaxes of the plane ellipse or of the elliptic lemniseate, the are 
i» always equal to an are of this particular species of spherical ellipse. 

There is another property of this spherical ellipse, that its area, together with 
twice the lateral surface of the cone, is equal to a hemisphere. See Theory of 
Elliptic Integrals. &e., p. 21. 

XCI. We may obtain under another form an expression for the are of an elliptic 
lemniseate. 

Let the polar angle /. be measured from the minor axis of the curve. Its equation 
in this ease will- be 

/'■=(/* s in v.+tr eosv ., 

il<~ > in * A + A * ons’-'A 

• • - f , 

</>.* H~ eus'A 


Assume 


tan/.= i tanO, 


17a.) 


integrating. 


if-'!' ii 'ft~ . il\ ir/r 

ii\' <!' cu > v r f> : siii'vJC It-h a 1 LUV - J / | b 1 >in 


(I7«.) 


Let. as before, a cylinder be erected on the ellipse and the sphere described from it* 
centre with a radius equal to v^r-f //*, it will cut the cylinder in a spherical ellipse. 


whose arc is given by the integral 


a tan 3 . 
-= MU 
K tuna 


• -»f - 

. / tuira — t:ur»3 x • | / / sin 'a— sinp\ . .. 

JL t. Urn* > 1 " v JV*-( .i,... 


Now cilice 


9 iir«= - , . , >. snrp= , 
-4 fr 9 1 n £ - 


fan»3 . 0 Ij * taira — tiin^3 n x — l> x sin-a — siir/3 tr — h 1 

1 tuna <r 9 tsilra n l 9 sin J a tr ’ 


wu obtain .v=*\ 


d 'v 

" J [ 1 - ) sin ’' 1 ' j \Z> - 


Now this is precisely the same equation ;is (4/G.), whence we infer that the arc of 
the elliptic lemniseate is equal to an arc of a self-supplemental spherical ellipse. 
Writing m for the parameter in this expression, we can easily show that the para- 
meters in this and the preceding formula (174.) are conjugate parameters. The con- 
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(lit ion of the conjugation of parameters in the circular form is 

(!+»)( 1— ?»)=(! — i 2 ). 


Now 


■ I « 2 , A 4 i *2 i 2 

1+M== j, 1— W» = -r, 1 — l =-*> 

> v U A a 2 


whence the proposition is manifest. 

An invariable relation exists between the parameter m and the modulus / ; for as 


ft 4 —//' , ... n l — h 2 m 

m — - ., - and t = — j— v+f —2, 

a 1 <r i * 1 5 


(1/7.) 


hence i being given, m also is given; or the elliptic lemniscate can be represented by 
only one species of spherical ellipse, that in which the sum of the principal arcs is 
equal to two right angles. 

On the Hyperbolic iAonniscafe. 

XCIF. The equation of the lemniscate in this case is 

(.r*4 7 /T=«V 2 -% a . 

Following the steps indicated in (X(’.), we find 

(/.s- rt' ros-’X 4- //' sin-’x _ 

I Ik 2 a ’ cos’x — / 1 2 .'-in’X ’ 

the limits of /. are O and tan 1 , - 


Assume 




SIU K u'h 1 t «* sin’f +A‘oos*;»* ’ 

The limits of corresponding to >— 0 and x — tan '^i arc £=<>, and £=”- 
Substituting this value of sin"/ in the preceding equation, we shall find 


( 17*.) 


t/s a 

c*n- y 




From ( 17 *.) we may derive 

t! a trhUt ' -f h ’) i*os T *> 

//■? [n J h 2 | n 1 sin '{ -I //‘cos ’ft vV + 4 ! < i us’ t 'i 

Multiplying the two latter equations together and reducing, we get 

•It 


* h/’-v^W 


. . . (ISO.) 


When a—b, or when the lemniscate is that of Hrunoulli. we got the well-known 
expression 


_ a r <f$ 


MDCCCMV. 


K 
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integral is of the third order and logarithmic form. That it is of the logurithmh 


When a> h the integral is of the third order and circular form, hut when a<h the 

d 

form may thus be shown. 

, ... )>' 

. . —m, and /-= * . , ,. 

O' ’ It' f- tr 


Let 


Hence ‘"-"'=/,Vr4 tr) ' 

or r is greater than >n : but we know that the form is logarithmic when the square of 
the modulus is greater than the parameter, when it is affected with a negative sign. 

This is a result truly remarkable. All analysts know the impossibility of trans- 
forming the circular form into the logarithmic, or rice rcrsti , by any other than an 
imaginary transformation. The utmost efforts of the most accomplished analysts have 
been exhausted in the attempt ; yet in this particular case their geometrical connection 
is very close. The modulus and the parameter are connected by the equation 


1 ,4 -w =2 ; 

/- 




the upper sign to be taken in the circular form, the lower in the logarithmic. 

There are two distinct cases to be considered ; when a is greater than h, and when 
a is less than h. 

Case I. a>h. 

Let a plane ellipse be constructed whose principal semiaxes A and B arc given 
by the equations 

A -■=«- + A-’, B 2 = <r, <1S2.) 

and let a sphere be described from the centre of this ellipse with a radius 

= = BJ =U 

K'.n-b- 

Then we can lind. as follows, the length of an arc of the spherical ellipse, the intersec- 
tion of the sphere whose radius is It, with the cylinder standing on the ellipse whose 
"emiaxes are A and B. 


Since 

and 


We have aKo 


A 8 . A* 

?Jir«t=^ 2 = > cos-<e= M ,, 

. . II- a' — lr >3 lr 

sin- f 3 = Ri = , <;os,3 = rt ,, 


IlfOMi ft * 

co.-x Mila 0{u~ — tr) \''n z + h l 

R i os 3 cfisa ah' 

>iujt ur-’h 2 ) y/ f ,* // 

cos 1 3 — a 2 — ft* 

cos "a tr 






<in a a — sin' 2 /3 


h 1 


a 2 \-b* 


( hs;;.) 
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Substituting these values in (46.) the expression for an arc of a spherical ellipse 
with a positive parameter, and writing s for the arc, we get 


a 2 — A 2 _ «■'* p flp_ 

^ P ^ — vV 2 — b 2 r. 


— I 

a vV 2 + h l 


— VV 2 — b 2 r. 


. (484.) 


Comparing this with (480.), we find 

/a 2 — A'\_ i 3 


/a 2 — — " r «<p 

' \ rt<! / " i 2 \ A / /> 2 \ . a 


— I- frv, 

sin' 2 p 


or the (HJference between an arc of a hyperbolic lemniseate and an arc of a spherical 
ellipse: may be expressed by an integral of the first order, together with a circular arc. 
When (i—b, the radius of the sphere is infinite, the sphere becomes a plane, so that, if 
is not possible to express an arc of a spherical ellipse by the common lemniseate. 

Case H. Let b^a. 

In this case the arc of the. hyperbolic lemniseate may be expressed by an arc of a 
logarithmic ellipse of a particular species , or one whose parameter and modulus are 
connected by the relation given in (181.). 

Hcsmning the expression in (iso.) for the are of l^' hyperbolic lemniseate. 


then as 


. . . i—t. 

(r h f il 


>n + // — »i » -- r, n — 


( ls.>. 


1 jet A ami 11 be the seiniaxes of the base of the elliptic cylinder. /. the parametei 
of the paraboloid whose intersection with the cylinder gives the logarithmic ellipse 
Assume for the principal seinimajor axis of the elliptic base 

A= a~ -\-h : ( 1^0 ) 

In (I “I.) we found the following relations between A, 11, /;, m, //. 

X 1 wh\1—») ll ! 7ti/i ( l — /// ) 

k 2 (// — t/i)'" ' k‘ (// — in) 1 

and as we assume A= v / rt 2 +// i , we get, substituting for »i and n their values in terms 
<*f a and b , the seiniaxes of the hyperbola 

... tr , , a-tr + a' — l / 1 


11= , and /i= 


. uuu n. , /7 j .» 

a (r vh* — a m 


187-J 
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In (1(>3.) we found for the equation of the logarithmic ellipse measured from the 
minor axis, and multiplied bv the indeterminate factor Q, 


( in ) ' \ / l— rsiir’f I 


(-W8.) 


if in this equation we substitute for ///, «, and k their values as given in (18a.), 
and equate the coefficient ( 1 ' / /a///.'Q with the coefficient . . of the expres- 

\ w / b v u* -|- (r 1 

sion for the lemniscate in (-180.), we shall find 


W ~ ,?/? -r «*-/>' ’ 


hence the last equation, substituting this value of Q, will become 

'2a i \lr — v . ah //-) \ / «- + h 2 [ j /T 

fr/r-ha* — // a m (r + tr — b J 

■ n b | //'/i- — wV V tr 

[«-/»" *-«* — /;* i v 1 f)[irh 2 + «’ — 


. . ( IHP.j 


•>r the sum of an arc of a hyperbolic lemniscate and of an are of a logarithmic ellipse 
may be expressed as a sum of integrals of the first and second orders with a circular 


When b—tt, the above expression will become 



In this case the parameter of the paraboloid becomes infinite, and therefore the 
paraboloid a plane, just as the sphere became a plane in the last case; so that we 
cannot express integrals of the third order, whether circular or logarithmic, by an 
arc of a common lemniscate. 

XCIII. Fauna m, the Italian geometer, first showed that the lemniscate of the equi- 
lateral hyperbola might be rectified by an elliptic integral of the first order whose 

modulus is - l • He did not however extend his researches to the investigation of the 
v ‘1 

general problem of the rectification of the lemniseates. 

Although the lemniseates may be rectified by elliptic integrals of the third order, 
as well circular as logarithmic, yet these curves cannot be accepted as general repre- 
sentatives of integrals of the third order, because in the functions which represent 
those curves, the parameters and the moduli are connected by an invariable relation, 
a*' in (177*) and (tsi.). Thus the elliptic lemniscate, whatever be the ratio of the 
axes of the generating plane ellipse, can be represented only by a particular species 
of spherical ellipse, that whose principal arcs arc supplemental. 
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XCIV. The general fundamental expressions for the rectification of curve lines, 
whether of single or double flexion, show that the arc of a curve may in general he 
represented as the sum of two quantities, an integrated and a non-integrated part, 
or as the proposition may be more briefly put, an arc of a curve may be expressed 
as the sum of an integral and a residual. Thus the arc of a plane ellipse is equal 
to an integral and a residual, which latter is a right line. An arc of a parabola is 
the sum of an integral and a residual, which latter is also a right line. An are of 
a spherical ellipse is the sum of nu integral and a residual, the latter being an are of 
a circle, while an arc of a logarithmic ellipse is made up of two portions, one a sum 
of integrals, the other — the residual — being an arc of a common parabola. It 
appears therefore to be an expenditure of skill in a wrong direction to devise curves 
whose arcs should differ from the corresponding arcs of hyperconic sections by the 
above-named residuals. Thus geometers have sought to discover plane curves whose? 
arcs should be represented by elliptic integrals of the first order, without any residual 
quantity — the common lemniscate for example, when the modulus has a particular 
value. It is possible that such may be found. In the same way, an exponential * curve 

may be devised, whose arc shall be represented by the integral instead of 

taking it with the residual quantity /: land secO, as the expression for an arc of a 
common parabola. Thus geometers have been led to look for the types of elliptic 
integrals among the higher orders of plane curves, overlooking tin: analogy which 
points to the intersection of surfaces of the second order as the natural geometrical 
types of those integrals. 

* Tlir equal ion til this exponential curve is r '- *-o*rM-=l. Il k racily teen that when .r“(), j/~0, ake. 

And whin . Hence the cun* 1 p.is-e- tlin n:;h the origin and ini.*? i^vniptot:? paiallel to tin .-w 4 - 

kit 

• d y at the iliatnrur %) horn tin* origin. 

If we Mibsititulc tor ro> il" exponential ixpu^ion * 

j v “ ' 

tion of tin: eurve becomes i e * 






' I 


the eq.m- 


-L 


I »/ 
i o 


1 l I -o. 


Thu common equation of tin 4 circle 1 x — X. , ma\ In- >\jiiti a ii 


log| f loffj V ' ' ' 

L K J 1 /c 


— n. 


\ 


/ i 


In this form the similarity ol the equations of tin 4 exponential curve and tin 4 circle is 
evident. 6 v 

In tlu* equation if \vo make 1 the imaginary transformation tand'- v — \ sina;, tin 4 rebuking ox- 

pression will be ,v=/r«i ' / — 1, or the expression is transformed from a logarithmic to a eireulur function. 
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V. On a Class of T)ifp‘rential liquations, including those which ot car in Difnaniicul 
Problems. — Part /. Jhf \V. F. Donkin, HI. cl . , F.R.S.. F.R.. J.S.. Sa cilia a Pro- 
fessor of Astronomy in the University of Oxford. 


Ilreeivcd February '23, — Head February 23, 1R34. 


IIIFj Analytical Theory of Dynamics as it exists at present, is due mainly to ih< 
labours of Lauranok, Poisson, Sir W. K. Hamilton, and Jacoiii ; whose researches 
on this subject, present a series of discoveries hardly paralleled, for their rlegauec 
and importance, in any other branch of mathematics. 

The following investigations in the same department do not pretend to make any 
important step in advance; though I should not of course have presumed to lay 
them before the Society, if 1 had not hoped they might be found to possess some 
degree of novelty and interest*. 

Of previous publications with which lam acquainted, those most nearly on the same 
subject are, Sir W. R. IIavilton’r two memoirs “ On a (General Method in Dynamics'’ 
in the Philosophical Transactions; Jacobi’s Memoir in the 1 7 th vol. of I rkllk's 
Journal, <l Leber die Reduction der partiellen DiHercnlial-gleichungen,” &e. : and 
M. Rkktuand’s “ Memoire sur I'inti'gration ties equations diilerentielles tic la Meca- 
nique,” in I.im;\ iixe’s Journal ( 1 8f>2). The relation in which the present essay stands 
lo tin: papers just named will be apparent to those who are acquainted with them, 
anti it would lit: useless to attempt to make it intelligible to others. 

Oxford. Feh. 21. is;, t. 


Skc’iion I. 

I. Let « ,, x. r, be a \ariables, connected by a relations with n other variables 

//,, //„ ... //„ : so that each variable of either set. may be considered as a function of 
the variables of the other set. Suppose then 

If :— - »£ ,( I | , 4 .... ■!„), 

; ’ It may bo useful to speedy tin- part* to which 1 should principally refer as containing what is, relatively 
to my own reading on the subject, new . and in the present day it can hardly be required of any one to profess 
more than tin.- kind of oiigiuality. These are the theorem (3.), art. I. The results of arts. 2 to 4. 'i he 
formula* (19.), art. 7. The general form ot the theorem (—(>.). art. HI. J he processes and results ol art-. 12 
to 14. The generalization of Sir \V. Hamilton's transformation of the dynamical equations, arts. 17, 18. 
The demonstration of Poisson’s theorem, arts. 21, 22. The contents of art. 23. 'I lie method ot obtaining 
elliptic elements, arts. 27 to 30. The contents of art*. 34 to 30. The solution of the problem of rotation. 
Section III.j 
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this equation would become identical if .r.,, ... .r,„ in its second member, were 
expressed in terms of //,, // a , ... //„ ; hence, differentiating each side, on this hypothesis, 
first with respect to //„ and then with respect to//,, we obtain 


'fys dij.'ty, tl-i'.j i , '//A « 

(/,/ , dy, dje^ , <///j 

<///. i/.r, #/»/, //.»■, ////, 

17.7+-+^ ,/£’ 


(I.) 


(-»-) 


"#/.«! ////.* iLi \ 2 thjj 

where/ is any index di lie rent from /. These theorems are given by Jacuhi in his 
memoir “ Do Determinantibus funetionalibus.’’ They are however only particular 
cases of more general theorems, which may be investigated as follows. 

If we represent by 

i, ./» A, .... 

//, //, r, .... 

•my two determinate sets of /// indices each, selected out of the series 1, 2,3, ... //. 
then the determinant formed with the nr differential coefficients 


•h/, 'I'/, 
7> * di 


f/y, ihj, 


•I tli , 


-i ... ; &C. 


po-'Csses properties remarkably analogous to those of a simple dillerential coefficient. 
This analogy was pointed out by Jacoiii, and has been further developed by M. Ukr- 
ra.\N i> in his “ Mcmoire stir le Determinant d'lin systeme tie Functions’* (Lioi , vim.k's 


Journal, 1 l ). 

It appears to me that such functional determinants might be appropriately anil 
conveniently denoted by a symbol analogous to that of a common differential coeffi- 
cient : thu* 

•I 1 !/,, ;/■, ihi :••). ( |) ) 

d ' ' ■/) ,l r» •’•) 


.mil I shall adopt this notation in the present paper. For example. 


fA", r) 

V) 

would represent the determinant 

dn (fn da dr 
d l thj ihj dx 

Th* expression (I).j is not a mere arbitrary symbol, but, like a simple dillerential 
i-oetlirient, is a real /na tion. For if we denote by 


r/(.r,„ .i; v , .r 0 ...) 

the determinant formed with the tri 1 quantities 

d v v r9 .... 

^ 4 ^ 79 dz'l n • • ■ 

i j ■■ ■ 
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and attribute a corresponding meaning to 

^O/i) ffji }/ k) •••)» 

where //„ d a , ... d„ are symbols denoting n distinct and independent sets of variations, 
so that 

/ ,h Ji , - ffy* j , . di/i . 

+<u d ' v *+ • • • 

then it follows from well-known properties of determinants (as M. Hkrthano has 
shown) that the complete functional determinant formed with the ir differential 
coeflicients 


ftffi < l !h 


.... &«:. 


dr, dr 2 dr i dr 

is equal to the quotient of the two determinants which 1 propose to denote by 

,V)» //:» •••//«)» d{.l i , .( ... >/'„), 

and moreover that the partial functional determinant formed with the m 1 terms 


du, di/, 


dil, dii, 
dr' dr,. 


* &C. 


is equal to the quotient of the two partial determinants 

//;? //0 • • •)> ■* ,-> • •■)* 

the differentials of //,, ixe. being taken on the hypothesis that all the differentials ot 

tin* , /-variables are =0, except those of the set .r„ r, r .r r , Thus the expiession 

(D.) is a real fraction, provided its numerator and denominator be interpreted in a 
manner exactly analogous to that in which tin* numerator and denominator of an 
ordinary total or partial dilferential coefficient are interpreted.] 

This being premised, let //,, //.., .... //.„ he in functions of any or all of the functions 
>/„//., ....//, (/// being supposed not greater than//), so that //,.//,, &e. are function- 
of./,, &<;. through &c. 

I.et any selected sets of/// indices out of the serie. 1,2, ... //, he denoted, for greater 
clearness, by n,, ... ; ( '-i , , [J..,, &e. Then the general theorem analogous to 

may he expressed as follows:- ■ 

«... .... ;;; *.>} 

(the summation on the second side relcrriin; only to the indices and extending |o 
every combination of //i out of the n numbers I, 2, ... //). 

In like manner, the theorem analogous to 

dll t <ft/j <///! </#/£ tiff 2 . 

d.Vj tit / L du'j dt/ , d.i'j * ’ * ” 


IS 


d(u t ,i *-• u , Wf ) v f d[H f i tf y ^ ... it y/i j d(tjpj i/p ... y,\ in ) ] 

••• -ryj ^ tins ■■■ //iO ,r v.> 


MDCCCLIV. 


1. 
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These two theorems (expressed in n different notation) may be found in the memoirs 
above eitod. Hut the following, whieh we shall have oceasion to employ hereafter, 
has not. so far as I am aware, been explicitly stated. 

Inasmuch as ^=1, ~=0, it follows that the determinant represented by 

— //,„,) 

Uth, • •• Ufa) 

is =1 if (3„ pj, ... p... be the Maine combination of indices as a,, a.,, ... a H „ but is =0 in 
every other ease. (For in the lirst ease the determinant is formed with I, 0, 0, ... ; 

0, 1,0, ; 0, 0, 1, ...; &c.. but if there he one index / d, whieh is not contained in 

the series a,, &c., then one row of terms in the determinant will consist wholly of 

zeros.) 

Now considering//,,//.,, &e. as functions of .r„ ike., and again considering these 
latter as functions of //,, //.,. &e. given by the inverse equations, we have, by the prece- 
ding theorem, for the value of the determinant (E.) above written, the expression y„.- = 

v '"Ji 'J'r-' -SV /v ' r ' ’ ,r «' r > 

' I/.', • ••• >/* > ••• 

(where u.. ... ; p,. o,. ... o„. are two determinate sets of m out of the // indices, 

and the summation with respect to the indices y extends to every combination of m 
out of the a). Consequently, 

V,= lorv,. = 0, (»., 

according as the series of indices 


, l!) l« 


is. or is not, the same combination as 

K., Ci.„. 

(I suppose, for convenience, that when t lie two com hi nations are the same, the arrange- 
ment is the same in each ; otherwise the value of y vi may be — 1.) 

This is the theorem in question. If we put m= 1, we obtain the equations ( I.) and 
('2.) given at the beginning of this article. If we put /«=«, the expression y„ reduces 
itself to the product of the two determinants formed respectively with the complete 

set s of dillcreulial coefficients &c., 6cc., the value of which product is = I, as is 

’.veil known. 

As an illustration , it may be useful to exhibit the theorem in the case of m—2. 
as expressed by tin.* common notation. Namely, 

si \ I d 'Je d 9i d, .h> d d( \ ( dr > dr > dr ‘ < M1_, «,._<» ,i \ 

W.t <!.l. (l>:, dx.) \(h/., dy a dtj^ dy„) J ’ ’ ‘ 

according as are, or arc not, the same as p, <y. Here «, fi ; p, ij are two deter- 
minate pairs of indices, and the summation refers to i, j, extending to every binary 
combination. 
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2. Theorem . — Retaining the suppositions made at the beginning of the last article, 
let X be a given function of .r„ .r 2 , .... x „ ; and let us further suppose that the equations 
by which ... y„ are determined as functions of .r„ &c., are 


so that 


}U 

•h, 

dxj 


fix _</x 

tlx’ 'J ' 2 tlx/ 

% . 

dx] ’ 



(o.) 


and if we transform the erpiations (1.), (2.), art. 1, by this condition, we obtain the 
ti equations 


<h\ 

dx x dtji 


•[•h dr* , , 

•h\ ft ¥ ; + ~ + 


dtj a tht „ 
tlx | dt/i 


0 


th/i d%\ dtj, dv, , dir, dx„ 
d.t',1 dtj , ' d.t\ 2 dtj, ' ' " * ' dx,, dtj. 


•h/i I j jhj; i,r » 

dx, diji'dxj dtj, ' ’ " ' ‘ t/xi </j, 


If these erpiations be added, after multiplying them respectively by 


dx x th\ 

V ‘t'h ■*" w,' 


the sum of the first members re.duees itself by virtue of the erpiations (I.), (2.). to 'I 1 - 


dtj, 


whilst, the second side consists of the single term We have then 


d[l, 


dx, tlx, 
dtj, dtj’ 


or, in other words, f x,, x„, ... x„ be foetid from the system of ei/nafions (.».) in terms of 
y,, y.„ ... y„, the reselling expressions ore the partial inferential coefficients of a certain 
function of y,, y.., ..., y„, so that the system inverse to (5.) is of the. form 


t/y _,t y 


if Y 
'</>/,; 


The relation between X and Y is easily found as follows. 


(«.) 

'File erpiations (;».) and ((>.) 


give 

dX — y x dx x -\-y >dx., . -\-y„d.i „ 
f/Y =.! ,////,+ ».////•_.+ . .. ~\~ i'„dy„ : 

whence, by addition, </(X + Y)=r/(.i ,//,+.iy/ 2 -t- • ••+•*, >//»), 

and therefore X+Y=.r,//,+-* •//•..+ ...+•»'»//« ("•) 

(omitting the arbitrary constant, which might of course he added). 

The actual value of Y will then be 


Y= — (X) + (.!•,)//, 4- (j' s )// 2 + • •• + (*\)y,„ 


Li 2 


(».) 
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in which the brackets indicate that .r„ .r a , .. .i n are to he expressed in terms of 
i/o *(ii ... f/„, so that Y may be a function of t he latter variables only. It is easy to 
show a posteriori that the expression (S.) verities the equations (G.), but I pass on to 
some further considerations. (See note at the end of Section II.) 

:i. Suppose the function X involves explicitly, besides the variables i,, .r a , &(*., any 
other quantity p, so that the expressions (.r,), (.r a ), &e. (or the values of .r,, .r,., ... in 
terms of </„ t/.,, No.) will also involve p explicitly, and we shall have 


i/.XJ 

dp 


//X 'IX rfX ArJ , 

dp ' dx\ dp * dj\, dp ' 


_r/X </>,) d\:<\) 

tip ' 1/ ' dp dp ' 


Now, diiferentiating the equation (S.) with respect to p (so far as it contains p 
ciplieithi), we obtain 

dY </\X) , */(.»•.,) 

dp dp dp tip ’ 

which the equation above written reduces simply to 


- / x +'r=°- 

tljf dp 


( 0 .) 


In the particular case in which X is a homogeneous function of . 1 ,, x„ ... .r„, and of 
m dimensions with respect to those variables, the equations (8.) and (!).) become 

Y=(//i— 1 )(X) 


1 


dX , dt\) , 

-, +(/«—! ) - ;77 - =0 j 


( 10.) 


tip ■ ' dp 

and it i- easily seen that Y is also homogeneous and of u ~\ dimensions in <y,,// a , ...//„. 

4. The theorems (8.) and (P.)ure cases of more general ones which are easily proved 
in a perfectly similar way, and which I shall therefore only enunciate. If, by means 
of the equations (it.), art. 'J, we express a set of n out of the 2// variables, consisting 
of r i s and // — /•//’ s, of which no two indices are the same, for example, 

t a //mi ..*>//« (*•) 

m terms of the remaining n variables, 

//it //11 ,!(r 1 'hn> ■■■) '*#> (|^‘) 

then, taking Q= — (X)4‘CO.yi + ( i, d.y9+... + ( J V). , /r 

(in which the brackets indicate that the variables of the set («.) are to be expressed 

in terms of those of the set (.3.), so that Q is a function of the latter set), we shall have 

~-=x t from *‘=0 to /!=/*, 

«y. 


a 

ddj 


= — //, fro my =:/•+! to j—n. 
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and 


dX.dQ 

^+5 ; 7=°> as before*: 


hut the equations corresponding to (10.) will not subsist unless X be homogeneous 
with respect to the /* variables .r„ ... x r . 

5. Let us now suppose that the function X contains, explicitly, besides the // vari- 
ables ... x„, another variable t, and also n constants a y , a J} ... a „ ; and that these 

last are contained in such a way that the n e<juations 


dX_. f/X, rfX 

f/« t ** da 2 da n >n 


Ml.) 


would be algebraically sufficient to determine a. 2 , ... a„ in terms of h n h. 2 , &c., x„ &e. 
Then taking X*= — (X) + (f/,)£,+(// a )A a +. . + 

(the brackets indicating that a x , n,, &c. are to be expressed as above supposed), we 
shall have, by the theorems of arts. 2 and :t. 


dX,, 

dX,, 


’ dt> , 

and also, for all values of /, 


dX, 

dX 

dt.— 


to which we may add 


dX, 

dX d Y 

dt ~ 

' dl ~ dt ' 

Now assuming the 2>/ equations ( 

;>.) and (1 

dX 

dX 




dX h 

d /,,;- (l " ; 


(ia.) 


(in.) 


in.) 


we may suppose each of the 2v/. variables .r,. / — to he expressed by mean 1 * 

of them as a function of the 2/f constants </„ &e., /»., etc., and t : or, conversely, each 
of the. 2« constants to bo expressed as a function of the variables .r,, &c.,//,, &e., and t. 

On the former hypothesis each of the variables is given as an explicit, 

and on the latter as an implicit function of the single variable /, which we will con- 
sider as independent; and total i/i/ferentinfioii with respect to t. will throughout this 
paper be denoted by accents, which will be used for no other purpose. Thus, p being 
any function of all the variables, we shall have 

I 1 — dt. + d.r* 1 T ■•■-r '[yU i T • • • 

For the rest, we may, when necessary, distinguish the meanings of the various partial 


* Although these theorems, us stated in the text, are more general in form than those of the preceding 
article, they may, under another point of view, be considered as particular cases of them, and may in this way 
he best established. 
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differential coefficients employed, by referring to the hypotheses on which they are 
taken, and which I shall denote as follows: — 

Hyp- I. — The 2w variables .r,, . 1 ., i/ 2 , ... expressed as functions of //„ ... ft,, 

ft.,. . . . and /. 

Hyp. II. — The '2 n constants a,, ... ft,, ft a , ... expressed as functions of .r,, .r 2 , ... //,, 

v... ... and /. 

tip p. III. — The n variables //„//«., ... //„ expressed as functions of the n variables 

r .. .i a i,„ the n constants //„ ... </„, anil / (as by equations (ft.)). 

//>//>. IV. — The h constants b x , ...b„ expressed as functions of the n variables 
r., ... r. ; , the n constants </,. ... i/,„ and / (as by equations (1 1.1). 
f>. Differentiating totally the equation (II.), 

//X . 

(hf 

with respect to /, we obtain (observing 1 that -=/-£'• by virtue of the conditions (ft.)). 

'/’X /ft/,, /ft/, ////, , 

«M/+/7^ '+,£, | - l ’-+ — r »=° 


( when- ^‘s ,x.c. are taken on Hyp. III., art. ft. j. 


Now let (Z) be a function of i„ ... ,i ,, t. ... </ ft , defined by the equation 


(/\ — f/ X 

(/,) “ It' 


the above equation then becomes 

<[ <///, , /ft/, , 

•In, /A/, 1 * ! ' * dti, * 


If this equation be multiplied by ^ band the result on each side summed with respect 

to I. it will be seen that the coefficients of t da:. on the second side all vanish 
except that of which reduces itself to I (see art. 1, equations (1.) (2.)); so that 
we have 

</ Z , ihiy (I Z) (In . il Zl r/ii n , 

/A/, /ft/. * (In i (hj, ' " ' ' dn„ (/•/; b" 

Now the expression on the left of this equation is equivalent to 

d'A 

•hj, 

if by Z (without brackets) we denote the result of substituting for a ... «„ in (Z), 
their values in terms of all the variables (Ityp. II.), so that Z is a function of the 
rariabli.s only. We have then, finally (writing / instead of/), 

. > //Z / . .. . 


I / • ...... 

rt _ (hi, lilt, , (hr . 

A;:nin, we have ( //////. III.) //,= .... 


(««•) 



DIFFERENTIAL EQUATIONS OF DYNAMICS, ETC. 


7!) 


which, hy (5.), (15.) and (16.), becomes 


- r A , * . 

* tlx, dy j ' A> (Lu^i ‘ ‘ * ’ 


</(Z)_y/Z rfZ dy, d7, fly, , 
dr, dxj fly , dx, dy 2 dx,‘” 


hut it is ]>lain that 

(since (Z) would be derived from Z by substituting in the latter the expressions for 
//„//„ ... Hyp . 111.). And since See., comparing the two equations last written. 

tlUCf llkV j 

we obtain 


<17, 

"-—dr; 


U7. ) 


The system of *2w equations (16.) and (1/.) express the result of eliminating the 
'In constants from the equations (5.) and (11.) and their differential coefficients with 
respect to /. In other words, (1(5.) and ( 1 7- ) arc a system of '2n simultaneous differ- 
ential equations of the first order, of which (5.) and (I l.), or again, the equations 
supposed in Hyp. I. or II., art. 5, are the 'In integrals. 

7. There are other remarkable relations between the. partial differential coefficients 
of the expressions supposed in Hyp. I. and 11., art. 5. For if we differentiate the 

equation ^--A, with respect to a, ( Hyp . I.), we obtain 


dX 

fill. 


4 


A 

</t/, 


J 

,r-x 


l/t' t 


tln,il r 

1 _i_ 

{ fin. 1 fhi *h . 

da + 

..=o. 

and //, 

//X 
tor . 

«' e, 



('///, 

, dr. 

thf , il.t ' , 


//( ,, 

'•A. 

i i / » “r • 

tin. 1 '///, mi, 1 

4- - 

‘ • ' tin, 

A~° • 

(iff , 
/ l(l , 


. to //y/;. III., and \c. to 

* d/>. 


(<i.) 


(A.) 


Hyp. I.). 


A 


If then this equation be multiplied by h ‘- [Hyp. II.) and the result summed with 
respect to the sum of the first terms is — {Hyp. 11.). and for the rest, the eoelli- 

1 ihji. 

eient of reduces itself to unity, whilst, those of the remaining terms vanish (art. J. 
cqu. (I.), i '>.)). 'I’ll us we have 

t--t ""•> 

(where the first side refers to Hyp. II., and the second to Hyp. I.). 

Now if we treat the equations 

#/Y //Y 
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(see equations (0.) and (9.), putting it, for p in the latter) exactly in the same way, 
it is plain that the result may be deduced from (IS.) by interchanging .r and //, and 
(‘hanging the sign of b ; thus 


ifb, </'/; 

il.r. do, 


Lastly, from the equations 


dX 


dX, 


lie, 

we should find in a similar manner 


= — i/, (see ( I ‘2.) and (l.T.)). 


da, du \ . 

dtj k db } 

and from the analogous equations (the existence of which is obvious ) 

dYi, i ./Y,_ 

//v, ~ <//*,' ~ 


we should obtain 


da } 

dx k ~ 


d\i k 

'Tib/ 


1 ollecring these results, and changing the indices, we have the system 

dj, dh dj , da , l 

da t thji db, dj i | 


ihl, tin , 

db~~d.i] 


di>.) 


dt/ db 

da t d / 1 

in each of which equation* the tir*t member refers to Ili/p. I., and the second to 
J/pp. II. i art. 5.) : and it i* to he remembered that there is no relation between the 
indices of the variables and those of the constants, so that the case of /— / has no 
peculiarity*. 

*•;. Let o, A be symbols denoting two distinct sets of arbitrary and independent 
variation* attributed to the '2t> constants ; then the equations 

,/X ,/X . 

//./ ~iht, 

- i v c hX — ~,(t/fi < , + n fib, ) ; 

and if the operation .A be performed on each side, we have 

AoX = A »/,0.r, -f* tXttfib , ) 

• It nn.:.ii,:.Mc tK.Lt car-h of the equation.- (I'M is aim true on a different and separate hypothesis*, as i- 
ij.pftrf ut on u.~p< * ij.fi of the four difFcrent .set-* of equations. 


fix 

dX/. 

i/X_ 

flY, 

7sr yu 

( ,7r~ y " 

•hji 

dt). 

clK -/, 

dX >-a 

'LL=- bl 

dYi, 

da, " 

Mi 

,ia , 

'dbi 


= —a< 


( *(■!• ri,«' pn.rc fiiii^r articles >. 
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If from this we subtract the corresponding equation obtained by inverting the order 
of the operations A, <5, remembering that AS//=SA«, we obtain 

2&rAi/,-&J\h/ i ) + XfaAh— &"&.)=<>* (=20.) 

(The use here made of the double operation Ao, is due in principle to Mr. Hoolk. 
See his demonstration of a well-known theorem of Laokangk, of which the equation 
(20.) is a more general form-f'-). 

If in this equation we suppose d.t„ <$//„ &c. to be expressed in terms of on,, ike. 
(/ft/p. I.), and A a t , A//„ &e. in terms of A.r„ A//,, &e. (lft/p. II.), and compare the terms 
on the two sides, it is easy to derive the relations (10.). I preferred however to 
deduce them by a more direct method. 

0. If i, be expressed in terms of the 2w constants and t (lft/p. I.), and then each 
constant be expressed in terms of the variables (lft/p. II.), the result is an identical 
equation. Differentiating then with respect to .r„ .r„ t/ k , we obtain the three equations 

. <lr, tltt l rf.i\ till t dr, (In ^ dr, dh, * 

////, i/.r,' dl/y dr,'i/n, /It' i ‘ ([hi di \ ■ l * 

dr, da x i!r, (thy tfr, tin, tl.r, dh, 

fitly lit dhy •" l.r,' i/n , if r,' t/h , d.t 

ill', (Illy ill', l//>y ill', till, ill', 1 1/' , 

^ (I'ly llj\ ' lUly ll[lk ll't, «///*• •III.', l/'/l. ^ ‘ 

'Phree similar equations may be obtained by treating //, in the .same way. And if we 
apply to these six equations the transformations given by the system (10.), art. J. 
the resulting theorems may be comprehended in the following statement. 

U p, (/ be any two of the ‘Jn variables i ,, ... ... //„ then 


( 'il/i ih •/ dp <h/\ /ilh, (In, 'Hi, iln,\ 

tlh, tin, ih i, ill), J i/'i >/•/ dp ) — ^ ’ 


or o, 


(21.) 


according as p and t / are or are not a eoit/Hgttte pair, i.r. a pair of the form 
(The value +1 belongs to the ease in which p—t„ //=//,, and — I to the converse.) 

Here p and // are a determinate pair of variables, and the summation refers to the 
constants, extending to the n nin/npiilr pairs. 

More important however are the converse theorems obtained in a perfectly similar 
way by expressing r/„ or h, in terms of the variables (f/j/p. II.), and supposing the 
variables to lie again expressed in terms of the constants and / (llt/p. I.). Differenti- 
ating the resulting identical equation with respect to n„ a„ //,, and applying the 
transformations (It).) as before, we have, putting //, /»■ for a determinate pair of con 
slants, 


v /</fi dk dh ilk \ v , (Ijl, ih', 'h\ (f>/, \ , 

\di/, dv, i/.i, (I'/, ) ^ ilh ilk dh dk ) — 


( 22 .) 


* This might be written 

Z.'Hxhg.) t ZMn„ «,)=<) 

Sec the notation proposed in art. I. 

t Cambridge Mathematical Journal, vol. ii. p. 1U0. 
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according as h. k are or are not a conjugate pair , i. e. of the form a Jf bj. (The value 
+ 1 belongs to //=</ jr , k=b : , and — l to the converse.) 

According to the notation proposed at the beginning of this paper, the above 
formula may be written 

v, v**g;> = +l(Or=0 . 

Ilu,. .<•,) A) — 

liv a usual and convenient abbreviation, the sum 

v tl jo k) 

may be denoted by the symbol* [//, /«•]. Wo have then, by (22.), 

L‘A- = — L //„ «,] = 1 U„ b , J = [</„ </,] = [!>;, bj\ =0, (2.‘i.) 

/ being dillcrent from i ; and, obviously, 

[«.. — *,]=<>. 

Now let J\ g be any two functions whatever of the 'In constants a„ &c. b t , &c. ; when 
the latter are expressed in terms of the variables (IIi/p. g become also functions 

of the variables; and if//, k represent, as above, any pair whatever of a lt &e., //,, &e.. 
we have < see art. l.j 

•t /- //' v f </'/, //) 

<f i,: {'/ //, A)’t/..i/„ ./,) j ’ 

the summation referring to //, and extending to every binary combination. 

If, now, we sum each side of this equation with respect to i, we obtain 

r/-=v{ «-i., 

(the summation referring as before to //, /.•). But, by (2.‘i.), [ //, /.*] is 0 unless //, k be 
a conjugate pair, and then it is + 1 ; s ( > that (21.) becomes simply 


r /• ,,|_v W'. vi (aii 

I J ' j “• 


an equation which, written at length in the common notation, is 


v (jf. ,h J._ ,f f ''ft \ _ V ( 'M. -ft. ''J f 'ft \ 

“* r/r, f/i t ill/,) V it", lit', <H >1 it",)' 


itf if;/ (If (f<) ' 


The expression on the right being a function of the constants //,, &c., b,. &c. only, the 
equation (2.0.) expresses obviously the following theorem. 

It J — ?(./'l, J’,, ... //i) //a, •••//«) t) 

g=v(»„ t s , ... ,i ■„#„!/„ t) 

he any two integrals of the system of simultaneous equations (JO.), (1/.), art. 0, then 

Poi-so.s cisijilhy - Hit* notation (//, k), which would have led to confusion if adopted here. Lagrange (in 
LiiC A/'V. Anal.) ust ' [//, k j, but with u different signification. See below, note to art. 34. 



DIFFERENTIAL EQUATIONS OF DYNAMICS, ETC. 


83 


the expression [/*, g], or 


“'{'Vy, //r £ rfr, z/y.J * 


is constant; i. c. it becomes a function of the arbitrary constants only, if for .r„ &e., 
t/i, &e. be substituted their values in terms of the constants and t. 

In the case in which (1G.) and (1/-) represent the dynamical equations, this is 
identical with the remarkable theorem discovered by Poisson. We shall have occa- 
sion to return to it presently. 

10. If we treat the equations (21.) of the last article exactly in the same way as 
we have treated (22.), putting //, v for any two functions whatever of the 2/t variables 

••• //d ,y«i 


we find 


v »’) _ v »’) 
tti)~~'d(&„ >ji)' 


and comparing this with the theorem (23.) of the last article, we see that both may 
be included in the following general enunciation : — 

If//, v he either (1) any two functions whatever of the 2// constants //,, See., //,, &e., 
or (2) any two functions whatever of the 2// variables ./■,, &c., //,, &e. (not containing 
/ explicitly), then 

f //// dr- i/n dr ilu dr tin dr 1 

d,r t dr, dy.'db, flu, dn, db, J 


or 





(When u, r represent. functions of the constants, the differential coefiicicnts in the 
first term are taken on //////. II.; and, when functions of the variables, those in tin* 
second term on //////. 1- (art. 3.)). 

This property depends, as will bo seen, solely on the relations (5.), (11.), arts. 2, a, 
which are the only assumptions that have been made in deducing all the preceding 
propositions. 

1 I. There are similar theorems in which the summation refers to the numerators of 
the differential coellieients ; but as these are less remarkable, and moreover are 
deducible immediately from the equation (20.), art. S, I shall omit them. 

12. 77/eo/r///. — I proceed now to establish a theorem which may be considered as 
the converse of that expressed by (20.), art. 0. 

Let . 1 *,, .v.j »■„, //,, //.,, ... //„ be 2// variables, concerning which no supposition what- 

ever is made, except lliat they are. connected by // equations 

U\ *Pl(‘t M *t *2? )/p //x) ••■//./) 

//., <P>>(.1|, -l ... 't //|? //“I * 1 • //«) | ....... (//.) 


a„ a.j, ... //„ being n constants. The functions on the right may involve explicitly any 


m 2 
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othiT quantities whatever, except a„ *x.c. It is assumed that these equations are 
algebraically sufficient to determine each of the n variables //,, ...//,„ as a function of 
the other n variables .r„ ... .1, and the constants. Then the theorem in question is 
as follows : — 

If, by means of the equations («.). the n variables //,, ... //„ be expressed as 
functions of r,, &e., then in order that the conditions 

i/i/, #///, 

(1.1 . t/.i , 

may subsist identically, it is necessary and sufficient that the expression [//„ a } j 
(defined as in art. {>.) shall vanish for every binary combination of the n equations. 
This may be proved as follows: — 

Putting //./' for any two of the constant*. //,, it.. &e.. let h— ?( r , tScc.. //,, &e.) repre- 
sent one of the equations (</.) above written. If in this equation the values of//,, ...//„ 
be expressed, as above supposed, in terms of &o., //,, &c., it becomes identical. 
Differentiating it, on this hypothesis, with respect to ,r„ we obtain 


and in like manner 


dh .'Hi d[t | , M tlif, . <//t till., 

tit . ' tl-J , dt.’di/, thj,, <h\ ^ ’ 


ilk ( ilh #/•/, dk ill/, ! dk <hj ,, 

dc.tb;, th.dji du, ' di/„ d.i , 


and if we multiply the first of these equations by ^ and the second by ^ and sub- 
tract. there results an equation which may be written as follows: — 

dh dk dl, dk _ v J d;,, / dh dk dh ///* \ "I 

d>/, di, dr, thj, “" J \ilt\di/, dtj, dtj , d»j t J j ’ 

or. putting now </ v instead of//, /r, and employing the same notation as before. 


> V _ v {'hl. d-it,.. '/.,)) 
‘~\d>‘dlll„IJ,)y 


d It,., n 

d .1, 


If now the terms on each side be summed with respect to /, the result on the first 
"ide is ; and obser\ ing that on the second side the term multiplied by will 

only differ in .s ipt from that multiplied bv^-» we shall have 


a „ ; = v v J (<kh _'h\d'",, «,)1 

7 ' d,J d[i/„ }/,) j ‘ 


the summation on the right extending to all binary combinations /, /. Suppose this 
equation to be written at length, and then after multiplying each side by 

dhjr , t/,) 
d(«,„ a.,) 

let the sum be taken with respect to all the binary combinations p , 7. It follows 
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Jrom the theorems of art. 1, that the coefficient of 

thj r (hj, 

lLl\ dx V 

on the right will reduce itself to unity, and that of each of the remaining terms to 
zero ; so that we shall have, writing now /, # for r, s, 

^ — v; v / 1 a a i . y,) 1 . 

In order then that the expression should vanish identically for every binary 

combination of indices, it follows from ("28.) that it is sufficient, and from (2/.) that, it 

is necessary, that each of the ^ terms [//,„ a,j\ should vanish, and rice versa. It 

will be observed that the terms [ n p . aj cannot vanish otherwise than identically, 
since tluy do not contain any of the constants n. 2 , tkc.., and it is bv hypothesis im- 
possible to eliminate all these constants from the equations (//.). It follows then that 
when the conditions | //,„ a, t | =0 subsist, the values of //,. ... //„ expressed as above, an 

identically the partial differential coefficients of a function of .r, r„. //,, ... </„. 

We have thus established the theorem enunciated at the beginning of this article. 
18. The preceding theorem may he made somewhat more general as follows: - 
If we divide the 2w variables into any two sets of n each, so that no two in tin 
same set are conjugate (as for instance 


and denote one set by 
and the other bv 


* 1 ? ' •? ••• //# >15 ■•*//» 

ff\ » //"* ■•-///- 1 r I }•> • • • ,, J; 


± “* i 'i- 


taking the nr — sign according as r lt represents //, or .i (1 it is ohvimis that the cx- 
pression is identical with | //,,, a j\ *, and therefore whenever all the terms 

j a a. 1 vanish, if the set r n , r t! ?„ can be expressed by means of the equations (//.) ot 

the last article, in terms of r n ... //„ ... </„, their values will be the partial 

differential coefficients with respect to ; s , ... l„ of a function of these variables and 
of the constants. 

I t. Theorem. If of the system of 'In simultaneous differential equations of the first 

order 

,,v <'y» I ,,, 


,r/ t 


(where / denotes any function of.r, r „,//,, ...//„ and /,aud accents denote as usual 
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total differentiation with respect to t) there be given n integrals, involving n arbitrary 
constants </,, ... </„. as 

O, — ‘*2, ... Hf //ll 4 V’iJ •*’ //«? 0> 

.i • • i.. i... *•. l ...u. ........... *i... l, ( n ~ J) i:*: i .. .. i /» 


the remaining integrals mav be found, whenever the 


eonditious [//„ «,]=() are 


satisfied. 

For let y,. y... ... //,, be expressed, by means of the given integrals, in terms of 

.<i, ... .i„, o ... f/„, t. 

Their values so expressed will satisfy (art. 12.) the conditions 

Z-%-0. 

Let (Z) represent the result of substituting in Z these values of #/„ so that 

(Z) is a t*iven function of .r„ ... .r„. </„ ... a,„ t. We shall have 


fAZ)_f/Z f/Z f/y, f/Z f/y, , 

//./’, f/.f, * //// ! <//,*<///, rf.r, ' * * ' 


which the equations (I.) and (/>.) reduce to 


< on^equently 


r/Z ' f/y, . f/y, . . 

f/f, = ”//•+«//,•* 1 +f/., r /-'+ • • ‘ ‘ 

'//A . '/'A • , <//A . 


d Z ) tit/, 

t/.t\ ill 


Looking now at the assemblage of equations (A.), (<•.), we see that they express the 
following proposition : — 

The values of .//„ j/ 2 , — , i/ n , — (Z), 

are the partial differential coefficients with respect to .r„ .i„ ... ,r„, t , of one and the 
simf function, Let this function be called X ; we have then 

,r ,~ — //■’ ,//' — ; 


and since//., ...,//„, (Z) are given functions of &e., «„ &c\, /, the function X can 
1 m* found by simple integration. 

Let us then suppose X to be known, and let us take the total differential coefficient 
with respect to t, of ; we shall have 

/./A \ ' «X tPX_ . / I d*X t . , 

V f/f/, ) da, <H da,d:r x * 1 da,d.r 2 

which, by virtue of (I.) and (II.), becomes 

/ ✓/ X \ ; f/fZj rfZ f/z/j f/Z f/// 2 


/f/X v'_ f!{/) d r A f/t/t ft A flu* I 
\fia l ) da l * tbj x da i ‘ dtj> da t ‘ 
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but 


d(Z) = dZ d i/x dZ d ;/j . 
da, d;/ l dn i ' di/ 2 </fl, ' " * 


(since (Z) is derived from Z by introducing the values of //,, ... //„, in terms of r,, &e.. 
... «„), hence the second member of the preceding equation vanishes, and we have 


(£)'=«> 


so that • is constant, and \vc may write 

dX . 

dot >l ’ 


(HI.) 


and b x is an independent arbitrary constant, as it is easy to prove ; it is however 
unnecessary to do so here, because we have in fact already proved it in showing that 
the elimination of a„ ... ... b„, from the system of equations (II.), (III.), leads 

to the dilferential equations (I.) (see art. 0.). The u equations (III.) give therefore 
the remaining n integrals of the system (I.), of which (II.) and (III.) together are the 
complete solution. 

The system of equations (II.), (III.) being the same as that discussed in the pre- 
ceding articles, all the conclusions there obtained will continue to subsist. 

15. Suppose the expression for Z (sec; the last article) in terms of the variables is 

Z=/(.r„ .r.,, ... x n , //„//.„ ...//,„ t), 

t j ^ 'j ^ 

Z is changed into (Z) by the substitution of ^ for //,, &e. : and since ' /( is (identi- 
cally) = — (Z), the equation 


dX 

dt 


. y //X dX A .. 

+./ (•»'. . * « — - ' ,/,. ’ • ’ d.r„ * ) ~ ( X • 


is a partial dilferential equation satisfied by the function X. 

Wo have thus arrived, hv an inverse route, at the point from which Sir YV. IIvmil- 
ton’s theory, as improved by Jacoiji, sets out. 

Jacoui, namely, has shown (by a demonstration immediately applying only to a 
particular form of the equation (\.), but easily extended), that if X be am/ “<<>///- 
p/t-fe” sol h! ion of the equation (X.), that is. a solution involving (besides the constant 

which may be merely added to X) n arbitrary constants a //„, in such a way 

that, they cannot be all eliminated from thea-fl equations obtained by ililferentiating 
X with respect, to ... /, without employing alt those equations, then X possesses 

the properties of Nir W. Hamilton's “ Principal Function,” or in other words, gives 
all the integrals of the system (I.) by means of the system (II.), (III.). It will be 
desirable briefly to indicate the mode in which this demonstration may he made to 
apply to the general form (X.). 

Assuming that a complete solution X, of that equation, is given, put ~i /, ; then 
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differentiating the equation (X.) with respect to .i„ and employing the equations 

I ill., 'll/; 


ill' I ill',, 


we have 


•I;/, , »//’ <1/ '///, , '//’ , 

7 //"*" </V + .///, u ; 


<>n the other haml, taking the differential coefficient of y, with respect to /, without 
assuming anything as to the nature of the relations between / and the other variables, 
we find 

ih/, ih/, ill/, 

and adding to this the preceding equation, 

. 'If _'///. / i//\ thj, / i/f\ , 

+ ih, -,!<■ i ~<!>,\) -<h,j + • ■ 

from which it follows that the w assumptions 

_ d f 

would involve the n further equations 

ill' 

\gain. the n assumptions 


would give, by combining the n equations obtained by differentiating totally with 

respect to t. viz. 

- /: x , rx ,/Ov _ 

iia,iit' i/u, tii'i * 1 ’ i/ti,ii.r ’ 

with the n others obtained by differentiating the equation (X.) with respect to </„ viz- 

fhi .if t * ih / j tin, it /■, * i/if , i(n, i! f t * # " * ’ 


the n following, namelv. 


djX j . df \ ff'X. ( , >(l \ , . 

1/11,1/1 iV * 1 //y, / '////.#/» ,\ * ' <///,/'*"" ’ 


fiom u hieh it follows cither that .»'= or that, the determinant formed with the /r 

«//. 

: .... .... •! f (IX \ ...1 1...4. a.:.. !....» i:<: 1.1 • 


^ V Sj V v 

expre»''ions , or (-/-), vanishes; but this last condition would express, as is 
ilu,dt } dn % 

well known, the possibility of eliminating the n constants a„ a.„ from the // 

equations 

if =^(- c .» &c *’ «» &e '> 0 » 

U.lj 

which wouhl contradict the assumption that X is a complete solution of the equa 
tion (X.j. 
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Finally, t lion, if X be a complete solution, the assumptions ^ =b t involve as a 
consequence the relations .<■[=-/■, and these again involve where </< stands 

tlf/i 

e </x 

tor 

n.i\ 

In thus .applying Jacobi’s demonstration I have slightly altered its form, in order 
to bring more prominently into view the necessity for X being a cnmpfc/e solution. 

1(>. It is obvious, from the considerations given in art. 13, that instead of the 
equation (X.) of the last article, we might employ anyone of the analogous equations 
obtained by distributing the variables as explained in the article referred to, and then 

writing for r,, in the expression for Z. The function Q will be a “ principal tunc- 

tion.” In particular, if we take the equation 

d Y ,.[//Y f/Y .1 ., 

,»-JW "-’'r"- 

any complete solution will give the integrals of the dWfcrcntial equations (I.) by means 
of the system 


The whole number of partial differential equations from each of which a “ principal 
function” can be obtained, will obviously be *2". The. relations between these dif- 
ferent principal functions will be apparent from the conclusions of art. -I*. 

17. If .1 ,, . 1 ,, ... ,i„ represent all the independent coordinates (of whatever kind) in 
any ordinary dynamical problem, and T the expression lor the ris riru-\ - in terms o| 
i,, &e„ . 1 ', ike., the equations of motion are, as is well known, 

O' v <■«■■> 

where 1 is a function of ... . 1 ,, which may also contain t explicitly, but not «Nc. 
I.aokanuk, to whom these formuhe are tine, was also the first to employ the expressions 
i T V 

- as new \ariables, instead of 1 ,. Hut Sir \V. Hamilton first showed that this suh- 

il.i, 

. f/ r r \ 

stitution (putting ' f =*/,) would reduce the n equations (T.) to the 2n equations of 

the first order of the form (I.), art. I 1. Mis demonstration, however.}, depends upon 
the circumstance that T is, in dynamical problems, necessarily homogeneous with 
respect to r,„ and I am not aware that any other case has hitherto been con- 

templated. 

The investigations of the preceding articles will however enable 11 s to apply a 

**■ Compare Sir \V. Hamilton’;* expression?, Phdo-i*phical IVan. -act ions, ls3.3, p. fJt), art. 

|- I here adopl. what I hope will he universally adophd. the Mi^c.-tion of Ccnuoi.is and Protect,* 
Helmholtz, that the definition of vis viva should lie hu\f the sum of products of masses by squares of vcloeitie-. 

] Philosophical Transactions, lSIhj, p. U7, art. *5 
MDCCCLIV. N 
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similar transformation to the equations (Td, in the ease in which no limitation is im- 
posed upon the form of the function T. as I shall now proceed to show. 

IS. Putting T+l =\Y, we shall have (since U does not. contiiin .r M &c.) 


f/wy__rf\v 

^ ii.i . j i 


(W.) 


Lot = //,; then if we take 

#/ / , " 

Vj— — {W 1- f-( •' i \//i-f-(.j _• V/-~ ••• d-(i‘,V/'i (^ •) 

i whore, in the terms enclosed in brackets, . 1 ,, „ &e. are to he expressed in terms of 

//.//,. ^e., i i N.O.). wi* >hall have. h\ the theorems of the former articles (see equa- 
tions id.i. (S.i. ( ;t. i of arts. - and putting r, instead of r, and .r, instead of//, in tlmse 
equations). 

> = • • 1*0 


*o that the equation (\V.) becomes 




and (a.i. t-3.j are of the form in question J »(!.), art. N.). Thus, so far as the appli- 
cation of any methods of integration, founded upon the preceding principles, and the 
theories of .sir \V. Hamilton and J \rom, to the system (T.), art. MI, is eoneermd. 
there is no restriction to the form of the function T. This extension is probably at 
present of no praetieal importance, but may perhaps be thought of some, interest, in a 
purely analytical point of \ie\v. 

IP. Ileturniiu' now to the suppositions and conclusions of art. 11, let us further 
suppose that Z does not contain / explicitly, so that 


yi v* / i! /a . </ / . \ . . 


b\ virtue of r lie sv.stem 'I.; : in this case 


Vi — h 


is one of the integrals of the system, and if we suppose this to he one of the // given 
integrals from which the principal function X is to be found, so that 

//, j, (C, ... (I H i 

are now the // arbitrary constants, and the conditions 

["„ ",]=0, [/|, «.J=o 

subsist, it is plain that w'e shall have 

(Z;=//, 

^ In the caM.- in w hirh T homo^uncou- and of the second decree, in .r' r x., 9 ... jc rtt it is obvious that the 
• for Z redurt a u-rdf to ■Ji J;- \V f or (Tj — L’. 
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since the expression lor Z must reduce itself identically to h when the values of//, ...//„ 
obtained from the integrals are substituted in it. lienee 


and therefore 


X = — ///+V, 


V being a function not containing / explicitly. We have then ? so that V is 

to be found from the // expressions 


Lastly, the n remaining integrals will be 

>/X //x , 

<//, //«; ~ '* 

(r representing the arbitrary constant conjugate to A) : and. substituting in these th 
above expression for X, we obtain 


= /+r. 


= //.. . 


The function V now satisfies, and may be defined by, the partial dilferential e/piainm 

/• / <i V >/ Y \ 

A 


v. iierc /( r,, ... ./,.//,, ... //.) is the expression for Z in terms of the \ariables 

This, in dynamii a! problems, is the case in which the so-called “ principh of />• 
ih'ii" subsists. | shall, in the rest of this paper, use /< cm In-ively in the above -'gh:- 
lication, and call it. whether actually referring to a dynamical |.>roblcm «»>• not. tin 
■ mstant of / /v rim" whilst the integral Z ---•/* mav be e.dled the " integral of 


-0. When the '2u integrals of the system of differential iqnatiooi (I.), art. I 1. arc 
expressed in the manner which has been explained, it follows from tin* conclusion-, . t ; 
former articles, that when these integrals are pill in the form 

-!-,(■» I //., f) 

A, — V*( 1 3 - . a //i , •••//., 0 , 

the conditions | //,. A,] = l, [ «/„ A,| — 0, { A,. A j-=<> will subsist, as well as ! </,. */ ( j=o. { 
shall call any system of 'In integrals in which these conditions are fulfilled, a “ normal 
solution," or a system of “ normal integrals,” whilst the ‘>n arbitrary constants eon 
lained in such a system may be called “ normal elements." \ny pair//,, />„ may he 
/•tilled (tis before) coii/ngnfc elements. In the ease considered in art. ID, h and r are 
/•onjugate elements, these letters being used instead of «. A, merely from obvious 
motives of convenience. 

It has been one principal object, of these investigations to ascertain what, advantages 
could be gained — either for the actual integration of a system of equations of the 
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t»2 

form (I.). or for the transformation of known solutions into forms convenient for the 
application of the method of variation of elements — by making’ the discovery of prin- 
cipal functions depend upon that of n integrals satisfying given conditions, rather 
than upon the solution of a partial differential equation. Having now prepared the 
way for this inquiry, 1 shall proceed with it in the following section. 


Suction II. 

*21. Theorem . — If />. y, r be any three functions whatever of the '2n variables 
i i„, // // , then 

J.P' 7 ] • •' j+[ _ l 7» r J* /C+l /'!’ 7j ==0 (•’*<>.) 

( flie symbols have the same signification as in the hist section. See art. 0.) 

This may lie proved as follows. It is evident that if the above expression were 
developed, each term would consist of a seeomi differential coefficient of one of the 
functions p. y, r, multiplied by a/rW differential coefficient of each of the other two. 

Consider then the terms in which /> is twice differentiated; these will be of the 
three forms 

ll‘p ill} tfr l/-j) lit/ i/r j ll'jl ill] ill' 

if l ill/. ill thji.v. ib/ l i/t/, ih/ l (I I/, r/.t , tit, 

caeli of which will arise from the first and third terms of (MO.) only. (It is to be ob- 
>eived that / may ==/.) 

Now if we examine each of these forms, we see easily that for every term arising 
from th e first term of (MO.), there is a similar teun with the o/>po.si/e .%•/«// arising from 
the f hirtf term of (MO.j : and since a similar proposition would be true of the terms in 
which y. /•. respectively. are twice differentiated, the whole expression on the left of 
the equation (Mo.i vanishes identically. The theorem is therefore established. 

It is obvious that />, y, r may contain, explicitly, any other quantities (as /) besides 
ihe '2d variables with respect to which the differentiations are performed. 

Lot - represent, either, one of the '2n variables &e., //,, &e., or any other quantity 
whatever, explicitly contained in ji and y. It is evident that we shall have 

£ /..»i = $»] + ["•& 

Resuming now the consideration of the '2d simultaneous differential equations 
•liseussi-d in the first section, namely, 

<!/ <I’A , , s 

H-) 

»!/. tit. 

we shall be enabled, by means of the theorems (MO.), (Ml.) of the last article, to give 
a very simple and direct proof of the proposition indirectly demonstrated in art. 0. 
For let d be anv function whatever of the variables .r„ &c &e., t; then 
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and if the values of .r,', //' given by (I.) be substituted in this expression, it become** 

" ,== ,n + [ u J < ' 

Let w=[ />,//], then (making use of (31.)) 

L^'/]'=[t- ?] + [/'• 3 + [ z ’ [/'>'/]]• 

Now suppose that, by virtue of the differential equations (I.), the values of p and y 
are constant; or, in other words, that. 

p=t(.r„ &<■.,//„ &e., /) 

y = ^(.e„ &e., //„ &e., /) 

are any two integrals whatever of the system (I.); p, y representing two arbitrary 
constants. The equation //=<) gives (see (3*2.)) 

t+f z > /']=»■ 

or ^ — — I /, p j 

I '// '/j — — 1 i z . /']• '/]■=! 7- i z /'!_]• 

!*/• z ij- 

Thus the expression given above for j p. <j\ becomes 

! ./>* /•■, iy* ^ 1 j+j y* / ; ! j+| T/'* y i 

which is identically equal to O. by the tlieorem (.’><>.). < ’onsequeutly. for any two 

integrals p and y, 

\p % t/\— constant (:!:».! 

This theorem, as has been already mentioned, was discovered, in the case of the 
dynamical equations, by Poisson; and the fact that he was able to arrive at it 
through so long and complex a process as that which he has given in his first memoir 
on the Variation of Arbitrary ( ’on.stants*, must be looked upon as a remarkable 
instance of his unahtical skill. I am not acquainted with any attempt to simplify 
the demonstration, except that of Sir W. I Iamilton-J- ; in tact it is probable that no 
material simplification was attainable without the help of the transformation of the 
differential equations to the form ( I. ). towards which Poisson (as Jacobi has remarked ) 
only made a first step. Sir \Y. Hamilton’s demonstration may certainly be con- 
sidered simple as compared with that of Poisson. That which 1 have given above 
will, I hope, he regarded as a further improvement. 

23. In >vhat follows I shall use such expressions as “ the integral c.” as an abbre- 
viation for “the equation r=£(.r,, &«\, //,, &o.. /).” 

* Journ. dc l’Kcole PolytccliiiMjuc, tom. viii. I Fhilonijiliiral Tnui.'urtioii*, 1 S p. 1 OK -!>. 


hence 

In like manner 
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it is of course understood that the function on the right contains neither c nor any 
other arbitrary constant explicitly. 

Let then g be any two given integrals ot the system (I.). It has been shown 
that we shall always have 

[/. g j= constant (K.) 

Hut this equation may be true either ( 1 ) identically, or (2) not identically. In the 
first ease the expression L J\ g j may either be identically =0, or it may reduce itself 
identically to a determinate constant, which might always be made unity by multiply' 
mg one of the integrals by a factor. (In the ease of a " normal system" of integrals 
i art. 20.). it has been seen that every binary combination gives either 0 or I.) Hut 
if the above equation (K.) be not identically true, so that [ /’ g ] obtains a constant 
value only by viitue of the differential equations, then the constant, on the right of 
( K.i is a w ai'hiti inn constant , and that equation is itself an integral. Hut here again 
there are two cii-is ; for the function j g ' mav be onlv a combination of the fune- 
tion> on the right of the two integrals g; and then (K.) is not a new integral, but 
i niv a combination of the two given ones; or, on the other hand, j g | may be a 
tiiuetion independent of g ; and then (K.) is really a new integral, which cannot, 
in- piodueed by merely combining the other two. Thus it appears that Poisson's 
theorem may in some eases lead to the disiorern of neir integrals, when two are known 
< >n this subject, and others connecti.il with it, l refer to the interesting memoir ol 
\1 Hkktuano in Liocville’s Journal ( Is."i2), '■ Sur I’integration des equations dillcr- 
entiellcs de la Moeaniquo.’’ 

2 t. Let c., e.. ... c, be any /// integrals, and let J\ g be any two functions of the m 

constants e , r r , so that g are also two integrals; and considering J\ g as 

functions of c.. .... c,. , and. through them, of the variables, we have exactly as in 
ai t. tt, equation (2 t.), 

: ./• ! = - jf / ’ - • i >'o *' j • ' L. ) 

! ''.r,, r j 

» i i* • summation extending to all binary combinations of the m constants r,, «\:c. If 
i iicu we suppose /,• , I:., .... I; n to In: m functions (such as h, l;) of the m constants 
i . we shall have for any pair /.,,, /r, /5 

I h,\ = r.\ i CM.) 

1 1 hr .summation ndVmn# as biToro to i,J) ; and thu inviTsn equations (obtained cither 
by ronsidi.iin^ r,, Air. as functions of /»*,, and reasoning in the same way, or by 

multiplying the above equation by and summing with respect to p, 7) will be 

"1 /O * 1 ’/) 

r. is.) 

('the summation referring to p, ij). 

This inversion can only fail in the ease in which the equations expressing /r„ ifcc. in 
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terms of <?„ &c. are not all independent; a supposition which we exclude, in order 
that Zr„ ... /r,„ may represent m distinct integrals. 

The equations above written lead obviously to the following conclusions: — 

(1.) If f be a given function of the m constants c,, ... c,„ ; then the determination 
of another function </, such that [ /‘ <j | =0, depends in general upon the solution ot 
a linear partial differential equation of the first order. 

(2.) It is impossible that the conditions h t |=0 can exist for every binary com- 
bination of />'i, ..., /•„„ unless [ <■„ c, |=r0 for every binary combination of e,, 

2f>. As an illustration of the first of these conclusions, we may take a ease which 
actually occurs in many dynamical problems. Let r„ r s , r, be three integrals, such 
thtil 


and let it be required to find a function </ of r... c,. such that [ e,, f/]=0. The 
cquidion (L.) of the last article gives, if we put f—c,. and introduce the conditions ( r.). 


The solution of which is 


i. 



tit ' . 


•J— 


-H 


>11 


('I. ! 


Jy being an arbitral y function (whi'-h 
manner). 

If, instead of we puty ]■ 

the right of the equation t L.) v uni d'e-- 
arbitrary function of < , c„ (I. a v.md 
2(>. Il’f/.. </_. ... <t ,■ A., ... h he '<■- 

( «'< 1 1 i;it if >m I.2.). i, sir! . 9. ) 


may evidently aLo contain <■, in an arbitrary 

' ' -J - 1 ). it w ill be found that the expression on 
identically : so timi in this en-e, if i/ iie any 
itimi ; /'. . - •:» will he satisfied. 

• \ s i < ■ i . i of ii'iin .t( eh ments (art. 2D.), we have 


i 


where /. </ represent any two functions of tin* elements, or in other words, any two 
integrals whatever. If in the above equation vve put successively ./ — =//,. ./ — A,, vv'e 
obtain 

, . <•'< ..... 

. //,, 1 / : — ' i — ; ... (>>o, i 


In the eiise where the principle of r/v rir.i subsists, vve may suppose tin* constant of 
ris cira, h, to be one of the elements. In this ease (see (29. K art. 19.) the element 
conjugate to h, is r, and t appears in none of the integrals explicitly, except one. 
namely, the integral conjugate to //, which is 


T — 


/ + 


f/V 

.111 


If, then, (j be any integral whatever, not conhiinin^ t t'.i/i/iciffi /, it cannot contain r, 
since any combination of the normal integrals involving r, will involve it in the form 
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Consequently, lor every such integral we shall have, by (30.), 

[y, /#'J=o, (37.) 


MllfC 


'^=0. 


This particular consequence of the formula (3(>.) follows also inuneiliatcly from (32.), 
art. *22. since the equation r/’=0 gives, by (32.), [_ / , «/]=(), and in this case Z = //, so 
that • Z. f/1 = [/#, j/]. In this manner the theorem expressed by (37.) has been already 
obtained bv M. Beiii'kami. 

E.unnples of the preceding Methods. 

27 . I shall now exemplify the principles which have been explained, by applying 
them to two of the most familiar as well as important problems of dynamics. First 
then let it be required to obtain in a normal form the integrals of the ditferential 
equations which determine the motion of a material point, acted on by a force ema- 
nating; from a fixed centre and depending only on the distance. 

Taking the centre of force as the origin of a system ol" rectangular coordinates, let 
>n he f he mass, and i . //, a. the coordinates of the moving point. Then 

tud l (see art. 17 .; is a given function of r, say >(/•)> where /•-=.< •-+ 7 /+ Bet us pm 

»/T <t'V ,/T 

,/,/ = '*’ 7/,' = ,r ’ 

'o that, referring to the notation used in the preceding pages, we have 

.<. //, ^ instead of .r,, .»,,, i, 
it. c, iv instead of//,. //.•■ //•■ 


Moreover. 

1 1 cnee we obtain 


11 — /in', v = mi/', ic = im'. 


Z = (T) — L —ni ’( //• + r"-T/r ! ) — £(/•). 


'-•i that the integral of vis rim, or Z = //, become* 

-\~r--\-iv~) — $(r) = h ; 

and t lif: three integrals which express the conservation of areas become 

— 1 iv — r., 

»/' 1/ !( = (',. 

These integrals are immediately seen to satisfy the conditions 

l t f'j j f 15 | t j, t , "| f v> 1 1 , e, j c , 

from which it follows (see art. 23, the result of which is obviously unallected by the 
negative sign*), that if we take /.* = ( cY the condition [Y s , /r} = 0 will be satisfied 
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(as is easily found to be true) ; and since neither of the integrals r.„ k contain t ex- 
plicitly, the conditions [//, c.,]=0, [//, /r]=0 will subsist also (art. 20.). Hence it 
loll ows that it we solved algebraically the three integrals //, c„ k so as to express u, 
r, iv in terms of.r,//, z, their values would be the partial dilferential coefficients of a 
function V, from which the three remaining integrals could be found (arts. 12 and 19.). 

Hut it is more convenient to adopt a different system of coordinates. Reverting 
then to the primitive form of the three integrals which we have chosen, and writing e 


instead of r„ we have 

T— i;=/f (i-> 

ini.fi/ — i/.v')—c (ii.) 

nr{ e“(r f -'+// a + z'~) — rV")==/r ( iii.) 


2H. Let us now employ, instead of.r,//, z, the three coordinates §, <1, t ; where ; is 
the same as before, § is the projection of/* on the plane of i//, and 0 is the angle 
between & and the positive axis ol’.r. We shall thus have 

;•’+ £*=/•% .i=fc os 0, //— * sin 
and 'l—.p/dr + *'■#'+ 


Let 


,rv 


— IV 


,/T 




<r v 


, = U' 


<trJ ,!V ’ 

(where n and r have now a new signification), then 


// ,r r I //* 

e — ' 0 — ,■> ; — ; 

»// i#/g“ tn 

and the three integrals at the end of the last article become, after obvious reductions. 

^ " ' 4 - ,/ +"' 2 j—/i + tlr ) I i-! 

(ii.) 

(-«• — ;//)-’ -4* ,!••=/.•' ... (iii ) 

The conditions j //, ej— 0. j //, /,• j — 0, j e, /r j =11 continue to subsist with reference to 
the new variables: the two former ncrrvsnri/i/, because (ii.) and (iii.) do not contain 
/ (art. 2<>.), and the third nr/nii/tif . as is seen on trial (not ncri</rntn/fi /, as will lie 
shown hereafter). 

We know, therefore, that the values of h, r, iv. found from these equations, will 
be the partial differential coefficients with respect to *, 0. i of a function V of these 
latter variables. 

{ m ' 

The two first give tr-\-ir'—’2m(k-{~Z(r)) — ( r i - 


and if we multiply this by = 

condition (ii.) 


and subtract (iii.), we obtain (introducing the 
= '2/nr~( // -f- ' £(>')) — A* . 


miicccuv. 


o 
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Lastly, if this ho combined with (iii.), the following expressions are found for u and iv : 

— />“ j — ^ j fi ~ — -pC" j 




ic = r i '2mr\ h + Z( r) ) — /•’} ' + j k' 1 —' ,<•*] ‘ 

(in which it is to he remembered that d=; J -|-j ? ), and if to these we join the equa- 
tion (ii.). the values of //. r. iv are explicitly given in terms of the conjugate variables 
j, J. c. We have then (art. 10.) 

\ = ^ ( 1///^ — J- I'f/d-J- l/'r/c ) ; 

ft 

or. substituting the above values, 

l »'* /” \ J j 

The term under the integral sign is easily seen to be (as we know a priori it must be) 
a complete differential. It is convenient however to transform it thus. First, we 
have id~-{-zdz = rdr : next, let the latitude of the body (or the angle between /• ami 

the plane of .r, v) be ; then tan/.=- 5 and 

2 

*dz — zib—rd/., ' ,= see* /.. 

<r 

Making these substitutions, the expression for V becomes 

A =zcO-\- + ) — /•*)•'+ 1 'ft. (/•■’* — • - seer /.) 

The integration in the second term cannot, he dice ted till the form of the function 
Z'n is given: that of the third term may he more conveniently performed after tin 
differentiations with respect to < and k. as in the next article. 

*.?'». The remaining integral'* of the problem are (art. IP.) 


,/Y 

dk 


d\ 

dr 


— «. - — p, -~ — t-\-T. 


<i V 
dk 


Performing the operations indicated, and observing that 

|‘ '!>. 1 . ,/ k >in /. , 

J \ / A i — r J set” >- k ' S1 " V K'V-r*) 

sec*- X//a 


;m<l 


( sec- X//A 1 . , f r t;ui X \ 

\ / A 2 — c l see 2 A c 1 i 


It jjt rli.ij;- Ik- better to use the term “ integral equations ' here. in tiidii to lescrve tin* term *' inte- 

gral fui t lie ea?e of fin equation involving only one* arbitrary con-tant (-n*e art. '!•).). The equations ^ - a , \c. 

dk 

hceurnc “ inTr.^r«iI- ” in thi.- sense, \n1iui for k t «;, and //, on t lie left, ;iru substituted the functions of the varia- 
ble- to which they are respectively equal (from (ij, (ii.), (iiij). Ail “ integral” in this limited meaning i* 
what is commonly r ailed a “ first integral,” when the problem is considered as the solution of n differential equa- 
tion- of the second order. And any equation obtained by combining ,€ integrals” mi a** to eliminate a set of n 
ot the variables r lt jt s , ... x nt y lt y, f ... y nt of wliich no two are conjugate, corresponds to what is commonly 
called a “ final integral.” 
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we obtain for the final integrals, 

in^rttr { 2 mr 2 (h + <p(r) ) — k 2 } • ' » = / + r 

. . / c tan X \ 

< - s,n ( 

-/^{2„„-</ 1+f (, ■))-**} *+rin-( 


• <iv.) 


Let '-= cos / ; then * ,= cot i, and the equation (v.) becomes 

fi v A' — c* 

tan a= tan /.sin {0 — fi), (v.a) 

which expresses that tlie orbit is in a plane whose inclination to the plane of ./•„// is t. 
Also ii is evidently the longitude of the node, reckoned from the axis nt ,r. 

The last term on the left of (vi.) becomes 



Now if i) be the “argument of latitude” or the angle between the node and the radius 
\ector /•. we have evidently sin i) = h, . n \ so that the above term is simply i>. and the 


integral (vi.) bee(»mes 


b — n — 1 2 // + £(/')) — Ar 2 | 


( vi.a) 


.to. To apply the above expressions to the ease of the undisturbed motion of a 


planet, we have only to put Z ( /•) =' u,w , where m is now the mass of the planet, and u. 

the sum of the masses of the sun and planet, the origin of eoordinates being placet! 
at the sun. It would be useless to give the well-known expressions to which the in- 
tegrations now lead, my object being merely to obtain a set ot novum l vfvtnvnts. Now 
in this case we have (by well-known theorems), if it be the semiaxis major, e the 
excent ricit v, and / as before the inclination. 


//— / a . k-= ' / 'J*it( 1 — e*), 

‘Jrt 

and therefore < ~ ''«,</( I — e-).eosi. 

Also, if we take for the inferior limit of the integrations in (iv.) and (vi.a) tin- 
minimum value of or the perihelion distance, it. is plain that a will be tbo longitude 
of the node, reckoned from the perihelion in the plane of the orbit, and — r the time 
of perihelion passage. Thus we have the following six elements, arranged in con- 
jugate pairs : 

— ^ , —(time of perihelion passage) 

'In 

Spitf 1 — e'), (angle between node and perihelion) 

S (Att( I — e 2 ) .cos /, (longitude of node). 

o 2 
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It is obvious that wo may change the signs of the first pair. Anil generally, that 

if/, (j be any two conjugate elements, we may substitute for them ?/, ^/, where a is 
any ilcfcrminutc constant, i. e. not a function of the elements*. 

The above elements coincide with those given by Jacob!. My object has been 
merely to illustrate a mode of obtaining them which seems capable of useful applica- 
tions. 

:il. As a second example l shall apply the method to the case of the motion of a 
solid body about a fixed point. 

Let the fixed point be taken for the origin, and the principal axes of the body 
through that point for the axes of .1, //, i. Let r n £ refer to the same origin and to 
axes fixed in space : </, //, c being the direction-cosines of the axis of r referred to 
the fixed axes of r, , and a 1 . If, v ; a", b", c" being respectively the direction-cosines 

of the axes of// and Let if be the inclination of the plane of .r, 1/ (or “equator") 
to that of r, (or ecliptic”) : -y the longitude of the node, reckoned from the axis ol 
and g the right-ascension of the axis of .r. Then if A, B, (' be the Moments of 
Inertia, and p, </, r the angular velocities, about the axes of i\ //, the expression for 

the vis tint is T=7,( A/+B</ J +C’/‘), where 

p ■= — i’ cos z — y' sin Z sin d 
t/=if sin z — v' cos p sin 0 
/•=w' + y' cos 0 . 

Let 11. r. w be the variables conjugate respectively to 0 . Z, C. so that 


It: 


d'Y 

Z -uf 


d'Y _d'Y 

l * — - 7 — ? //’ ? 

dp il'b 


the following’ expressions will he found without difficulty: 


SITl f 


A p=— n cos p + V Tj- ( v cos 0 — tr) 


,, • . cns * , . 

B i/—/t sin i-f sin j (v cos it— tr) 

( 'r—v. 


( 'juddering at present only the case in which no forces act, we have, the integral of 

t i \ rim T=/i. which becomes 

1 / , sin f . \- 

X ( — U cos £ + siu j < v cos IV) j 

4- ^ ( ft -in (c COS d—w) ) 

+ ^c*=-J/i (i.) 


' M'.'b irt-ij* rsilly wi; may substitute for f % y any two function* of them,/*, 7, such that 

ftp dtj _ ftp <li/ __ 

</<J <tf rtf dy 

.1 condition which req ore- the solution of a linear partial differential equation for the determination of one 
function, if the other he assumed. But on the subject of the trims formation of elements see below, arts. ,' 14 . 35. 
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Tin* three integrals which express the conservation of areas, namely. 

Aap -f- i 1 u'f/ + Ca"r=f\ 

Abp+]Wq+CV’r=f, 

A cp We'// -4- CcV ~(j , 
heroine, alter simple reductions, 

, S ' n t , „ 

— u cos ijs — --^ 0 (r — iv cos 0\—v. 

— asm vf sh| Q ('• — «' ^os d) ==/ 

,r = ,j. 

Let -y' — k*: we have, adding the squares of these three equations. 

• I VI (r— tt:cos9) 2 . , 

sin j s ='•• 


and we may take t lit* three equations (i.), (ii.), and 




as three normal integrals; the conditions 

| A, A- 1=0, (/.-,</ i-o 

being obviously satisfied. 

These three equations determine n, r, ir as functions of <\ l, and supposing tin- 
three former variables to he explicitly expressed in terms of the latter, we si 

have at once the three partial dill'erential coefficients 'Q- ; tin* determination 

of V would therefore depend upon simple integration, anti the remaining infegial- 
would he given hy means of the three equations 

//V // V '/V _ 

,!h ~ ',Uj" r " <lh~— r ' 
z. c, being new arbitrary constants. 

In the general case, however, the algebraical solution of the equations (i.), ( ii. », t iii. • 
is impracticable, since the elimination of c and «■ leads to an equation of the fourth 
degree in u ; nor does it seem possible to evade the difficulty by choosing a dilferent 
combination of integrals, since it may he shown that the necessary conditions cannot 
be satisfied unless two at least of the combinations chosen are of the second degree 
in it, r, ir. 

.‘{2. Mr. C.wlkv has given* a solution of this problem, which, though dillermg 
totally in form and method from the above, resembles it in arriving exactly at a cm 
responding point. For in Mr. (’avlkvs equations (2/.), (28.), and y are to la- 
expressed as functions of e: but this requires the algebraical solution of the system 
(18.) for p, 7, /•, and is therefore impracticable. (The two equations (i.), (ii.) of the 
* ('ainbritlsrc iiiul Dublin Mathematical Journal, vol. i. ]>. lb/. 
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last article are merely transformations of the two first of Mr. Cayley’s ( 18 .) ; and (iii.), 
though not identical with the third, is of the same degree ; so that the algebraical 
difficulty is precisely the same in both methods.) 

33. If we suppose A = H, the algebraical difficulty disappears, and the solution of 
the problem can be explicitly completed. Hut on account of the importance and 
interest of this ease I shall make it the subject of a separate section, in which it will 
aUo be shown that the solution of the general ease may be made to depend upon it. 
by means of the variation of elements. (See Section III.) 

3 1. Suppose any complete normal solution of the system of differential equations (1.). 
art. I I. In* known, i. e. a solution involving the 2 n elements 

Oj, f/.j, ... it ny ft I* ... ft lt 

which satisfy the conditions (23.), art. 1) : then an infinite number of other sets of 
norma! elements can always be found. 

For if we determine the 2» quantities u ct n ,fo„ ... 3„, as functions of a„ &e., //,, &.e 

by the 2// equations 

//A, i/A ,, 

t/ll, l/x, 

wlu-ie A is any arbitrary function of 

• •• ^.,1 

if uhviouN that the whole of the reasoning by which the formula* (19.), art. 7, were 
•Mablished may lie repeated, merely putting A in place of X, and u, o instead of 
And repeating in like manner the reasoning of art. 9, mntatis mutandis , it will follow 
T hnt if/*, u represent any two of the 2// quantities &r., ;i,. & c.. the expression 

V d[fy //) 

d(b„ a,) 

■\ ill be equal to unity ify*. j be a paii of t!ie form o„ and will vanish in every other 
• Hut it was ako 'howa ((2f>.) art. 9) that the above expression is equivalent to 

— /*. i/ ■■ ; it follows then that 

i ft , .y j — — I , «,] = | «„ ftj) = [fi, f> ; ] =9* ; 

or. m other words, that <*,. ... a„, p,, ... p„, are a new set of normal elements. 

This method however can hardly be of much use in practice, because we cannot 
■at least without the solution of partial differential equations) determine what form 


1 -hall h-i\c* • t<» rUVr afterwards to M. Dksiiovk-’ Memoir in Lioi;viclk\- .Journal, vul. xiii., 

! h-mon -tiMiii.il 1 3 ■ - c ! < ii t licort r»:t .- do M. .JArojsi.** Hut it m;iy In* observed here that the proposition in the 
t* I* i-ui *i.< ~a ."K a- that expre^ed by the same notation in the memoir alluded to, p. *HX). For M. I)k>- 
t j . S' :**•«■■ t !i* ■•t'liV.!- 'a,, a.] in ;i dilP-rcnt .-t nsu Hi 1 * theorem, in tin* notation of the proent paper, is 

r1(a„ b,)_ 


a *T;-’ , ;= , -° r = o * 

'K/. <j) 


< «i o’ y arc of tin form % , 3, nr not, which i< easily c-tabli.'hed without the help of relation* analogous* 
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ot the Oinction A will cause any of the new elements to he giren functions of the oltl. 

Hut the problems most likely to occur may be solved in another way, as follows. 

.‘IJi. Assuming for the set a,, a. 2> ... u„, given functions of the set ti„ a. 2 , ... u H onti/. 
it is required to find fi lt ... fi u . 

(It will he observed that the conditions [«e„ ] =0 are necessarily satisfied in this 

ease by virtue of (25.), art. 9, since a,, &c. do not involve A„ etc.) 

It is plain, that if the principal function X had been found from the n integral- 
( i, 2 , ... a n (as in art. I t.), it would be changed into that which would be found from 
the n integrals a,, a*, ... merely by introducing the expressions for «„ ... <i„ in 
terms of a,, ... a„ ; which expressions would be found by algebraical inversion of the 
assumed equations which give the latter set as functions of the former. Let X repre- 
sent the function X thus transformed ; we have then 

, f/.\ d\ d a , . d X da, 

^ 1 dot, da { du t ' da i da, ' " " 


— h '~da, + h *J-. + -• + /; ",/T 


1 da, 


'da,' 


(A.s.i 


rims li, is determined as a function of the old elements, since «N:r. mav be cx- 

da, 

pressed in terms of the latter. In like manner we should have a -et of inverse equa- 
tions 

b. 


A A d »ii I A' 1 *" 

' J j . I , j» i I • • • I , i ’ 

////,■ //#/, tin, 




which may be used instead of (AS.). 

It is apparent that /■),, Xe. will involve in general tin* elements .Vc. as well as 
A,, iXc. 

Conversely. if we assumed for cVe. given function- of the -et //,, ... b, t alone. \v« 


to 1 >u 1 would not iin^wt r our pre-*nt purpose. i reirrit to u~e -ymbol- with ,t mooning differ* nt. lium 

that. which custom Ini's to -omc extent '‘Auctioned ; hut there -eemed to lit* uul\ a rii 'it e i.f dill'iculuc'* 

Mr. *S|’o r riswoom*. ha** "Ugge-lrd It) nn* I lie employment ol the t -ymhnl*- (analogon- to Mr. Sa i.\ i *- 1 in *■ 
“ mnhral ” notation) 


r 


i 


a, v. ir 

,/ , / ,/ 

dr dy th 9 


f .r. Z, . . 

I //, ,//,#■/ 


instead oi' those which 1 lui\r used, namely, 


d{v. v, w\ . . .) 
d(.t\ y. z, ...) 


y . 




If these were adopted, the two form's ^y;, iy), [_/i. yj inighl be used without cunliiMun in their usual Mgnifieatiom 
Set 1 note to art. U. Hut although the “ uinhrul" forms arc more suggestive of the properties which helomr te 
the above expressions as determinants, the ntJier form? bring more into view the analogies which connect them 
with the differential eulculus ; and therefore, for the purposes* of thi< paper, I have preferred them. Ami it is 
perhaps better, for the present, that different notations should he tried, than that any attempt should he lmuh 
to fix upon a definitive system for subjects so recent as those connected with the theory of determinants. 



104 


PROFESSOR DONKIN ON THE 


should have, for determining &c„ cither of the systems 

«, = v. «,=2, («,',|) (40.) 

We might obtain in this way an indefinite variety of sets of elements for the case 
of elliptic motion, beginning with those given at the end of art. 30. lint it will be 
better to defer this illustration till after the discussion of the Method of the Variation 
of Klements, which will form the subject of a future Section. 

•hi. It results, from the investigations of this and the preceding Sections, that if a 

■*et of // integrals <?,. ... a„ be given, satisfying the ^ conditions [</„ a l =o. 

the determination of n more integrals b„ ... b,„ constituting, with the given ones, a 
complete normal -ct, is a determinate problem, admitting of a unique solution, and 
always reducible (setting aside algebraical difficulties) to quadratures. 

Hut if. out of a complete normal set, n be given of which one or more pairs are 
tonjaputv, then the completion of the set is no longer a determinate problem, since 
i lie icmainiug a integrals, containing also one or more conjugate pairs, admit, to 
-nine extent, of arbitrary transpositions and combinations, as is evident from con- 
siderations similar to those employed in arts. 13 and 35. lienee* wo should expect 
a priori that the problem would require the solution of partial differential equations. 

It appears, indeed, at first sight, that having any // of the elements giren functions 
ui the variables, the relations established in art. {). with the others included in the 
formula (21 art. if. would furnish more than a sufficient number of equations to 
determine explicitly all the partial differential coefficients of the remaining elements 
in u i ms of the variables’*, at least in the case in which tin* principle of r/.v rira sub- 
sists. and the given integrals do not contain t. Hut it is certain from the above con 
siderutious that this cannot be the case, and therefore that the equations furnished In 
those conditions cannot be all independent. I have not at present attempted to show 
’Ins directly, though it would probably be easy to do so. 


Sole on art. *2, Serf ion I. 


The theorem established in this article may be more shortlv demonstrated as foi 
low s : - 


1 ... 


•iwliti 


//,]=(), \h , 1 ft,, ft, Jr=n will i^hr, as is easily seen, n ^ n — p tr 


•pn 4 .i>.si- . :i iifi t Ke anal'Cou^ condition- (21.), art. fJ, in which the •inunction refer- to the ntimrnitnrs of the 
ntf* i ential ( fj flicient-, will i^Pe the ‘-ame number, >o that upon the whole we shrill apparently have Wtr- n 
to ■;» T'-rmine the 'In partial coefficients required. 

It j- not dif!a uit to make mi-takes in this subject. I was for some time under the impression that the pro 
•Jin. i ould he -ol-.td whin tmy n indejiendent integrals were -riven. I’-ven the illustrious Jacoiii himself 
i ^ to have hi i*n Tni-hd, at fir-t sight, as to the consequences of Poisson’s theorem (art. 22.). Ste the 
n irinnimr of M Hi. mu .no’- Memoir mentioned ahov#» ; I do not know the fact from any other source. 
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and ’ 2 i (y i dx i )=dX (by ( 5 .)), 

we have = d( — X+ 2 4 ( ) , 

an equation which must become identical when x a , &c. on each side are expressed 
in terms of «/„ y„ &c. But the right side being then a complete differential of a 

dx m dx 

function of y 2 , &c., the left side must be so also ; hence the conditions must 

subsist. The investigation of art. 2 shows that they do subsist, and is therefore 
perhaps to be preferred. 


Section III. — On the Equations of Rotatory Motion. 

37. In this supplementary section I propose further to exemplify the preceding 
theory by exhibiting the application of it to the problem of rotation in a more detailed 
form than was consistent with the plan of the former part of this essay. For this 
purpose it will first lie desirable to anticipate the subject of a future section, so far as 
to give a concise deduction of the method of the variation of elements in its simplest 
form. 

38 . Variation of Elements . — Suppose a complete normal solution of the system of 
differential equations 

MTW # T # 

(I.) 




,/z 


' I o 


•'* 1 iUi 

lu£hcen obtained, so that we have 2 n elements, divided iuto two conjugate sets 

a 1 , a., ... a H . b„ ... b v 

as in the former articles, so that 

\a„ b t ] = 1 , |//„ a, j = [ b„ /v ( ] = [//„ bj\ = 0. 

It is required to express the solution of the system 

■ it/ , </!> , yz . yii 

r,— + , » .»/,+ ,-+ /, = (> 

if tf, tltj, if t\ til 1 


(I.a) 


in the same form by means of ennoble elements. The disturbing function Si may be 
a function of all the variables 1 ,, &e., ij x , and may also contain t explicitly’. 

In the undisturbed problem we have a\— 0 , b = 0; i. c. the equations 

«,]=». * + [/..*.: ]=« <e.) 

(see art. *22.) subsist identically when .*■„ Afcc &c. are expressed in terms of the 
elements and t. 

In the disturbed problem, .r„ &c., »/„ &t\ are to be the same functions of the 
elements and / as before ; hence the equations (e.) continue to subsist identically, and 
therefore the values of b„ namely, 

«'= f [%, «,] ■+■ a >] 

(,;=§+ [Z, *J. 


MDCCCMV. 
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become simply «,= [n, </,], A|=[f2, />,]. 

In these expressions £2. a„ b, are supposed to be expressed in terms of the variables. 
Now 

[I2.u,]=vjr ?ff x’ 

L J </('/;. -0) 

but. by equation (26.), art. 10. this is equivalent to 

_ v 'tin, a, )' 

d \hj, «/,)’ 


in which 12 is expressed as a function of the elements and /; and this last expression 

obviously reduces itself to the single term — • In like manner the expression for 

(10, 1 

: 12, £,] reduces itself to ; thus the equations for determining the variation of 

the elements are 


,/<2 

U, ~~TU>,' 


r dn 


(!'-•) 


in which C2 is to be expressed as a function of the elements and t*. This will be a 
-ullieient account of the method for our immediate purpose. 

>!). The following propositions in spherical trigonometry will be required. If u. b, 
f be the sides, and «, 3, y the opposite angles of any spherical triangle, then 


iros a -f- r«)> pr 


, — 1 — cos a cos p 

i I / v 1 — n» 7 

eo> (*/ + «) = -■ — \ , ---- 

0 Sill a sm f 3 

fCOS a — COS fij 2 , _ 

— + 1 — COS a cos 3 

/ # I 4- cos 7 

COS (ft — h\z=z - — - 

Mil a sin p 

and ifllie sides be considered as functions of the angles, then 


#- 

(H>.) 


Ml.) 


thl lib I n f/c . . .. 

.= .",. yrf3 +co S /3 rf3 "2. 


d. 5 


(in i/b , ,> (/>' 


(t:t.) 


Th«? two l;i>t are easily vuiiiird ; but as the others an; not so obvious, I shall give tlu; 
demonstration. Putting r for flu: expression on the right of the equation (10.), we 


* Hie history of these remarkable formulae may, I believe, be stated as follows. They were fir4 discovered 
by ijAoiiVNOh in tlv* ea«*e in which n, t h. were the initial values of .r 4l and contained .r lt &c. but not y Jf &c. 
They were extended by Si/ W. K. ffA.Mii/ro.N to the case in which 11 contains both sets of variables; and 
finally, by J.\eoiii, to the ease in which a lt fve., b lt &e. are any system of conjugate elements. J.\eoui how- 
rver doo not appear to have published a demonstration of them, and the only one which I have seen is by 
M. Dkshovi>, Liorvii.u. - Journal, vol. xiii. j>. 31)7, and differs essentially from that given in the text. 
Sir W. U. Hamilton ha* p anted out the circumstance, that when contains both sets of variables, the vary- 
ing elements determined by the furmula (li.) are not osculating . 
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easily obtain 


1 —. 7 * 
1 -f* JG 


COS 


■p 


sin a •— 


>7. 

<> 


COS' 


«+/3 


a a + /3 9 «— /3 

COS 2 - -- cos 2 ■ 


sin* 


2« — /3 a + 3 + y « -h /3 — y 

cos 2 - cos - -- ' COS - — y — - 

„ 2 af/3 a — /3+y /3+y—« 

COS 2 - cos 0 9 cos 


cos 2 — - - 


2 c » a + b 

=— ;« i s“ in »= ,an — 5 


whence it is plain that .t u= cos (a-\-b), and in like manner may the e([iiation (11.) he 
established. 

10. Keturning now to the problem of rotation, and supposing, for convenience, 
that the question refers to the motion of the earth about its centre of gravity, the 
following will be the signification of the symbols employed. 

A, II, (! are the moments of inertia about the principal axes of the earth, viz. the 
axes of .<■,//, the last being the polar axis, and the arrangement being such that 
the positive direction of i is to the north pole, and that the positive axis of r fnllnus 
that of // in the actual rotation about the polar axis: /;, 7, r being the angular velo- 
cities about the three principal axes, the usual convention will be adopted as to their 
signs; so that in the actual ease /• is positive. The arrangement of the fixed axes of 

r„ 'C is supposed similar to that of .1, //, the plane of?. r, being a fixed ecliptic, and 
the axis of? the origin of longitudes unless another origin be expressly indicated. 

Then is the oliqnity, the longitude of the vernal equinox, and t the right 
ascension of the. axis of r; all referring to the fixed ecliptic. 

Let the “principal plane” signify that which, in the undisturbed problem, is the 
“ invariable plane.” Then i is the. inclination of the principal plane to the fixed 
ecliptic, and / is the inclination of the equator to the principal plane. 

In the case of the earth, A is nearly equal to B, 0 never differs sensibly from /, and 
j is therefore always small. But these, conditions are not supposed in what follows. 
It is assumed however that (’ is the greatest of the three moments of inertia. These 
conventions, in which it is very desirable to avoid any ambiguity, may be illustrated 
by the annexed figure, in which () represents the origin ot longitudes. 

The angles of the spherical triangle formed by the intersection ot the three planes 
with a spherical surface arc i»; and the sides opposite to them will be demited 

by 1 , J, O. Thus we shall have 


cos 


T cos i — i*os } cos 5 . | cos / — cos i cos 9 

3 1= • • • ' „ ' COS ,1 — a 

sm ) sm 9 


sm t sm I 


cos 0 — cos / cos j — sin i sin / cos fc). 

p 2 
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And, in the figure, OY=^, anti p is measured from T in the direction indicated by 



the arrow, which is also the direction of the rotation about the polar axis. Moreover, 
if the direction-cosines of the axes of .r, i/, z referred to the fixed axes, be respectively 
n, b, c ; a', b\ c ; a", b", r", we shall have 

</ = cos cos p— sin v sin p cos 0 
</' = — cos v sin p— sin cos p cos 0 
a"— — sin sin 0 
h = sin -y cos p-\- cos ^ sin p cos 0 
b' = — sin ■>£ sin £+ cos cos <p cos 0 
b"— cos v sin 0 
c = — sin p sin 0 
r = — cos p sin 0 
r" = cos 0 

p— — O' cos p— sin p sin 0 
q—ti sin p — 4 *' cos P sin 0 
r— p’+'p' cos 0, 

hence we obtain the expressions for u, v y tv employed in art. 31, viz. 

— Ap cos 0 +B 7 sin p 


dh r , 
v=-.-.=Cr 
dip' 


w= ~=—Ap sin P sin 0 — B« cos p sin 0+C . V cos 6, 
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from which the following 1 also are easily deduced : 
m =-~ 2 *V +— - g — cos 2<p+4>' sin 6 sin 2 <p) 
v=C(p'+\I/ cos 0) 


w——~yp' sin* 0+C cos 0 (p r -f cos 0) + — 2 ~ sin 6 (<f sin 2<p—$ sin 0 cos 2 <p). 

41. Resuming the three integrals (i.), (ii.), (iii.) of art. 31, we may put the first in 


the following form : — 




. in which 2Z =i(i+ii) +C 


2«(r cos 9—w) 
sin 5 


sin 2<p j ; 


and the other two are, as before, 


, ... (r— m> cosS )' 2 .., ... , 

w +« 4- -- • t/ ——k~ (n.) 

1 1 sin* 5 ’ 


tC—<r, 


in which k is the sum of areas on the invariable plane, and g the sum on fixed ecliptic? ; 
moreover r=(.V is the sum of areas projected on the plane of the equator; hence 
we have 

g=k cos /, v—k cos j. 

It has been seen that the complete solution of the problem is impracticable in the 
general case, on account of an algebraical difficulty. If however we suppose J1=A. 
this difficulty disappears ; and after completing the solution on this supposition we 
may take account of the terms arising from the inequality of A and 11, by treating 
the function denoted above by fl (equation (i.)) as a disturbing function, and apply- 
ing the method explained in art. 3H. Thus when the action of disturbing forces is 
considered, the whole disturbing function will consist of two parts; one depending 
upon the forces, and the other the function which has just been assigned, and of 
which the effect, as will be seen, is extremely simple. 

42. We proceed then first to complete the solution on the supposition A=ll. The 
three integrals (i.), (ii.), (iii.) give in this ease 

»;*=^~-^(/«"--2A/z), u'=g Ml.) 


it := ^ j /r — r~ — ur -f- 2 vie cos 0 — /r COS* tfj\ 


in which latter expression the above constant values of v and w are to be introduced. 
We may put, as before, g—k cos #, v—k cos y, / being now constant ; and the expres- 
sion for u becomes 

1 — COS* i— cos 2 /+2 cos i cos j cos 0— cos*^l . . . (45.) 

sm y [ *' j 
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and wo shall have (art. 19.) 

V = A'(y cos /-j-'r cos ; (46.) 

ft. 

and we will take 

//, cos /, cos j 

tor normal elements *, so that k is to be considered as a function of these elements, 
given by the equation (see ( I I.)) 


k 3 =. 


2AC/< 


( 47 .) 


C — (C — A) cos ~j 

It is to be observed, that, according to the hypotheses .admitted above, k is positive; 
also, the expression for u at the end of art. 40 becomes, in the case now considered. 
n — At?'. Thus n has the same sign as d ; and since (I is evidently comprised between 
i—j and i+j\ if we suppose i and / both acute (as in the figure), sin 0 is always posi- 
tive ; lienee in the expression (45.) for n, we have to attribute the sign -f- or — to 
tlu radical, according as 0 is increasing or diminishing, or according as 0 is between 
o and t. or not; thus, in the position represented in the figure, the negative sign 
must be taken. 

43. If we put +Q for the radical in question, the expression for ndO is easily trans- 
formed into the following, namely. 

. h sin v!’i f . 1 (rns j — cos i)- ^ (cos i f-coxi’)-' 1 

udfl— + .. < I — r — - , - — „ . ), 

— (1 | 2 1 — cos j 2 1} cos i J ’ 

in which it is evident that the part within brackets is positive upon the whole, but 
each of the two last terms i> essentially negative. The integration is now easily per- 
formed. and the result is 

(m/<)= + A-|\ 

where the sign is that which belongs to the radical (J, and I* is given by the equation 


P~ • cos 


. , cn> 5 — cos i cos j 
sin z sin j 


+ cos i cos j 


fens J— cos ?V 

I f . . . 1 — cos f ) 

— 7:1 COS j — COS /) cos 1 

- •' sun sin/ 

fcos; cos?) 2 

, , , — 1 — cos 1 cos 7 

. 1 , . . . . I -♦ cos 6 J 

+ „'cos/4- cos /) ros - ... - - 5 

1 2 J 1 f sin j si nj 

y an arbitrary function of /, /, //. 

Tliis apparently complicated expression lias a very simple geometrical signification ; 

* Since y, A, k arc normal elements (i. e. satisfy the conditions [y, A]=0, [A, AJ = 0, [A, yj = 0, art. ill.), any 
three independent combinations of them are obviously normal also. 
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for, referring to the figure, and using the theorems (40.), we see that it is equivalent to 
P= cos~'( — cos 0) -|- - CQ - ^- C0S - cos - 1 (cos ( I + J)) 

cos j — cos i . . /f 

— 2 COS“'( — COS (I— J)) + K, 

where K is put for the arbitrary function. Now the expression for udO (from which 
this is derived) shows that the three terms in the .above value of P must be so inter- 
preted that the differential coefficient of the first (with respect to 0) shall be positive, 
and those of the two others negative. These conditions will be satisfied by taking* 

+ 1> = i - e +””■'4.- cos ! ( i +j) 


• _cos^-cos^_ (I _ J)) + K 

(in which the upper sign is to lie taken when 0 is between o and x, and the under 
sign when 0 is >x). 

lienee, assuming the arbitrary K so as to destroy the constant part of the expres- 
sion, we have, without ambiguity, for all values of the variables, 

jf«/i)=/r(0— I cos / — .1 cos I), 

no that, finally, 

V = /i'{ (\!/— ■ 1 ) COS/ + (£ — J) COS/ + 0} (48.) 

It will be observed that without attention to the proper interpretation of ambiguous 
symbols, a completely erroneous expression tor V might have been obtained. 

14. The final equations will be (art. ID.) 

0’ , _ 'A; _ '/v ,, 

Uli ' “ 1 1 cos i ~ d cos/ lD ’ 

r, a, f -J being three, new arbitrary constants, namely, the elements conjugate respect- 
ively to /i, cos /, cos /. 

In performing the differentiations, it is to be remembered that 1, J, 0 do not con- 
tain h ; and that, by the equations ( 12.), ( 43.), art. f>D, the terms arising from the 
differentiation of 1, J, 0 with respect to i and./, disappear identically, so that these 
functions may lx* considered as exempt from differentiation. Also we have 

dk __ k dk __ 
dh 'Hi 

_dk __(C- A )k*nv*j 
//rosy - U'A 


* In the figure, 8 diminishes (i and j remaining constant) O increases, I -f J increases, and I — J inriva^ ur 


diminishes according as j i, since tail — - — — tan 


sin ; -- 
O > 


bm'- r J 

o 
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(see equation (4/.)), and the final equations become, after simple reductions, 

a cos i i 4- /3 cos j ( k 
k 




<p-i= f- (x“ h) k cos J • (*+ r ) 


(R.) 




These equations comprise a normal solution of the problem. The first gives imme- 
diately 

/ k . . . . a cos * + 13 cos j\ 


cos cos i cos J — sin / sin i J cos ^ • 


) 


(see art. 40.) ; and since I, J are given explicit functions of 0, the three variables 
t>, f, O are determined explicitly as functions of t. The third equation (R.) simply 
expresses that the invariable plane intersects the ecliptic in a fixed line, whose longi- 
tude is ^ 

Li. Let us now introduce the supposition that A and 11 are unequal, and that the 
body is acted on by disturbing forces. 

We must (see art. 41.) put instead of ^ in the equations (11.) of the last 

article ; these equations will express the solution of the problem, the elements being 
now variable, and determined as functions of t by the system of equations 

/,=- (cos,) = -^ (cosy) =_^ 

r’= d -±, P=P~, 

an a cos x 1 a cos j 

where <!> is the disturbing function, expressed in terms of the elements and t. 

40. If there are no disturbing forces, reduces itself simply to (l (art. 41.), which 
i> now to be transformed by means of the equations (R.), art. 44, as follows. 

Since r=k cosy, aud w=k eos /, we have 

cos i — cos j cos 5 _ 


r cos ; — w 




. „ . . =— /r sin /cos I. 

*in 0 sin 0 J 

Also the expression for «, art. 42, is easily put in the following form : 

M== sin$jsm' ! i sin 2 / — (cos 0 — cos / cos^’) 2 j* 


sin i sin j sin © 


sin S 

(with respeet to the sign, see art. 42.). And since 

sin W sin 1 

sin 6 sin i 

this becomes u— — k si nj sin I. 
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Introducing these expressions in the value of f 1 (art. 41.), we find 

n = — j (\— b) sin */ cos 2(9—1); (49.) 

and when <p — I is expressed in terms of the elements and t ^see equations (R.), art. 44, 
in which ^(a^b) ,s m,w * >e written for this becomes, finally, 

n=-* t ({-/,)si,r/.cos2 [f“(o(A +j\)— • • (^-) 

4/. The above expression for O <loes not contain the elements /, a; hence, when 
there are no disturbing forces, we shall have (cos /)'=(), a'=0, or i and « are con- 
stant ; also 

dkdll dk_ dll 
1 dh dr d vosj d t 3 ’ 

an expression which is easily found to vanish identically (see the values of --, - </k 

• V dh d cos j 

in art. 44, observing to put ^ + p) for Thus h is also constant ; and the “ prin- 

cipal plane” is still the “invariable plane,” as we know a priori. 

4H. If we now suppose the attraction of another body to be introduced as a disturb- 
ing force, we shall have to take for the disturbing function 

cp-(>_p, 

where il is the same as above, atid 1* is the potential of one body upon the other, ex- 
pressed asa function of the elements and the time*. And it follows from the remarks 
of the last article, that the variation in the position of fhr principal plane depends 
wholly upon P, and not, upon 12. 

1 shall here conclude this part of the subject, as it. would be beyond the scope of 
this essay to enter into the details of any of the various problems which might be 
taken in illustration of the theory, such a^ those which relate to precession and nuta- 
tion, or to the motion of the moon about its centre of gravity. The investigations of 
this section have been introduced, because the results, so far as they go, appeared 
interesting in themselves, and afforded a remarkable example of the application of 
the general method. 

P.S. Since the last, sheets of this essay were in type, 1 have seen for the first time 
two papers by Professor Iliuosi hi. in Toktolini’s Aunali for August, and October 
18f>3, of which the titles are “Sulla variazione delle cost anti arbitrarie nei problcmi 
della Dinamica,” and “ Intoruo ad tin tcorema de Meecanica.” 1 have not had an 
opportunity of examining them sufficiently to judge how far any of the preceding 
investigations may have been anticipated in them. 

June 7 . 


* The variables which determine the position of the disturbing body are supposed to he given explicit func- 
tions of /. 
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Section I.— INTRODUCTION AND GENERAL THEOREMS. 


i*. 


A 


\ 


\ 


(Article 1.) XlIE first, application of a geometrical diagram to represent the ex- 
pansive action of Heat was made by James Watt, when he contrived the well-known 
Steam-Engine Indicator, subsequently altered and improved by others in various 
ways. As the diagram described by Wait’s Indicator is the type of all diagrams 
representing the expansive action of heat, its general nature is exhibited in fig. I. 

Let abscissa*, measured along, or parallel to, the axis [ 

OX represent the volumes successively assumed by a given 
mass of an elastic substance, by whose alternate expansion 
and contraction heat is matle to produce motive power; 

<)V A aud(>V„ being the least and greatest volumes which 
the substance is made to assume, and OV any intermediate 
volume. For brevity's sake, these quantities will be de- 
noted by V A , V„, and V, respectively. Then V„ — V A may 
represent the space traversed by the piston of an engine 
during a single stroke. 

Let ordinates, measured parallel to the axis OY and at 
right angles to OX, denote the expansive pressures successively exerted by the sub- 
stance at the volumes denoted by the abscissa*. During the increase of volume from 
\\ to Y„, the pressure, in order that motive power may be produced, must be, on 
the whole, greater than during the diminution of volume from V„ to V A ; so that, 
for instance, the ordinates VP, and VP*, or the symbols |\ and P,,, may represent 
the pressures corresponding to a given volume V during the expansion anti con- 
traction of the substance respectively. 

Then the area of the curvilinear figure, or Indicator-diagram, AP,liP 2 A, will repre- 
sent tilt; motive power, or “ Potential Energy.*’ developed or given out during a com- 
plete stroke, or cycle of changes of volume of the elastic substance. The algebraical 
expression for this area is 

l' v '‘<!>,-iv„n d.i 
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The practical use of such diagrams, in ascertaining the power and the mode of 
action of the steam in steam-engines, where the curve A P, HIV A is described by a 
pencil attached to a pressure-gauge, on a card whose motion corresponds with that 
of the piston, is sufficiently well known. 

(2.) It appears that the earliest application of diagrams of energy (as they may be 

called) to prove and illustrate the theoretical principles of the mechanical action of 

heat, was made either bv Carnot, or bv M. Clapkykon in his account of Carnot s 

» * 

theory ; but the conclusions of those authors were in a great measure vitiated by 
the assumption of the substantiality of heat. 

In the fifth section of a paper on the Mechanical Action of Heat, published in the 
Transactions of the Royal Society of Edinburgh, vol. xx., a diagram of energy is 
employed to demonstrate the general law of the economy of heat in thermo-dynamic 
engines aeeoiding to the correct principle of the action ot such machines, viz. that 
the area of the diagram represents at once the potential energy or motive power 
which is developed at each stroke, and the mechanical equivalent of the actual 
energy, or heat, which permanently disappears. 

.‘is the principles of the expansive action of heat are capable of being presented to 
the mind more clearly by the aid of diagrams of energy than by means of words and 
algebraical symbols alone, I purpose, in the present paper, to apply those diagrams, 
partly to the illustration and demonstration of propositions already proved by other 
means, but chiefly to the solution of new questions, especially those relating to the 
action of beat in all classes of engines, whether worked by air, or by steam, or by 
any other material; so as to present, in a systematic form, those theoretical prin- 
ciples which are applicable to all methods of transforming heat to motive power by 
means of the changes of volume of an elastic substance. 

Throughout the whole of this investigation, quantities of heat, and coefficients of 
specific heat, are exprc--ed. not by units of temperature in a unit of weight of water, 
but by equivalent, quantities of mechanical power, stated in foot-pounds, according 
to the ratio established by Mr. Joi i.k’s experiments on friction (Phil. 'Frans. IS.'»0) ; 
that is to say, 

77- foot-pounds per degree of Eaiir., or 
IbSlfti foot-pounds per Centigrade degree, 


applied to one pound of liquid water at atmospheric temperatures. 

';}.l Of Isothermal Carres, and Carres of So Transmission of Heat. 

A curve described on a diagram of energy, such that its ordinates represent the 
pressures of a homogeneous substance corresponding to various volumes, while the 
total sensible or actual heat present in the body is maintained at a constant value, 
denoted, for example, by Q, may be called the Isothermal Carre of Q for the given 
substance. (See fig. 2.) Suppose, for instance, that the co-ordinates of the point A, V A 
and I’v, represent respectively «'i volume ami a pressure of a given substance, at which 
the actual heat is Q ; ami the co-ordinates of the point B, viz. V„ and P B , another 
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volume and pressure at which the actual heat is the same; then are the points A and 
B situated on the same isothermal curve QQ. 


On the other hand, let the substance be 
allowed to expand from the volume and press- 
ure V A , P A , without receiving or emitting heat; 
and when it reaches a certain volume, V c , let 
the pressure be represented by P c , which is 
less than the pressure would have been had the 
actual heat been maintained constant, because, 
by expansion, heat is made to disappear. Then 
C will be a point on a certain curve NX pass- 
ing through A, which maybe ealled a Curve of 
jYo Trun.sm i.ssion . 


Fig. 2. 



It is to be understood that, during the process last described, the potential energy 
developed during the expansion, and which is represented by the area A('V, V A , is 
entirely communicated to external substances; for if any part of it were expended in 
agitating tin*, particles of the expanding substance, a portion of heat, would be repro- 
duced by Iriclion. 

If o o o he a curve whose ordinates represent the pressures corresponding to various 
volumes when the substance is absoletely destitute of heat, then this curve, which 
may he called the Cum- of Absolute Cold, is at once an isothermal curve and a curve 
of no transmission 

So far as we yet know, the cum* of absolute eold is, for all substances, an 
asymptote to all tin; other isothermal curves and curves of no transmission, which 
approach it and each other indefinitely as the volume of the substance increase* 
without limit. 


Noth — -The following remarks are intended to render more clear the precise 
meaning of the term Tolu! .let hu l /hut. 

The Total Actual Ileal of a given ma** of a given substance at a given tempera- 
ture, is the quantity of Physical Kncrgy present in the mass in (hr form of Urut 
under the given circumstances. 

If, tor the purpose of illustrating this definition, we assume the hypothesis that 
heat consists in molecular revolutions of a particular kind, then the Total Actual 
Heat of a mass is measured by the mechanical power corresponding to the. vis rivu 
of those revolutions, and is represented by 



m being the mass of any circulating molecule, 
lint the meaning of the term Total Actual 


and r' the mean-square of its velocity. 
Heat may also be illustrated without 


the aid of any hypothesis. 
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For this purpose, let us take the ascertained fact of the production of heat by the 
expenditure of mechanical power in friction, according to the numerical proportion 
determined by Mr. Joule ; and let K denote the quantity of mechanical power which 
must he expended in friction, in order to raise the temperature of unity of weight of 
a given substance from that of absolute privation of heat to a given temperature r. 

During this operation, let the several elements of the external surface of the mass 
undergo changes of relative position expressed by the variations of quantities denoted 
generally by p, and let the increase of each such quantity as p be resisted by an ex- 
ternally-applied force such as P. 

Then during the elevation of temperature from absolute cold to t, the energy con- 
verted to the potential form in overcoming the external pressures P will be 

i'.jlV//. 

Also let the internal particles of the mass undergo changes of relative position ex- 
pressed by the variations of quantities denoted generally by /*, and let the increase of 
each such quantity as r be resisted by an internal molecular force such as U. 

Then the energy converted to the potential form in overcoming internal molecular 
forces will be 

S.flWr. 

« 

Subtracting these quantities of energy converted to the potential form by means 
of external pressures and internal forces, from the whole power converted into heat 
bv friction in order to raise the temperature of the mass from that of absolute priva- 
tion of heat to the given temperature r, we find the following result : — 




and t hi" remainder is the quantity of energy which retains the form of heat, in unity 
of weight of the given substance at the given temperature ; that is to say, the Total 
Actual Heat. 

It is obvious that Total Actual Heat cannot be ascertained directly ; first, because 
the temperature of total privation of heat is unattainable; and secondly, because the 
molecular forces il arc unknown. 

It can. however, be determined indirectly from the latent heat of expansion of the 
substance. For the heat which disappears during the expansion of unity of weight 
of an elastic substance at constant actual beat from the volume V A to the volume V„, 
under the constant or variable pressure P, is expressed (as will be shown in the 
sequel; by 

v > A 

vo that from a sufficient number of experiments on the amount of heat transformed 
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to potential energy by the expansion of a given substance, the relations, for "hat sub- 
stance, between pressure, volume, and Total Actual Heat, may be determined. 


(4.) Puopos ition I. — -Theorem. The Mechanical Equivalent of the Heat absorbed 
or given out In/ a substance in passing from one given stale as to pressure and volume 
to another given state , through a series of states represented In/ the co-ordinates oj a 
given curve on a diagram of energy, is represented by the area included between the 
given curve and two curves of no transmission of heat drawn from its extremities, and 
indefinitely prolonged in the direction, representing increase of volume. 

(Demonstration) (see fig. 3). Let the co-ordinates of any two points, A and II. 
represent respectively the volumes and pressures of the substance in any two condi- 


Fijj. 3. 



tions ; and let a curve of any figure. A< 'll, represent, by the co-ordinates of its points, 
an arbitrary succession of volumes and pressures through which the substance is 
made to pass, in changing from the condition A to the condition II. From the points 
A and 11 respectively, let two curves of no transmission AM, I1N, extend indefinitely 


towards X ; then the area referred to in the enunciation is that contained between 


the given arbitrary curve At’li and the two indefinitely prolonged curves of no trans- 
mission ; areas above the curve AM being considered as representing heat absorbed 


by the substance, and those below, heat given out. 

To fix the ideas, let us in the first, place suppose the area MACI1N to be situated 
above AM. After the substance has reached the state 11, let it be expanded accord- 


ing to the curve of no transmission UN, until its volume and pressure are represented 

a 

by the co-ordinates of the point D’. Next, let the volume V„ be maintained constant, 
while heat is abstracted until the pressure falls so as to be represented by the ordi- 
nate of the point D, situated on the curve of no transmission AM. Finally, let the 
substance be compressed, according to this curve of no transmission, until it re- 
covers its primitive condition A. Then the area AClll) DA, which represents the 
whole potential energy developed by the substance during one cycle of operations, 
represents also the heat which disappears, that is, the difference between the heat 
absorbed by the substance during the change from A to 11, and emitted during the 
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change from D' lo 1) ; for if this were not so, the cycle of operations would alter the 
amount of energy in the universe, which is impossible. 

The further the ordinate is removed in the direction of X, the smaller docs 

the heat emitted during the change from I)' to D become ; and consequently, the 
more nearly does the area ACBD'DA approximate to the equivalent of the heat 
absorbed during the change from A to H ; to which, therefore, the area of the inde- 
finitely-prolonged diagram MAt’BN is exactly equal. Q.E.D. 

It is easy to see how a similar demonstration could have been applied, mututis mu- 
tandis , had the area lain below t he curve AM. It is evident also, that when this area 
lies, part above and part below the line AM, the difference between these two parts 
represents the difference betweeu the heat absorbed and the heat emitted during 
different parts of the operation. 

(.'».) First ( 'urn! (an/. — Th kokkm . The difference between the w/nde beat absorbed , and 
the U'finfc ( i pansier power developed , during the operation represented bp ant/ curve, 
mi eh as At B . on a diagram off energy, depends on the initial and ffinal conditions off ‘ the 
> iubsfance alone , and not on the intermediate process. 

i Demonstration.) In fig. ,‘i, draw the ordinates A V\, BV„ parallel to OY. Then 
the area V a ACBY„ represents the expansive power developed during the operation 
ACB : and it is evident that the difference betweeu this area and the indefinitely-pro- 
longed area MAC BN. which represents the heat received by the substance, depends 
simply on the positions of the points A and B, which denote the initial and final con- 
ditions of the substance as to volume and pressure, and not on the form of the curve 
ACB, which represents the intermediate process. Q.E.D. 

To express this result -vinbolirallv. it is to be considered, that the excess of the 
heat or actual energy received bv the substance above the expansive power or poten- 
tial energy piren out and exerted on external bodies, in passing from the condition 
A to the condition B. L equal to the whole energy stored up in the substance during 
this operation, which con*»i»ts of two parts, viz. — 

Actual energy ; being the increase of the actual or sensible heat, of the substance 
in passing from the condition A to the condition li, which is to be represented by 
this expression. 

A.Q=Q„ — Q.\ ; 


Potential- energy ; being the power which is stored up in producing changes of mole- 
cular arrangement during tliis process; and which, it appears from the Theorem just 
proved, mist be represented, like the actual energy, by the difference between a 
function of the volume and pressure corresponding to A, and the analogous function 
of the volume and pressure corresponding to B; that is to say, by an expression of 
the form, 

AS=S„~S a . 

Let H A|B =arcu MACBN 
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represent the heat received by the substance during the operation ACB, and 


r* v » 


( lVV=arca V a ACBV b 

A 

the jM)\ver or potential energy, given out. 

Then the theorem of this article is expressed ns follows: — 

.•Vll 

11a.„-L 1VV=Q b -Q a +S„-N a =AQ + A.S 

1' A 




being a form of the General Equation of the Expansive Action of Heat, in which the 
Potential of Molecular ,/etion, S, remains to be determined. 

((».) Second (\ orollan / (see fig. I). — The Latent Heat of Expansion of a substance, 
from one given volume V A to another V„, for a given amount of actual heat Q : that 


v 


o 




Fig. -1. 



i 




\ 


-M 


X 


is to say, the heat which 1 1 1 11 > t be absorbed by the substance in cxp;iniling trom the 
volume V, to the volume V,.. in order that the actual heat Q may In: maintained 
eonsiant. is represented geomcl rieally a* tollows. Get QQ he the isothermal curve 
of the given actual heat t x * on the diagram of energy ; A, II two points oil this curve, 
whose co-ordinates represent the two given vobunesand the corresponding picssures. 
Through A and II draw the two curves of n*» transmission AM, 11 N, produced iude.ti- 
nitelv in tin* direction of X. Then the area contained between the portion ot iso- 
thermal curve All, and the imlefmiti ly -produced curves AM. BN. represents the 
mechanical equivalent of the latent heat 'ought, whose symbolical expression is 
formed trom Equation - bv making Q ti — (^. --t», ami is as tollows : 

i*' i: 

ll x (for Q— const.) IVV-f-S,, — S, < :J. > 

» ' \ 


mijcccliv. 
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Section II. PROPOSITIONS RELATIVE TO HOMOGENEOUS SUHSTANCKS. 

[7.) Proposition II.— Theorem. Infill. 6, let A.A..M, B,B.,N he any tiro curves of 
no transmission, indefinitely e.i tendril in the direction of X, intersected in the points, 

l'ijr. 3. 



A,. B,. A , B_. hy tiro isothermal curves, Q.A.B.Q,, Q.A..B..Q,, irhirh ore indefinitely 
near to null other ; that is tn say. irhirh correspond to tiro ipinntities of actual i.eat. 
Q. and Q - differing hy an indefinitely small < plant it y Q, — 

Then the elementary f/uadrilateral area, A , 1 5 , B ,A hears to the irho/e indefinite/y- 
prnfnntit d area MA,B,N, the same proportion irhieh the indefinitely small difference of 
actual heat oQ hears to the irho/e actual heat Q, ; nr 


an*ii A, 11,11 A «(} 

area M A,H,N U,‘ 


( Demonstration.) Draw tin* ordinates A,V A1 . A 4 V as , BA’,,,, BA r „.. Suppose, in the 
tirst place, that o(J is an aliquot part of Q„ obtained by dividing the latter quantity 
bv a very large integer //. which we are at liberty to increase without limit. 

The entire indefinitely-prolonged area MA,B,\ represents a quantity of heat which 
is eonvertetl into potential energy during the expansion ot the substance from V A , to 
V„ . in consequence of the continued presence of the total actual heat Q, ; for it no 
heat were present no such conversion would take place. Mat at is mutandis, a similar 
statement mav be made, tespecting the area MAJiN. By increasing 1 without limit 
the number n and diminishing oQ, we may make the expansion lrom V A; , to V„. 2 as 
nearlv as we please an identical phenomenon with the expansion from V A| to \ i„. 
The quadrilateral A,B,B,A 4 represents the diminution of conversion of heat to poten- 
tial energy, which results from the abstraction of any one whatsoever of the n small 
equal parts hQ into which the actual heat Q, is supposed to be divided, and it there- 
fore represents the efl'eet, in conversion of beat to potential energy, of the presence of 
any one of those small portions of actual beat. And as all those portions dQ are similar 
and similarly circumstanced, the effect of the presence of the whole actual beat Q , in 
causing conversion of heat to potential energy, will be simply the sum of the effects 
of all its small portions, and will bear the same ratio to the effect ot one ot those 
small portions, which the whole actual heat bears to the small portion. Thus, by 
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virtue of the general law enunciated below and assumed as an axiom, the theorem is 
proved when &Q is an aliquot part of Q, ; but &Q is either an aliquot part, or a sum of 
aliquot parts, or may be indefinitely approximated to by a series of aliquot parts ; 
so that the theorem is universally true. Q.E.D. 

The symbolical expression of this theorem is as follows. When the actual heat 
Q„ at any given volume, is varied by the indefinitely small quantity &Q, let the 

,/l> 

pressure vary by the indefinitely small quantity ; then the area of the qua- 
drilateral A,HiI5 4 A a will be represented by 


pV„ 

&Q. 

*Va. 


v »i,/p 


ihi 


(IX, 


and consequently, that of the whole figure or the latent heat of expansion 

from V At , to V„ ,, at Q„ by 


II 



''L',/v - 

f(U ’ 


( 1 .) 


a result, identical with that expressed in the sixth section of a paper published in the 
Transactions of the lloyal Society of Edinburgh, vol. xx. 

The demonstration of this theorem is an example of a special application of the 
following 

(iknkrai. Law of tiik Transformation oi- Enkroy. 

7 hr effett <j the /jccsencc, in a substance, ij <i f/nanfil)/ <j victual /Utter”!/, in cousin” 
f nn/sforitiaf ion nf Kturtitf, is the sum nj the effects <j oil its / torts : — 
a law first enunciated in a paper read by me to the Philosophical Society of (ilas- 
gou on the .'>th of January. 

(S.) ( il?N l?R \J. E^I'AIION OF 'I'll I? Ex I’ANSIVF. Al TION OF 1 I K VT. 

'The two expn-ssions for the Latent 1 leal of Expansion at constant Actual 1 leal, given 
in equations and i respectively, being equal d. furnish the. means of determining 
the potential cncrgv of moleeular action S, so tar as it depends on volume, and thus 
of giving a definite form to the general equation *2. 

The two expressions referred to may be thus stated in words : — 

I. The heat which disappears in producing a given expansion, while the actual heat 
present in the substance is maintained constant, is equivalent to the sum of the po- 
tential energy given out in the form of expansive power, and the potential energy 
stored up by means of molecular attractions. 

II. it is also equivalent to the potential energy due to the action during the ex- 
pansion, of a pressure at each instant equal to what the pressure would be, if its 

actual rate of variation with heat at the instant in question were a constant coeffi- 
cient, expressing the ratio of the whole pressure to the whole actual heat present. 

k 2 



124 Mil. MACQUOKX II AN KINK ON TIIKIIMO-DNYAMICS. 

The eombination of those principles, expressed symbolically, gives the following 
result : — 

x .w ,v «' /i * #1* r v - 

II All Uor«=<-o..st.)=« I’rfV+ti.— S A ; 

• > \ * > \ 

whence we deduce the following general value for the potential of molecular 


action 




(■*•) 


in which denotes some function of the total actual heat not depending on the 
densitv of the substance. This value being introduced into equation (2.). produces 
the following: — 


n v!! -V 1W=Q„ — Q v +S r> — S x 


= On — Q\“hr-Qn — y-Q\-|-| 

« V\ 


The symbol % F=Q+S is used to denote the sum of the actual energy of heat, and 
the potential energy of molecular action, present in the substance in any given con- 
dition. 

The above is the Gknkkai. Kqim tox or tiik Expansivk Action or IIkat in \ uo- 
mim.knkoi s snisTAM k, and is the symbolical expression of the Geometrical Theorems 
I. and II. combined. 

When the variations of actual heat and of volume become indefinitely small, this 
equation takes the following differential form : — 


<L T = //.I1 — I VV = t/il+t/.S ■= ( I -f *’ . Q + UJ^'iVY ) ,/Q+ (Q'j'*- 1*) < r V ! 


»therwi*»e 




> (T-) 


The coetlicient of t/Q in the above expressions, viz. 

\ = i + . U + f |i w, ( s. ) 

i" the ratio of the apparent specific heat of the substance at constant volume to its 
real -peeifie heat ; that is, the ratio of the whole heat consumed in producing an in- 
definitely small inn case of actual heat, to the increase of actual heat, produced. 

These general equations are here deduced independently of any special molecular 
hypothesis, us they also have been, by a method somewhat different, in the sixth sec- 
tion of a paper proviouslv referred to*. Equations equivalent to the above have also 
been deduced from the Hypothesis of Molecular Vortices, in the paper already men- 
tioned, and in a paper on the Centrifugal Theory of Elasticity in the same volume. 


4 Trans, liny. Hoc. Ivlinh. vol. w. 
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(9.) First Corollary from Proposition II. — Thkokkm. If a succession of isothermal 
curves corresponding to quantities of heat di mini shiny by equal small diff erences iiQ, be 
drawn across any pair oj curves if no transmission, they trill cat off ' a series of equal 
small quadrilaterals. 

Second ( .orultary . — Thkokkm. In Jig. (>, let ADM, IK'N he any tiro curves of no 
transmission, indefinitely prolonged in the direction of X, and let any tiro isothermal 


Fisr. (i. 



curves Q,Q,, Q.Q,, corresponding respectively to any tiro quantities of actual heat 
Q.. he drawn across them. Then will the indefinitely -prolonged areas M A11N, 
MIX. N. hear to eat h other the simple ratio of the quantities of at /mil heat Q,, Q„ 

Dr. denoting those areas respectively hv II,, II,, — 


I iii 1 ' corollary is tin* geometrical expression ol tin? law ol tin* maximum etlicieney 
<»t a perleet thermo-dynamic engine, already investigated hv other methods. In fact, 
tlu* area M AUN represents tin; whole heat expended, or the latent heat of expansion, 
the actual heat at which heat is receiv'd being Q. ; MIM'N, the heat lost, or the 
latent heal of compression, which is carried otl'hy conduction at the actual heat ij.: 
and AlX 1) (being the indicator-diagram ol mu !i an engine), the motive power, pro- 
duced I »v the permanent disappearance «»l an eipiivalent quantity of heat; and the 
efficiency of the engine is expressed In the ratio of the heat converted into motive 
power to tin* whole heat expended, viz.--- 


AW'D 

MAUN 


II, II 

n, 


a -o, 


(10.) third ( 'orol/nry [of Tin rmn-Dynnmic Flint/ ions). 

It the two curves of no transmission in (ig. (>. ADM. IK 'N, be indefinitely close 
together, the ratio of the heat consumed in passing from one. of those curves to the 
other, to the* actual heat present, will he the same, whatever may he the form .mil 
position ot theenrve, indicating the modi* of variation of pressure and volume, provided 
it intersects the two curves of no transmission at a finite ant'll*; because tlu* area 
contained between this connecting curve and the two indefinitely- prolonged curves 
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of no transmission will differ from an area whose upper boundary is an isothermal 
eurve, bv an indefinitely small area ot the second order. 

To express this symbolically, let 

HI-SF 

U 

lx* the ratio in question, for a given indefinitely-elose pair of curves of no transmis- 
sion. Let the change from one of these curves to the other be made by means of 
anv indefinitelv-small changes of actual heat and ot volume, SQ, >5Y r . Then by the 
general equation the following quantity 

sit r i t i'.a, <r i' /v i . </p v.._Kv , >t\\ 
q — j ■ u + ,/u*r l ^ j //u*^ ~ ifuF* ’ • • ^ 1 ^ 

is constant for a given pair of indcfiuitely-eloso curves of no transmission, ami is, 
therefore, the complete variation of a function, having a peculiar constant value 
for each curve of no transmission, represented by the following equation : — 


F =l : u i =i 1 J a‘° rf «+Cv ,v - 


This function, which f shall call a Thermo-dpnamic function, has the following 
properties : — 

II = |(*/F (13., 

i" equivalent to the general equation ((>., ; 

r/F=0 (It.) 


'» the e<piation common to all curves of no transmission ; and 

l'=a given constant, (1 -ia.j 

(lie equation of a particular curve of no transmission. 

II. i Pkoi'omtion 111. — Pkohu’.m. Let it he suppose ft that for a piren substance. 
! i’c forms of all possible isothermal rurres are known, hut of on/j/ one curre of no frans- 
m i "hut it i.\ ref/uired to describe , !></ the determination of points, another curre of no 
1 ran\mi\sion . passing through a piren point, situated anpwhere out of the known curre. 

Solution; (see lig. 7/- Let LM be the known curve of no transmission; II 
the given point. Through li draw an isothermal curve Q,A11Q,, cutting LM in A. 
Q being the quantity of heat to which this curve corresponds, draw, indefinitely near 
to it. the isothermal eurve <y , tp, corresponding to the quantity ot heat Q, — JQ, where 
oQ is an indefinitely small quantity. Draw any other pair of indefinitely close isother- 
mal curves Q. Q . //, y_., corresponding to the quantities of heat Q._,, Q* — oQ. ; bQ being 
the same as before. Let D be the point where the isothermal curve Q..Q.J cuts the 
known curve of no transmission. Draw the ordinates AV a , BV’,, parallel to OY, en- 
closing, with the isothermal curves of Q, and Q, — oQ, the small quadri lateral A li ha. 
Draw the ordinate DV„ parallel to OY, intersecting the isothermal curve of Q*— SQ 
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in d. Lastly, draw the ordinate CV c in such a position as to cut off” from the space 
between the isothermal curves of Q a and Q s — SQ a quadrilateral DC \cd, ot area equal 
to the quadrilateral AIM#. 

Kg- 7. 



Then will C, where the last ordinate intersects the isothermal curve of Q.., approx- 
imate indefinitely to the position of a point in the curve of no transmission passing 
through the given point II, when the variation of actual heat is diminished without 
limit. And thus may lie determined, to as close au approximation as we please, any 
number of points in the curve of no transmission NHR which passes through any 
given point II, when any one curve of no transmission LM is known. 

(Demonstration.) For when the variation oh) diminishes indefinitely, the curves 
//,</,, *///., approach indefinitely towards the curves Q,Q,, Q.Qj respectively ; and the 
small quadrilaterals bounded endwa\s by the ordinates approximate indefinitely to 
i lie small quadrilaterals hounded endways by the curves of no transmission ; which 
latter pair of quadrilaterals arc equal, by the first corollary of Proposition II. 

The st/mholical r.i pression of this proposition is as follows : 

Let V A , Y,„ V, . \ ,, be the volumes corresponding to the four points of intersection 
of a pair of isothermal curves with a pair of curves of no transmission ; A and It being 
on the isothermal curve of Q,, C and I) on tlu.t of Q., A and D on one of the curves 
of no transmission, 11 and f on the other : then 


r ' m‘ ix < r ‘"' «=«''=i mi ,/v ( r, » r i 

* V\ * v » I 




or F„ — F t =F, — F 1 

The second form of this equation is in the present case identical, because 

F I( — F v : F, — F b . 


(12.) Proposition IV. — Phoiimui (se% fig. S). The forms of all isothermal earns 
for a giren substance being given, let KF he a carve of ant) form, representing an arid 
fra rih/ assumed succession of pressures and volumes, ft is required to find. In/ the de- 
termination of points, a corresponding curve passing through a given point 11, such, that 
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the quantiti/ of heat absorbed or emitted In/ the substance, in passing from am/ given iso- 
thermal enrre to am/ other , shall he the same, whether the pressures and volumes be 
regulated according to the original curve KK, or according to the curve passing 
through the point B. 

(Solution.) Tin* profits by which the latter curve is to he deduced from the former 
is preeisely the same with that by which one curve of no transmission is deduced from 
another, in the last problem. 

l’iir. s. 



i Demonstration.) Let fJBlI he the required curve. This curve, and the curve KF, 
in their relation to each other, may he called t urves of Ei/uul Transmission . Through 
B draw the isothermal curve Q Q . intersecting the curve K F in A. Draw also an\ 
other isothermal curve Q.Q-, intersecting KF in 1) and (ill in (’. Through A,B,C.D. 
respectively, draw the four indefinitely-prolonged curves of no transmission, AK, in- 
tersecting (■),(■), in d. BL. intersecting Q.Q. in c, CM, and DN. Conceive the whole 
span* between the isothermal curves (|Q,. Q.Q,, to he tlivided by other isothermal 
curves, into a seiic* of indefinitely narrow *lripts, corresponding to equal imlefmitcly- 
small variations of actual heat. Then, by the construction of the solution, the qua- 
drilateral* cut from those stripes by the: pair of curve’s KF, (ill are* all equal ; an«l so 
al*o arc the: quadrilaterals cut from the stripes |>y the pair e»l" curves of no transmis- 
sion, AK, BL. Therefore the area AB( ’I) is equal to the area ABrr/. The indefinitely- 
prolonged areas, MCDN, Lcr/K, arc evielcutly equal ; therefore, adding this pair 
of equal areas to the’ preceding, the: pair of indefinitely-prolonged areas LBAK, 
MCB\DN are* cepial. Subtracting from each «>l' these areas the part commem to 
both. ABB, and adding to each the indefinitely-prolonged urea KHLM, we find, 
finally, that the indefinitely-prolonged areas KADN, LB(’M are equal. 

But tin* forniiT of those areas (by Prop. I.) represents the* mec*hanie*al equivalent of 
llie he-at ahsorbe'd by the substance in passing from the actual heal. to the actual 
heat Q, through a series of pressures and volumes represented by the co-ordinates of 
the curve. Kh ; and the latter, the correspomTing (piantity for the curve (ill; there- 
fore those curves are, with respect to each other, Carres of Ei/ual 'Transmission, which 
was required 
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The algebraical expression of this result is that the equation (15.) holds lor any pair 
of curves of equal transmission, as well as for a pair of curves of no transmission ; or, 
in other terms, let F A , F,„ F f; , F„ be the thermo-dynamic functions for the curves of 
no transmission passing through the four points where a pair of isothermal curves 
cut a pair of curves of equal transmission : A, 11 being on the upper isothermal curve ; 
C, 1) on the lower ; A, J) on one curve of equal transmission, B, C on the other : then 

F « — F A = F<; — F (l ( 16 .) 

(l.’l.) Proposition V. — Thkokkm. The difference between the quantities of heat 
absorbed by a substance , in passing from one given amount of actual heat to another , at 
two different constant volumes , is equal to the difference between the two latent heats 
of expansion in passing from one of those volumes to the other , at the two different 
amounts of actual heat respectively, diminished by the corresponding difference between 
the quantifies oj expansive power given oat. 

(Demonstration) (see fig. 9). Let. Q,Q, be the isothermal curve of the higher 
amount of actual heat ; Q 2 Q 2 that of the lower. Lot V A , V„ be the two given 

Fiij. !). 



volumes. Draw the two ordinates V a uA. V, : 4B. anil the four indefinitely-prolonged 
curves of no transmission AM. am. UN, bn. The quantities of beat absorbed, in 
passing from the actual heat Q,. to the actual heat Q,. at the volumes and V„, are 
represented respectively by the indefinitely-prolonged areas M A </;//, Nll/m. Thc^P 
adding to each of those areas the indefinitely-prolonged area w/dlAM (observing that 
the space below the intersection It is to he treated as negative), we find for their 
difference 


NB bn — MA(hm = NHAM — nbl\Aam~{ N BA M — nbani) — (V„BA\ A — \ T n ba\ A : ; 

but. NBAM and nbani represent the latent heats of expansion from V A to Y„, at the 
actual heats Q, and Q., respectively : and Y b BAV\ and \ I( Ai/V a represent the power 
given out by expansion from \\ to \ ,. at. the actual heats Q, and Q 2 respectively: 
therefore the proposition is proved. Q.K.D. 

This proposition, expressed symbolically, is as follows. AQ being the difference 

MUCCCI.lv. S 
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of actual heat, Q,— Q a , let A (Q+K A ) be the heat absorbed in passing from Q 2 to Q ( 
at the volume V A , and A (Q+S„i the corresponding (piantity at the volume V„ ; 
AS a and AS B representing quantities of potential energy stored up in altering mole- 
cular arrangement. Then 

A(S„ £>a) =: A^Q^q (!7.) 

( I t.) Of Curves of Free E.i / mansion . 

In all the preceding propositions, the whole motive power developed by an elastic 
substance in expanding is supposed to be communicated to external bodies ; to a 
piston, for example, which the substance causes to move, and to overcome the re- 
sistance of a machine. 

Let us now suppose that as much as possible of the motive power developed by 
the expansion is expended in agitating the particles of the expanding substance itself, 
by whose mutual friction it is finally reconverted into heat (as when compressed air 
escapes freely from a small orifice) ; and let us examine the properties of the curves 
which, on a diagram of energy, represent the law of expansion of the substance under 
these circumstances, and which may be called Curves of free Expansion. 

( la.) Pkoi’osition VI. — Theorem. If from tiro points on a curve of free expansion 
there he drawn two straight lines perpendicular to and terminating at the as is of ordi- 
nates, and also two carves of no transmission, indefinitely prolonged away from the 
origin of co-ordinates ; then the area contained between the curve of free expansion , the 
two straight lines and the a i is of ordinates, will he equal to the area contained between 
the curve of free expansion, and the two indefinitely-prolonged curves of no transmission. 

(Demonstration.) Let FF (fig. 10) be a curve of Ki K . m. 

Free Rxpansion ; (i, II any two points in it; GV (; , 

II V H ordinates ; GP fj , III 1 ,, lines perpendicular to ()Y ; 

(JM, IIN curves of no transmission, indefinitely pro- 
longed in the direction of X. Then the indefinitely- 
prolonged area M(iIIN represents the heat which 
would have to be communicated to the substance, if 
^the motive power developed were entirely transferred 
to external bodies, while the area Y (i GHV H represents 
that motive power The excess of the rectangular area 
Pi r IlV. t O above the area P,.GV (; (), is the power ne- 
cessjuily given out by the elastic fluid in passing from a vessel in which the press- 
ure i< P (J and volume V, ; , to a vessel in which the pressure Js P„ and volume V„. The 
remainder of the expansive power, represented by the area P, ; GIIP H , by the mutual 
friction of the particles of the expanding substance, is entirely reconverted into heat, 
and is exactly sufficient (by the definition of the curve of free expansion) to render 
the communication of heat to the substance unnecessary ; from which it follows, that 
this area is equal to the area MGIIN. Q.E.D. 
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The equation of a curve of free expansion is 

d(Y+PV) = 0 (17 a.) 

(1(5.) Corollary . — In fig - . 11, the same letters being retained as in the last figure, 
through (i draw an isothermal curve Q,Q,, which the line Pull produced cuts in h ; 


.*Lw 


Fig. 11. 


o. 


Vn v /t 


and from h draw the indefinitely-prolonged curve of no transmission, hn. Then be- 
cause, by the proposition just, proved, the areas I\ ; GIIP n and MG UN are equal, it 
follows that the indefinitely-prolonged area, MG/m, whirli represents the latent heat 
of expansion at. the constant actual heat Q,, from the volume V (; to the volume V A , 
exceeds I\,C//P,„ by the indefinitely-prolonged area N Who, which represents the 
heat which the substance would give out, in falling, at the pressure i*n, from the 
actual heat Q, to the actual heat corresponding to the point H on the curve of free 
expansion passing through G. Subtracting from this area the excess of the rectangle 
!*„ V* above the rectangle 1\.V U , we obtain the excess of the area MG//« above the 
area V, ; G//\V 

This conclusion may be thus expressed: — Let Q, be the actual heat for the point 
II; y the ratio of specific heat at. the constant pressure P„ to real specific heat; 


then 


f ' 1 ' </Q- 1>„ V.+ P. V, j= 1 ) \^" 1MV( for Q=U,); | 


otherwise - 


\ WP^UdF.-Fj. . 

• u. K Jl*i. 


!> . 


u«.) 


Kq nation (IF.) may be used, either to find [joints in the curve ot lree expansion 
which passes through G, when the isothermal curves and the curves of no transmission 
are known ; or to deduce theoretical results from experiments on the form of curves 
of free expansion, such as those which have been tor some time carried on by 
Mr. Joule and Professor William Thomson. 

Considered geometrically, these experiments give values of the area Nll/tw. 


The area P u (i/,P„=t “HP 

•Th 
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is known, in each ease, from previous experiments on the properties of the gas em- 
ployed ; and this area, by Proposition VI., is equal to the area MG//IIN ; to which 
adding the area NII/t«, ascertained by experiment, we obtain the area M G/m, that 
is. the latent heat of expansion from the volume V 4J to the volume \\, at the constant 
actual heat Q„ denoted symbolically by 

„ d pv A 


II= Q',/U ( l h P//V=Q,(F a -F u ). 


Now the problem to be solved is of this kind. We know the differences of actual 
heat corresponding to a certain series of isothermal curves for the substance employed ; 
and we have to ascertain the absolute quantities of actual heat corresponding to those 
curves. Of the above expression for the area MG bn, therefore, the factor Q, is to be 
determined, while the other factor, being the dillerence between two thermo-dynamic 
functions, is known ; and the experiments of Messrs. Thomson and Joule. by giving 
the value of the product, enable us to calculate that of the unknown factor, and 
thence to determine the point on the thermometric scale corresponding to absolute 
privation of heat. 

i 17.) Proposition VII. — Problem. To determine the ratio of the Apparent Specific 
Heats of a substance at Constant f 'olume and at Constant Pressure, for a given Pressure 
and Colume ; the isothermal curves and the curves of no transmission briny human. 

(Solution.) In tig. 12, let A be the point whose co-ordinates represent the given 
volume \\ and pressure P A ; QAQ the isothermal curve passing through A ; q q an- 

Kiir. 1-2. 


\ N N 
\ ! 


other isothermal curve, very near to QQ. Through A draw the ordinate V a A a parallel 
to OV, cutting qq in a ; draw also All parallel to OX, cutting qq in It. From A, a, II, 
draw ihe three indefinitely-prolonged curves of no transmission AM, am, BN. 

Then the heat absorbed in passing from the actual heat Q to the actual heat, q, at 
the con-taut volume V,, is represented bv the indefinitely-prolonged area MAarn, 
while at the constant pressure P A it is represented by the area MAI1N. Let the curve 
qtj be supposed to approximate indefinitely to QQ. Then will the three-sided area 
V/Il diminish indefinitely as compared with the areas between the curves of no 
t rausmissiou AM . am, I1N ; and consequently the area MAUN will approximate in- 
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definitely to the sum of* the areas MA am and «*«BN ; the ultimate ratio of which 
sum to the area MArm is therefore the required ratio of the specific heats. Now 
maBN, .as <]<j approaches QQ, approximates indefinitely to the latent heat of the small 
expansion V„— V A at the actual heat Q, and this small expansion bears ultimately to 
the increment of pressure P (1 — P A , the ratio of the subtangent of the isothermal curve 
QQ to its ordinate at the point A. 

The symbolical expression of this proposition is as follows : — Let SQ denote the 
indefinitely small difference of actual heat between the isothermal curves QQ, <y<y ; 
iV the indefinitely small variation of volume V„ — V A ; &P the indefinitely small 

K 4 

variation of pressure P„ — P A ; y &Q the quantities of heat required to produce 

tins variation 5Q, at the constant volume V A , and at the constant pressure I\ re- 
spectively. 


Then 


and 


dV 

W >/U 

* V = :/»= 


dV 

d\ r 


dV 

ux 


JQs 


K P 

k 


ur l T 

!n _Kv . ,v /l> ur_fKv . | 

'Q— y -oQ+Q^-®' — [ fc + ,/p 

~d\ 


consequently 


K,. 

Kv 


■< 


<0* 


(ID.) 


dV 

d\ 


e(|iiations agreeing with equation 31 of a paper on the Centrifugal Theory of elasti- 
city before referred to. 

(IS.) First ('nmlltirif. ~\* the curves AM, //«/, BN approximate indefinitely to- 
wards parallelism, and the point a towards C where tun intersects All, the ratio of 
the areas MAUN : MA/a«, approximates indeliuitclv to that, of the lines All : AC. 
which are ultimately proportional, respectively, to the subtangenls of the isothermal 
(Mi rve and the curve of no transmission passing through A. Therclorc, 

Kp Niilitiingcnt «il* Isothi-rnial Curve 

lv v Suhtaugrut nf lame ot X«» Transmission’ - •) 

(ID.) Second ( om/tan/. — / 'clod ft/ of Sound. The subtangents of different curves 
at, a given (mint on a diagram of energy being inversely proportional to the increase of 
pressure produced bv a given diminution ot volume according to the respective curves, 
are inversely proportional to the squares of the respective velocities with whieh waves 
of condensation and rarefaction will travel when the relations of pressure to volume 
are expressed by the different curves. Therefore, if there be no sensible transmission of 
heat between the particles of a fluid during the passage ot sound, the square of the 
velocity of sound must, be greater than it would have been had the transmission of 
heat, been instantaneous in the ratio of the subtangent ot an isothermal curve to that 
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of a curve of no transmission at the same point, or of the specific heat at constant 
pressure to the specific heat at constant volume. 

This is a geometrical proof of Laplace’s law for all possible fluids. The same law 
is deduced from the Hypothesis of Molecular Vortices in the paper before referred to 
on the Centrifugal Theory of Klastieity. 

(20.) Proposition VIII. — Problem. The isothermal curves for a given substance 
being hnmvn, and the quantities of heat required to produce all variations of actual heat 
at a given constant volume : it is required to find anq number of points in a curve of 
no transmission passing through a given point in the ordinate corresponding to that 
volume. 

(Solution). In fig. 13, let V a A, be the given ordinate ; Q,Q„ A S Q 2 isothermal curves 
meeting it in A„ .V,, respectively ; and let it be required, for example, to find the 

Fite. 13. 


\ 


• •' x\ 


B 


point where the curve of no transmission passing through A, intersects the isothermal 
curve A,Q.,. On the line V a A>A„ as an axis of abscissa;, describe a curve CC, whose 
ordinates (such as AX’.,. «,c„ ice) are proportional to the specific beat of the substance 
at the constant volume V A , and at the degrees of actual heat corresponding to the 
points where they are erected, divided by the corresponding rate of increase of press- 
ure with actual heat; so that the area of this curve between any two ordinates (e. g. 
the area may represent the mechanical equivalent of the heat absorbed in 

augmenting the actual heat from the amount corresponding to the lower ordinate to 
that corresponding to the higher (e. g. from the amount corresponding to a t to that 
corresponding to « j. 

Very near to the isothermal curve A.,Q a , draw another isothermal curve «//„, and 
let the difference of actual heat corresponding to the interval between these curves 
be ^Q. Draw a curve 1)1), such that the part cut off by it from each ordinate of the 
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curve CC shall bear the same proportion to the whole ordinate which the difference 
6Q bears to the whole actual heat corresponding to the ordinate ; for example, let 

A,t'i : A,D, : : Q, : &Q 
A a C 4 : A 2 1) 2 : : Q. 2 : &Q, &c. 

Then draw an ordinate V„B/>, parallel to OY, cutting off from the space between 
the isothermal curves A,Q,, a quadrilateral a*ea AJlba. 2 equal to A^DaA*, the 
area of the curve DD between tlie ordinates at A, and A 2 . 

Then if the difference iQ be indefinitely diminished, the point B will approximate 
indefinitely to the intersection required of the isothermal curve AaQ^ with the curve 
of no transmission passing through A, ; and thus may any number of points in this 
curve of no transmission be found. 

(Demonstration.) Let A,M, be the curve of no transmission required. Let </,<•„ 
f/,c, be any two indefinitely-close ordinates of the curve CC, corresponding to the 
mean actual heat Q, ,. Let a. l m n n l m l be curves of no transmission, cutting the 
curves A_,Q„ sous to enclose a small quadrilateral area e. Then by the con- 
struction. and Proposition I., 

The area ///yy/^the indefinitely-prolonged area ////*,«,/«, ; 
and by the first corollary of the second proposition and the construction, 

the area 5(1 area r/y/. '/.(/, 

w //.,///, (1 , area n /yy / x 


'riierefore the area e=tlu; area ; but the area AJJJLA, is entirely made up of 

such areas as to each of which then; corresponds an equal area such as <• ; 

and when the difference oQ is indefinitely diminished the area AJM//.. approximates 
indefinitely to the sum of all the areas such as c, that is, to equality with the; area 

A.D.ILA, Q.K.D. 

r n»e symboli(*al expression f(»r this proposition is found as follows: — 

' i (fur V=V A ) ; 


the area A,B/v</j ultimately =oQ.l ,/q^\ (f 0, 'Q = Qd ; 
divide both sums by 2Q and equate the results; then 


t’Vij /p cWi k 

J Vx ^/V(forQ=a)=J Q> ,. ( y/Q(forV=V A ), 


( h K v 


. • C-M.j 


which denotes the equality of two expressions for the difference, F, — F a , between the 
thermo-dynamic functions for the curve of no transmission A,M, and for that passing 
thro^h the point A 2 . 
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When the relations between pressure, volume, and heat, for a given substance, are 
known, the equation (21.) may be transformed into one giving the volume V„ corre- 
sponding to the point at which the required curve of no transmission cuts the iso- 
thermal curve of Q.,. 

Suppose, for instance, that for a perfect gas 

K ' 

PV=NQ sensibly ; and -y-=l sensibly : . . . (22.) 

N being a constant (whose value for simple gases and for atmospheric air and car- 
bonic oxide is about O’ l 1 ) ; then the thenuo-dynamic function for a perfect gas is 
sensibly 

F=hyp. log Q-f-N hyp. log V ; (22 a.) 

and equation (21.) gives, for the equation of a curve of no transmission, 




whence 


/V„\ 


1- N 


( 21 .) 


Fq nations (23.) and (21 .) are forms of the equation of a curve of no transmission for 
a perfect gas, according to the supposition of Mayer ; and are approximately true for 
a perfect or nearly perfect gas on any supposition. 

According to the hypothesis of molecular vortices, the relations between pressure, 
volume, and actual heat for a perfect gas are expressed by these equations : — 


v/a 1/ 

1 \ -i\Q+A ; _ 1 + { X( i + /lj 2 i 


(2ft.) 


where h is a very small constant, which is inversely proportional to the specific gra- 
vity of the gas, and whose value, in the notation of papers on the hypothesis in ques- 
tion. is 

/z = Nlu, (2ft a.) 

k being the height, on the seale of a perfect gas thermometer, of the point of abso- 
lute cold above the absolute zero of gaseous tension. Hence we find, for the thermo- 
• lyuamie function of a perfect gas, 

F=hyp. log hyp. log V, (2(>.) 

and for the equation of a curve of no transmission, 




N(| t h 


.*> 


(27.) 


For all praetieal purposes yet known, these equations may be treated as sensibly 
agreeing wit It equation (23.), owing to the smallness of h as compared with NQ. 
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Suction III.— OF THE EFFICIENCY OF THEltMO-DYNAMIC ENGINES. WORKED RY THE 
EXPANSION AND CONDENSATION OF PERMANENT GASES. 

(21.) The Efficiency of a Thermo-dynamic Engine is the proportion of the whole 
heat expended which is converted into motive power ; that is to say, the ratio of the 
motive power developed to the mechanical equivalent of the whole heat consumed. 

To determine geometrically the efficiency of a thermo-dynamic engine, it is neces- 
sary to know its true indicator-diagram; that is to say, the curve whose co-ordinates 
represent the successive volumes and pressures which the elastic substance working 
the engine assumes during a complete revolution. This true indicator-diagram is 
not necessarily identical in figure with the diagram described by the engine on the 
indicator-card ; for the abscissa; representing volumes in the latter diagram, include 
not only the volumes assumed by that portion of the elastic substance, which really 
performs the work by alternately receiving heat while expanding, and emitting heat 
while contracting, in such a manner as permanently to transform heat into motive 
power, but also the volumes assumed by that portion of the elastic substance, if 
.any, which acts merely as a cushion for transmitting pressure to the piston, under- 
going, during each revolution, a series of changes of pressure and volume, and then 
the. same series in an order cxaetlv the reverse of the former order, so as to transform 

ml 

no heat permanently to power. 

The thermo-dynamic engines to be considered in the present, section, are those in 
which the elastic substance undergoes no change of condition. AVe shall in the first 
place investigate the efficiency of those which work without the aid of the contrivance 
called an •" economizer ” or “regenerator.” and afterwards, those which work with 
the aid of that piece of apparatus. 

(22.) I.k.uma. — -I’koulkm. To determine the true from the apparent indicator-dia- 
urum of’ a Thermo-dy auntie Engine: the //ort ion of the clastic substitute which nets 
as a cushion heinp hnown . and the law of its changes of pressure and ro/ume. 

^ Ki*r i 4 



(Solution.) In fi 
draw lb/ and Lc. 


o - - - - - - - X 

g. I I, let abed he the apparent indicator-diagram. Parallel to OX 
touching this diagram in a and r respectively ; then those lines 


MDCCCUV. 
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will be the li in’s of maximum atul minimum pressure. Let I IK. anil L(» be the 
volumes occupied by the cushion at the maximum ami minimum pressures respectively : 
draw the curve K(i, such that its co-ordinates shall represent the changes of volume 
and pressure undergone by the cushion during a revolution of the engine. Let 
KF (lh be any line of equal picture, intersecting this curve and the apparent indicator- 
diagram ; ’•o that K/y* l\d sliall represent the two volumes assumed by tile whole 
elastic body at the pressure ()lv. and 1\F the volume of the cushion at the same 

pressure. On this line take __ 

?/H=//b=KF; 

then it is evident that 11 and I) will be two points in the true indicator-diagram ; and 
in the same manner may any number of points be found. 

The area of the true diagram Alil'l) is obviously equal to t hat of the apparent 
diagram u\n d. 

rj:>.) I’uoi'osivioN IX. — Puom.KM. The true indicator-diui/raw of u then/w-di/namii 
,,i'jini worked hi/ flic e.t jiansion and confrat tion of a substance which docs not change its 

• ndifion. amt without a rejeurra/or, twin g niren, if is retjuired to determine the <■//;* 

• lem u of the engine. 

isolation.) In fig. l.>, let A an 1M/AA be the 1 *"* 1-> * 

given true indicator-diagram. Draw two curves 
of no transmission, AM, 11N. touching this o / . n 

figure at A and 11 respectively, and indefinitely y ' \ 

produced towards X. Tiien during the process ^ }> '• 

denoted by the portion Am/’ll of the diagram " : 

the elastic substance is receiving heat, and the " 

mechanical equivalent of the total quantity re- M 

ceived is represi nted i»y the indelinitely-pro- ” - x 

longed area M.W/'IiN : during the process denoted by the portion Il/y'/y.V of the dia- 
gram, the substance is giving out heat, and the mechanical equivalent of the total float 
ai\eii out D represented by the indefinitely-prolonged area MAA//I1N ; while the 
ditlcrence between those areas, that is, the area of the indicator-diagram itself, re- 
presents at once* the heat which permanently disappears and the motive power given 
out. The I’.mriKM \ of the engine is the ratio of this last quantity to the total heat, 
received bv the* elastic substance during a revolution ; that is to say, it is denoted 
by the fraction. 

areu Aw/Zb/iV/A 
area AI.WH.V 

To express this result symbolically, find the limiting points A and 11 by combining 
the equation of the indicator-diagram with the general equation of curves of no trans- 


mission. viz. — 


//F=0. 


Then draw two indefinitely-close and indefinitely-prolonged curves of no trans 
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mission, abm, «'///»', through any part of the diagram, cutting out of it a quadrilateral 
stripe, ahh'u'. Let Q, he the mean actual heat corresponding to the upper end a a' of 
this quadrilateral stripe; Q J5 that corresponding to the lower end, hh' . 

The area of this indefinitely-narrow stripe representing a portion of the heat con- 
verted into motive power, is found, according to the principles and notation of the 
third corollary to Proposition II. and of Proposition III., by multiplying the differ- 
ence between the actual heats by the difference between the thermo-dynamic functions 
for the curves of no transmission that bound the stripe, thus : — 

&E=( Q.-ajJF; 

while the area of the indefinitely-prolonged stripe, maa'm representing part of the 
total heat expended, is, according to the same principles, 

dII, = Q,oF ; 

and that, of the indefinitely-prolonged stripe in fib' in', representing part of the heat 
given out, is 

oil ,=Q ,oF. 

I ut eg rating these expressions we find the following results 

11 =!!“«, '/F; 


whole heat expended, 
heal given out. 
motive power gi\ cn out . 

cllieiciicv. 


1\ 


11 Q.t/V : 


K=I1, — II -\ 


I'll 


(Q.-Q.ic'f ; 


! 2S. ) 


K 

II, 


* Fp 

| " {(1,-0 .VF 

i 1 

L '"F 

1 L' \ 


I'm inula* agreeing with equation (2S.) of a paper on the ( cntrilugal Theory of Plasti- 
city* ; it being observed that the symbol F in the last-mentioned paper denotes, not 
precisely the same quantity which is denoted h\ it in this paper, and called a thermo- 
dynamic function, but the product of the part of that function which depends on 
the volume, by the real specific heat of the. substance. 

(21.) First (’ornllanf. Maximum /U/irinin/ brim rn given limits of virtual //rat. 

When the highest and lowest, limits of actual heat at which the engine can work 
are fixed, it is evident, that the greatest possible efficiency of an engine without a re- 
generator will he attained when the whole reception of heat takes place at the 
highest limit, and the whole emission at the lowest ; so that the true indicator dia 
gram is such a quadrilateral as is shown in lig.(i,and referred to in the second enrol - 
hiry of Proposition II.; bounded above and below by the isothermal curves denoting 

Trail''. Roy. Spc. Filin’!) '■«»! w. 
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— - * 4 . 


the limits of actual heat, and, laterally, by any pair of curves of no transmission. 
The efficiency in this case, as lias been already proved in various ways, is represented 
bv 

ii, u, 

being the maximum etlieiency possible between the limits of actual heat, Q, and Q a . 

(•JA.) Second Corollary . — Phoiilkm. To draw the diagram of greatest efficiency of 
a '/ hermo-di/namic Engine without a Regeneratin', when the extent oj rarialion of 
volume is limited, as will as that of the variation of actual heat. 

(Solution.) In tig. Id, let Q,Q,, Q._,Q_, be the iso- 
thermal curves denoting the limits of actual heat ; 

Y x . V,, the limits of volume. Draw the ordinates 
Y V 1)A. intersecting the isothermal curves 

in the points A. 15, (’, D. Through A and (’ re- 
spectively draw the curves of no transmission, 

AM cutting Q Q in d, and CN cutting Q;Q, in Ik 
Tien will Aid'd be the diagram required. An 
analogous construction would give the diagram 
of greatest efficiency when the variations of press- 
ure and ot actual heat are limited ; as in the Air-Engine proposed by Mr. Joci.k. 

fjd.i OJ the use oj the Economizer or Regenerator in Thermo-dynamic Engines. 

As the actual heat ot the elastic substance which works a Thermo-dynamic Engine 
requires to be alternately raised and lowered, it is obvious that unless these opera- 
tions are performed entirely by compression and expansion, without reception or 
emission ot heat (as in the case of maximum efficiency described in the first corol- 
lary ol Proposition IX.), part, at least, of the heat emitted during the lowering of 
tin* actual heat may be stored up, by being communicated to some solid conducting 
substance, and used again by being communicated back to the clastic substance, 
when its actual heat is being raised. The apparatus used for this purpose is called 
an Economizer or Regenerator, and was first invented, about. 1 8 Hi, by the llev. 
Hoijiu.t Stiri.ino. In the Air-Engine proposed by him, it consisted of a sheet-metal 
plunger surrounded by a wire grating or network ; in that of Mr. J.uiks Stiklino, 
U is composed of thin parallel plates of metal or glass through which the air passes 
longitudinally, and in the engine of Captain Ericsson, of several sheets of wire 
gau/.i'. 

A regenerator may be regarded as consisting of an indefinite number of strata, 
with which the elastic substance is successively brought into contact; each stratum 
-crviiig to store up and give out the heat required to produce one particular inde- 
liuilel v small variation of the actual heat of the working substance. 

A jwrfeit regenerator is an ideal apparatus of this kind, in which the mass of ma- 
tt rial so large, the surface exposed so extensive, and the conducting powers so 
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great, as to enable it to receive and emit heat instantaneously without there being 
any sensible difference of temperature between any part of the regenerator and the 
contiguous portion of the working substance ; and from which no appreciable amount 
of heat is lost by conduction or radiation. In theoretical investigations it is con- 
venient, in the first place, to determine the saving of heat effected by a perfect re- 
generator, and afterwards to make allowance for the losses arising from the non- 
fulfilment of the conditions of ideally perfect action ; losses which, in the present 
imperfect state of our knowledge of the laws of the conduction of heat, can be 
ascertained by direct experiment only *. 

(‘270 Proposition X. — Problem. The trio; indicator-diagram of uni/ thenno-di/na- 
mic engine being given, to determine the amount of heat saved, by a perfect regenerator. 

(Solution.) Let AIM'D (in fig. 17) be the given indicator-diagram. Across it 
draw any two indefinitely-close isothermal curves; //,</, intersecting it in a, b ; and 
<].,</ i intersecting it in d,r. To the stripe between those two curves, speaking generally. 

Fig. 17. 


.V 


«i certain laver or stratum of the regenerator corresponds, which receives heat from 
the working substance during* the change Iroin h to c, and restores the same amount 
of heat during the change from d to a. 'Hie amount of heat economized hy the Javel- 
in question is thus found. Through the lour points */, />, e, */, draw tin 1 , indefinitely 
prolonged curves of no transmission, r//*\ Id, rtn ? dn ; then the smaller ot the two 
indefinitely-prolonged areas, /farm, Icudu, represents the heat saved !>y the lajrei ot 
the regenerator corresponding to the indefmitely-narrow stripe hetn cen the isotheimal 
curves y^/, and y/y>. 

Draw two curves of no transmission. I*L, DN, touching the diagram ; and through 

* It is true thsit the problem of Hip waste of heat m Hie action of the regenerator i* capable of a hypnthi tlenl 
solution by tlu* methods of Fommit ami Poi-mn ; :iml I have by these methods obtained formula* which are 
curious in a mathematical point of view ; but owitnr to our ignorance ot the absolute values and laws of \ dila- 
tion of the coefficients of conductivity contained in tlu-c formula'. they arc incapable of being usefully applied ; 
and I therefore ibr the present refrain from stating them. 
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the points of contact, liaml 1). draw the isothermal curves. Q,Q, cutting the diagram 
in A and B, and cutting it in (' and I). Then because, during the whole of the 
change from 1) through A to B. the working substance is receiving heat, and during 
the whole of the change from B through C to 1), emitting heat, the regenerator can 
have no action above the i>othermal curve Q,Q,, nor below the isothermal curve 
Q.Q.. 

The whole of the diagram between these curves is to be divided by iudefmitcly- 
close isothermal curves into stripes like abed ; and the saving of heat effected by the 
layer of the regenerator corresponding to each stripe ascertained in the manner de- 
scribed, when the whole saving mav be found hv summation or integration. 

The symbolical expression ot this result is as follows. Bet the points of contact, 
B, 1), which limit the action of the regenerator, and the corresponding quantities of 
actual heat, Q . Q_. be found, as in Proposition IX., by means of the equation f/F=0, 

'Mien 

pQ. if F <’ <i: /Kv ill* ll V\ 

the saving of heat =\ Q„ u </Q=| ( h +^/u-7/o.)^ 


care being taken, when has different values for the siime value of Q, correspond- 
ing respectively to the two sides of the diagram, to choose the smaller in performing 
the integration. 

r-JS. ] ( 'oro/larif. — It is evident that the regenerator acts most. effectually, when the 
outlines of the indicator-diagram from A to D. and from B to C, are portions of a 
pair of curves of eijaal transmission (determined as in Proposition IV.) ; for then, if 
the operation of the regenerator i-* perfect, the changes from B to ( and from I) to A 
will be effected without expenditure of heat ; the heat transmitted from the working 
substance to a given stratum of the regenerator, during any part such as hr, of the 
operation BC, being exactly sufficient for the corresponding part, da, of the operation 

t! K 

DA. In this case f for each value of Q between Q, and Q a , has the same value at 
cither side of the diagram. 

In fact, the effect of a pi rfect regenerator i<, to confer upon auv pair of curves of 
< ijiml f rn n.Miii '•sum the propei ties of a pair of curves of no l runs mission. 

Piioeo.-rriON XI. — Tmkour.m. The greatest efficiency of a ther/no-di/namie en- 
gim\ working between yiren limits of actual heat , with a perfect regenerator, is ei/aal 
to fhr area ft sf tjfitit //<;// of a thermo-di/namir engine, working between the same limits 
of at Inal Inal, without a regenerator. 

t Demonstration.) In fig. I H, let Q,Q,, Q a Q 2 be the isothermal curves denoting the 
given limits of actual heat. Let AI), BC be a pair of curves of equal transmission 
of any form. Then by tbe aid of a perfect regenerator, the whole of the heat given 
•jut by the elastic substance during the operation BC may be stored up, and given 
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out again to that substance in such a manner as to be exactly sufficient for the opera- 
tion DA ; so that the whole consumption of heat in one revolution by an engine 

Fijr. IS. 


|;^ . -Q o 

^ X 

--3Z 

whose indicator-diagram is AIM?]), may be reduced '•imply to the latent heat of ex- 
pansion tinring the operation Alt, which is represented by the indefinitely-prolonged 
area MAliN, At/M and 11 cN being curves of no transmission. The efficiency of 
such an engine is represented by 

the avt'ii AIM'D 
tin* area MAIt.V 

Now the maximum efficiency of an engine without a regenerator, working between 
the same limits of actual heat, is represented by 

1 1 io ;nv:i A IV// ( i 1 — ( i . 

flu- :iiv;i MAliN - (1, 

and from the mode of construction of curves of equal transmission, described in Pro- 
position l\ if is evident that 

the area A lit •! )~~ < he ai ca A Her/ : 



hence the maximum efficiencies. working between the given limits of actual heal, Q, 
and Q., arc, equal, with or without a perfect regenerator. Q.K.D. 

(.*»().) . Ji/nm/d^r <i/‘ i> llc^t’iici'nfor. 

It appears from this theorem that the advantage of a regenerator is, not to increase 
the maximum cllieiencv ot a thermo-dyuamic engine between given limits ot actual 
heat, hut. to enable that amount of efficiency to he attained v. it h a less amount of 
expansion, and consequently with a smaller engine. 

Suppose, for instance, that to represent the isothermal curves, ami the curves of 
no transmission, for a gaseous substance, we adopt the approximate equations already 
given in article *20, viz. — 


for the isothermal curve of Q, P\ — N Q ; 


• ■ V. /U.\ ^ /PjV.'n 
lor a curve oi no transmission y = J ' — \l’,/ : ! 


i M I .) 
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and lot ns compare the forms of the indicator-diagrams without and with a regene- 
rator, fora perfect air-engine, working between given limits as to actual heat, defined 
by the isothermal curves Q,Q,.Q-jQj m tiff M). 

Fill. 19. 



The amount of expansion at the higher limit of heat being arbitrary, let us suppose 
it to be from the volume \\ to the volume V J{ , corresponding respectively to the 
points A and H, and to be the same in all cases, whether with or without a regene- 
rator. 

The engine being without a regenerator, the diagram corresponding to the maxi- 
mum efficiency has but one form, viz. A1W, where He, Ad are curves of no trans- 
mission. Ilence, in this case, there must be an additional expansion, from the volume 
V,. to the volume 


V-=V..($)i <=«. 


for the [jurpose merely of lowering the actual heat, of the air without loss of heat ; 
and the engine must be made large enough to admit of this expansion, otherwise 
heat will be wasted. 

On the other hand, if the engine be provided with a perfect regenerator, any pair 
of curves of equal transmission passing through A and Jl will complete a diagram ol 
maximum efficiency. The property of a pair of these curves being, as shown in Pro- 
position IV., that the difference of their thermo-dynamic functions, 


AF^=j^r/V when Q is constant), 


is the same for every value of Q, it follows, that for a gas, according to the approxi- 
mate equation the property of a pair of curves of ecpial transmission is, that the 

volumes corresponding to the intersections of the two curves by the same isothermal 
curve, are in a ratio wdiieh is the same for every isothermal curve. Thus let V„, V* be 
such a pair of volumes, then this equation 


V„ 

V. 


V„ 

•v A 


( 3 ».) 
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defines a pair of curves of equal transmission. From this and from equation (31.), it 
follows, that for such u pair of curves 




P,.1V 


(34.) 


If one of the curves, or lines, of equal transmission is a straight line of equal 
volumes, that is, an ordinate Al) parallel to OY, then the other is an ordinate JMJ, 
parallel to OY also. Then AliCJD is the diagram of maximum efficiency for an air- 
engine with a perfect, regenerator, when the air traverses the regenerator without 
alteration of volume; and hy adopting this diagram, the additional expansion from 
V„ to V,. is dispensed with. 

It one of the curves, or lines, of equal transmission is a straight line of equal 
pressures Al) f parallel to OX, then the other also is a straight line of equal pressures 
IK The diaj ?ram thus formed, AliC , I)\ is suitable, when the air, as in Fricsson’s 
engine, has to traverse the regenerator without change of pressure. 

It must he observed, that no finite mass, or extent of conducting surface, will 
enable a regenerator to act with the ideal perfection assumed in Propositions X. and 
XI., and their corollaries. 

Owing to the want of a general investigation of the theory of the action of the 
regenerator based on true principles, those who have hitherto written respecting it 
have either exaggerated its advantages or unduly depreciated them. From this re- 
mark, however, must be excepted a calculation of the expenditure of heat in Captain 
Kkicsson’s engine, by Professor Barnard of the I’niversitv of Alabama*. 

(31.) ( idle rut Remarks on the pretet/i/i” Pro/nisitioas. 

The eleven preceding propositions, with their corollaries, are the geometrical re- 
presentation of the theory of the mutual transformation of heat and motive power, 
by means of the changes of volume of a homogeneous clastic substance which does 
not change its condition. All these propositions are virtually comprehended in the 
first two, of which, perhaps, the most simple enunciations arc the following 1 :• - 

I. 'I’lie mechanical equivalent of the heat absorbed or given out. by a substance in 
passing from one given state as to pressure and volume to another given state, through 
a series of states represented by the co-ordinates of a given curve on a diagram of 
energy, is represented by the area included between the given curve and two curves 
of no transmission of heat drawn from its extremities, and indefinitely prolonged in 
the direction representing increase of volume. 

II. If across any pair of curves of no transmission on a diagram of energy there 
be drawn any series of isothermal curves at intervals corresponding to equal differ- 
ences of actual heat, the series of quadrilateral areas thus cut oft trout the space be- 
tween the curves of no transmission will he all equal to each other. 

These two propositions are the necessary consequences of the definitions of iso- 


MDCCCLIV. 


* JSillinian’s Journal, September 1853. 
U 
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thermal curves and curves of no transmission on a diagram of energy, and arc the 
geometrical representation of the application to the particular ease of heat and ex- 
pansive power, of two axioms respecting Energy in the abstract, viz. — 

I. The sum of Energv in the l 'inverse is unalterable. 

II. The effect, in causing Transformation of Energy, of the whole quantity of 
Actual Energy present in a substance, is the sum of the effects of all its parts. 

The application of these Axioms to Ileat and Expansive Power virtually involves 
the following Definition of Expansive Heat : — 

Expansive Ilcat is a species of victual Energy, the presence of which in <t substance 
affects , and in general increases, its tendency to expand. 

And this definition, arrived at by induction from experiment and observation, is 
the foundation of the theory of the expansive action of heat. 


SEHI..ST IV.— OF TEMPERATURE, THE MECHANICAL HYPOTHESIS OF MOLECULAR YOU- 
TH i:s. AND THE NUMERICAL COMPUTATION OF THE EFFICIENCY OF Allt-ENHINHS. 

(Eg.) In order to apply the propositions of the preceding articles to existing sub- 
stances, besides experimental data sufficient for the determination, direct or indirect, 
of the isothermal curves and curves of no transmission, it. is necessary also to know 
the relation, for the substance in question, between the quantity of heat actually pre- 
sent in it under any circumstances, and its Temperature ; a quantity measured by the 
product of the pressure, volume, and specific gravity of a mass of perfect, gas, when 
in such a condition that it lias no tendency to communicate heat to, or to abstract 
heat from, the substance whose temperature is ascertained. 

The nature of the relation between heat and temperature has been discussed in 
investigation^ already published, as a consequence deductible from a hypothesis re- 
specting the molecular constitution of matter, with the aid of data supplied by the 
experiments of Messrs. Thomson and Joule and of M. Rkonault. Nevertheless it 
seems to me desirable to add here a few words respecting the grounds, independent 
of direct experiment, for adopting the hypothesis of molecular vortices as a probable 
conjecture, the extent to which, by the aid of this hypothesis, the results of expe- 
riment were anticipated, and its use, in conjunction with the results of cxpeiunent, 
a- a means of arriving at a knowledge of the true law of the relation between tem- 
peratures and total quantities of heat. 

To introduce a hypothesis into the theory of a class of phenomena, is to suppose that 
cla^s of phenomena to be, in some way not obvious to the senses, constituted of 
some other class of phenomena with whose laws we arc more familiar. In thus fra- 
ming a hypothesis, we arc guided by some analogy between the laws of the two classes 
of phenomena : we conclude, from this analogy of laws, that the phenomena them- 
selves are probably alike. This act of the mind is the converse of the process of 
ordinary physical reasoning; in which, perceiving that phenomena are alike, we 
conclude that their laws are analogous. The results, however, of the latter process 
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of reasoning may be certainly true, while those of the former can never be more 
than probable ; for how complete soever the analogy between the laws of two classes 
of phenomena may be, there will always remain a possibility of the phenomena 
themselves being unlike. A hypothesis, therefore, is incapable of absolute proof; 
but the agreement of its results with those of experiment may give it a high degree 
of probability. 

The laws of the transmission of radiant heat are analogous to those of the propaga- 
tion of a transverse oscillatory movement. The laws of thcrmometric heat are analo- 
gous to those of motion, inasmuch as both are convertible into mechanical effect ; 
ami motion, especially that of eddies in liquids and gases, is directly convertible into 
heat by friction. If, guided by these analogies, we assume as a probable hypothesis 
that heat consists in some kind of molecular motion, we must suppose that thermo- 
metric heat is such a molecular motion as will cause bodies to tend to expand ; that 
is to say, a motion productive of centrifugal force. Thus we are led to the hypo- 
thesis of Molecular Vortices. 

This hypothesis, besides the principles already enunciated, of the mutual trans- 
formation of heat and motive power in homogeneous substances, leads to the follow- 
ing special conclusion respecting the 

Kklation uktwkkn Tkm i’Kkatc he ami Actual IJkat: — 

l Then the temperature of a substance, as measured bp a perfect -gas thermometer , 
rises hi/ ei/nal increments , the actual heat, present in the substance rises also bp ei/aal 
increment v ; — 

a principle expressed symbolically by the equation 

Q=k(r— *), 

where Q is the actual heat in unity of weight of a substance, r its temperature, 
measured from the absolute zero of gaseous tension, z. the temperature of absolute 
cold, measured from the same point, and It the real specific heat of the substauce. 
expressed in terms of motive power*. 

The enunciation of this law was originally an anticipation of the results of ex- 
periment : for when it. appeared, no experimental data existed by which its soundness 
could be tested. 

Since then, however, one confirmation of this law has been afforded by the expe- 
riments of M. 1 Ikon ault, showing that the specific heat, of atmospheric air is sensibly 
constant, at all temperatures and at all densities throughout a very great range; and 
another, by the experiments of Messrs. Jori.u and Thomson referred to in Proposi- 
tion VI., on the thermic phenomena of gases rushing through small apertures, 
which not only verify the theoretical principle, but afford the means of computing 
approximately the position » of the point of absolute cold on the thermometric 
scale. 

* The hypothesis of M.w ku amounts to supposing that s— 0, or that the zero of gaseous tension coincides 
with the point of absolute eold. 
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According to this relation between temperature and heat, every isothermal curve 
on a diagram of energy is also a curve of equal temperature. The isothermal curve, 
for example, corresponding to a constant quantity of actual heat, Q, corresponds 
also to a constant absolute temperature, 

a , 

r — fc'+* (3C>.) 


The curve of absolute cold is that of the absolute temperature *. 

Any series of isothermal curves at intervals corresponding to equal differences of 
heat, correspond to a series of equidistant temperatures. 

Hence we deduce 

Proposition XII. — Theorem. Everything that has been predicated , in the proposi- 
tions of the preceding articles, if the mutual proportions of quantities of actual heat 
and their differences, may be predicated also of the mutual proportions of temperatures 
as mensural from the point of absolute cold, and their differences. 

'flic symbolical expression of this theorem is, that in all the equations of the pre- 
ceding sections, we may make the following substitutions : — 


(I, r, — x (A, 3, or rl)Q (A. 3, or it)r 

Q, T. — x’ (1 T — JC 


(:«» a.) 


This theorem is not, like those which have preceded it, the consequence of a set 
of definitions. It is a law known by induction from experiment, aided by a hypo- 
thesis or conjecture with the results of which those of experiment have been found 


to agree. 


It is true that the theorem itself might have been stated in the form of a definition 
of degrees of temperature ; but then induction from experiment would still have been 
required, to prove that temperature, as measured in the usual way, agrees with the 
definition. 

By substituting symbols according to the above theorem, and making 

P • Q —f- T j 

the general equation of the expansive action of heat is made to take the following 
form : — 

A.Y=A.II-jiMV=AQ + ^.S=U.Ar+A/ , .r+J’|(r-«)~-pJ.r/V, . (37.) 

which agrees with the equation deduced directly from the hypothesis of molecular 
vortices, if we admit that 

/.T=feN*(hyp. log r+;) 

c Wa.) 

and consequently < / ,, .T=feN. Q.— . . 

The differential form of equation (37.) is 

r/.Y=r/.II-PrfV=r/Q + f/.S=K v rfr+|(r-*)^-P|</V, . . . (38.) 


(37 a.) 


(38.) 
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where K v =ft4/.r+(r— .«/V. 

«/ 

The expression for the Thermo-dynamic function denoted by F takes the form 


p 4#* + ;f; 


™ dv . 

dr‘ ay ’ 


( 39 .) 


but a more convenient thermo-dynamic function, bearing 1 the same relation to tem- 
perature as reckoned from the point of absolute cold, which the function F does to 
actual heat, is formed by multiplying the latter by the real specific heat ft, thus : — 

O = ft F = | k r 4 ^* * dr +\ '^UV , (40.) 

which, being introduced into the general equation, transforms it. to 

A.Y=t(T— *)</<!> — \P<W (40 a.) 

« • 

(33.) Of the \ it merit'd/ (.’ompntdtion of the Efficiency of Air- Engines, with or with- 
out a perfect llopeiicrator. 

The relation between temperature and heat being known, the preceding proposi- 
tions can be applied to determine the efficiency, and other circumstances relative to the 
working of Thermodynamic engines. To exemplify this application of the theory, let 
the substance working the engine he atmospheric air, and let the real indicator-diagram 
he such as to dcvelope the maximum ellicieney between two given absolute tempera- 
tures t, and t„ being a quadrilateral, as in fig. 19, of which two sides are portions 
of the isothermal curves of those temperatures, and the other two, portions of a pair 
of curves of equal transmission, of such a form as may be best suited to the easy 
working of the engine. Should these, curves In* curves of no transmission, a regenerator 
may be dispensed with. In every other ease a regenerator is necessary, to prevent 
waste of heat ; and for the present its action will be assumed to be perfect, as the 
loss which occurs from its imperfect action cannot be ascertained except by direct 
experiment. 

In this investigation it is unnecessary to use formula' of minute accuracy; and for 
practical purposes, those will be found sufficient which treat air as a perfect gas, 
whose thermometric zero of pressure coincides with the point of absolute cold, viz.- - 

• 272 ‘ i Ceutigrade, orl . . 

y below melting ice ;* 

1 90 ° 2 Fahrenheit, J 


* This estimate of the position of the point of absolute cold is to ho considered as merely approximate, 
recent experiments and calculations having shown that it may possibly he too high by about 1 i' Centigrade. 
It is, however, sufficiently correct for all practical purposes. — \V. J. M. It., June 1 834. 
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whose real specific heat is equal to its specific heat, at constant volume, being; 

("23-1 *0 feet of fall per Centigrade degree, or 

.. ■ km I 

' \l3(V3 feet of fall per degree of Fahrenheit ; 

whose specific heat at constant pressure (as determined by M. Ukcnault) is 0238 X 
the specific heat of liquid water, or 

j ;*:>0*S feet of fall per Centigrade degree, or 
1 1 183 8 feet of fall per degree of Fahrenheit : 

the ratio of these two quantities being 


Y - = I -fN= Pll. 
lvv 1 

as calculated from the velocity of sound. 

The volume occupied by an avoirdupois pound of air, at the temperature of melting 
ice, under the pressure of one pound on the square foot, as calculated from the ex- 
periments of M. Ukoxai lt, is 

I* U Y,.=20214'4 cubic feet. 

This represents also the length in feet of a column of air of uniform density amt 
sectional area, whose weight is equal to its elastic pressure on the area of its section 
at the temperature of melting ice. 

It will be found convenient, in expressing the temperature, .as measured from tin 
point of absolute cold, to make the following substitution: — 


■*=T+T. 


( ll.j 


where T represents the temperature as measured on the ordinary scale from the tem- 
perature of melting ice, and T,, the height of the temperature of melting ice above 
the point of absolute eold. as already stated. 


Then we have 


p V 

Nil — *.y- . 
1 0 


4 I A.) 


According to these data, the equation of the isothermal curve of air for any tem- 
perature T i- 

fv=i» 0 \' ( , =mut+t 0 ) fc>.) 

I u 

The thcrmo-dvuamic functions are — 


tor quantities of actual beat. 


P = hyp. log Q-f-N hyp. log V ; 


for temperatures, <l>— J|F-f-eonstaut==K v {hyp. log (T+T„) + N hyp. log V} l, (.p> A ) 

= K v hyp. log (T+T„) -f hyp. log V ; J 
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consequently the equation of any curve of no transmission is 

<[>= constant ; otherwise 


(T+T.).V" 


= constant ; otherwise ~) 

=const. ; or P.V ,+N =const. ; or t 


(T-fTJ.P > ' N = constant ; 


N 


. . . . (43.) 


in which N = 0'41, l+N=l‘‘ll, j-^-^=0“2008. 

The lnaximuin possible efficiency between any two temperatures T, and T, is given 

bv the universal formula, 

• * 

K IT,— 11 3 T, — T, 


H, 


II, 


1 

l l"t A 0 


(44.) 


The latent heat, of expansion of unity of weight of air at a given constant tempera- 
ture T,, from the volume V A to the volume V,„ is sensibly equivalent simply to the 
expansive power developed, being given by the following formula 

V. ^ 


U 1 =(T I -}-T 11 ) .(d> H -~d> A )= p,V„. - .hyp. log 1W. 


. . (15.) 


i jet \„ and X,, be the volumes corresponding to the points at which any isothermal 
curve intersects a given pair of curves of no transmission, or of equal transmission ; 
then thy ratio of these volumes, 

V* 

v ’ 


(46.) 


l- iir. 1!> \ 


-A 

/ 


is constant, for every such pair of points on the given pair of curves ; because the dif- 
ference of the thermo-dynamic functions, which is proportional to the logarithm of 
this ratio, is constant. 

lienee, if in tig. I‘t a, two isothermal curves, 

T/r„ T,T,, be the upper and lower boundaries of 'f 
an indicator-diagram of maximum energy for an 
air-engine, Awl) an arbitrary curve bounding the 
diagram at one side, and 1) the other limit of t. 
the expansion at the higher temperature; the 
fourth boundary, being a curve of equal trails- j 
mission to Awl), may be described by this con- 
struction ; draw any isothermal curve ft cutting » 

A«D in «, and make 

V A : V B : :Y„: V*. • ■ 

then will h be a point in the curve sought, 1MC. 




S • -t 

' -To 


( 17 .) 
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Suppose, for example, that the form assumed for AaD is a hyperbola, concave 
towards OY, and having the following equation, — 


» “ 

1 ■« — .3_V » 


(47 a.) 


.. Y« 


in which « and ^ are two arbitrary constants; and let the ratio y-—r. 

Then must the curve I IbC be another hyperbola concave towards OY, having for 
its equation 


(47 n.) 


The total expenditure of heat, per pound of air per stroke, in a perfect air-engine, 
is the latent heat of expansion from V A to V„, given by equation ( to.). 

The heat to be abstracted by refrigeration is the latent h»*at of compression from 
V,. to V„ ; and is found by substituting - in the same equation, the lower temperature 
T.> for the higher temperature T,. 

The indicated work, per pound of air per stroke, being the difference between those 
two quantities, is found by multiplying the range of temperature by the difference of 
the thermo-dynamic functions for the curves Al), IK', or by multiplying the latent 
heat of expansion by the efficiency, and has the following value : — 

E = 1 1 , — I L = (T, — T„) . ( — <I> v ) = 1\, V„ . — ^ - . h vp. log y'-‘. . . . (is.) 

'1’hc heat alternately stored up and given out by the regenerator (supposing it to 
work perfectly) i-* to be computed as follows. Let the arbitrary manner in which 
volume is made to vary with temperature, on either of the curves Dt/A, (7di, be ex 
pressed bv an equation 

V=¥.T, 

then the thenno-dvnamic function <I> takes the form 


«I>=K V hyp. log (T-fT 0 0 hvp. log T.T ; 

1 0 

and the total heat stored up and given out, per pound of air per stroke, is 


j* L d «l> p v W T 

\ (T+T.) (/T </T= K V (T, -T.) + ,p| 1 — <rr. 


0 


. . . (4i>.) 


For example, if, as before. 


p 


be the equation of the curve 1>A, then 


V -~T + T 0 | 


/3(T + T 0 ) 

T °( 1+ foV 
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and the heat stored up, per pound of air per stroke, is 

T.+T/l+pY) 

K v (T,-T ! )+a.hy|).lo K - (49 a.) 

h+ T < 1+ P^)| 

(33 a.) A” umcrical Exam pies. 

To illustrate the use of these formula.*, let us take the following 1 example: — 
Temperature of receiving heat, T,=343°’3 Centigrade. 

T,+T 0 =615 o *8 Centigrade. 

Temperature of emitting heat, T a = 35°*4 Centigrade. 

T s +T,= 307 o# y Centigrade. 

Ratio of Effective Expansion, y"=^- = j,* =p^=’ f ;. 

From these data are computed the following results: — 

Maximum Efficiency, — 

30/ '*9 l 

* Ul-Y'-S - *2* 

Heat expended, or latent heat of expansion, — 

11, = x x hyp. log ?, = - 1020 foot-pounds per pound of working air per st roke. 


Heat ahslracted hv refrigeration, — 

11.= P m Y» x X hyp. log’j= 1*2010 foot-pounds per pound of working air per stroke. 
Work performed,-- - 

11. — 1I..= 1*A „X;i-l.r X hyp. log ‘,=r 12010 foot-pounds per pound of working air per 

- 4 - J * * “ 

"Iroke. 

To exemplify the computation of the heat stored by a perfect regenerator, let it he 
supposed, in the first place, that the indicator-diagram resembles ARC'D' in fig. ID. 
where the curves of equal transmission are represented by a pair of lines of constant 
pressure. Then the heat to be stored is 

Kj,(T,— T y )==J0i,Ht>0 foot-pounds per pound of working air per stroke. 

Secondly, let the diagram resemble A11CD in fig. ID, where the curves of equal 
transmission are represented by a pair of lines of constant volume. Then the heat 
to be stored is 

K V (T,—T a ) = 7*2,1*33 foot-pounds per pound of working air per stroke. 

Thirdly, let the curves of equal transmission, as in a recent example, be hyperbolas, 
concave towards OY, and let the arbitrary constant a have the following value, — 

a =1> 0 V 0 = 26*2 14-4 foot-pounds ; 


MDCCCL1V. 


X 
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thou the heat to he stored, according to equation ( lit a.), is 

s s s • .■$ 

x hyp. loir ;vso-i =Jr “'- :,:, + 1 1* 1 "' 

foot-pounds per pound of working air per stroke. 

The large proportions borne by these tpiantities to the whole heat expended, show 
the importance of efficient action in the regenerator to economy of fuel. The quan- 
tity of heat to be stored, however, becomes smaller, as the curves of equal transmis- 
sion approach those of no transmission, for which it is null. The additional expan- 
sion requisite in this last case is found by the following* computation, - 


_y.. r,\i 

\ ii Ya v'l , i T„j — ’ 


the result of which shows the great additional bulk of engine required, in order to 
obtain the maximum elliciency without a regenerator. 

Supposing one pound of coal. b\ its combustion, to be capable of communicating 
heat to the air working in an engine corresponding with the above example, to an 
amount equivalent to 

O.oou.tMM) foot-pounds 

an amount which would evaporate about 7 lbs. of water), the maximum theoretical 
duty of one pound of such coal in such an engine, without waste of heat or power- 
would be 

.’{.non, out) foot-pounds, 

corresponding to 

.1.01,0.000 , . . , . . ... ... . . a 

=*J lt> strokes ot a pound ot working air. with the ellcetive expansion 

The deductions to he made from this result in practice must of course he deter- 
mined by expei ieuce. 


MT'A V. PKOl’OSmoNS KKLAIIVK TO A 1 1 KTKUOGKNKOI '6 MASS. OR AOORKtJATK 

i;>Ci:< (AI.I.V IN V.mil R KNTiINKS. 

:i I . I The I Ieterogcueous Ma-s to which tin* present investigation refers, is to he 
ui, In Mood to mean an Aggregate of portions of different ingredients, in which each 
iiurredient oeeupirs a space, or a number of spaces, of sensible magnitude. 

The re'iilts arrived at are not applicable to mixtures in which there is a complete 
mutual diflic-ion of the molecules of the ingredients, so that, every spare of appre- 
ciable magnitude contains every ingredient in a fixed proportion. A mixture of this 
kind, wbeii the. relations between its pressure, volume, beat, and temperature arc 
known, may be treated, so far as regards the expansive action of beat, as a homo- 
geneous substance. 

The ingredients of an aggregate are heterogeneous with respect to the expansive 
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action of heat, when either their specific heats, or their volumes for unity of weight 
at. a given pressure and temperature, or both these classes of quantities, arc different. 

Hence a portion of a liquid, and a portion of its vapour, enclosed in the same 
vessel, though chemically identical and mutually transformable, are heterogeneous, 
and are to he treated as an aggregate, with respect to the expansive action of heat. 

M. Clausius and Professor William Thomson have applied their formula' to the 
aggregate composed of a liquid and its vapour, and have pointed out certain relations 
which must exist between the pressure and density of a liquid and its vapour, ifnd 
the latent heat of evaporation. 

I shall now apply the geometrical method of this paper to the theory of the ex- 
pansive action of beat in an aggregate, especially that consisting of a liquid and its 
vapour. The total volumes ate, for the present, supposed not to be large enough to 
exhibit any appreciable differences of pressure due to gravitation. 

(JJ5.) Proposition XIII. — Tiikoukm. In an aggregate in equilibria, the pressure of 
each ingredient must he the same ; and the quantity of heat in unit// of weight of eueh 
ingredient must he inrerse/i / proportional to its real speeijie heat : l hut is to sup, the 
temperature must he equal. 

The following is the symbolical expression of this theorem, with certain conclusions 
to which it leads. 

I -ft r — -a be the common temperature of the ingredients, as measured from the 
point of absolute cold ; 

P their common pressure , 

n., u,. //,, iSLC. their proportions by weight, in unity of weight of the aggregate ; 

/■., /•,, /■., ive. the respective volumes of unity of weight of the several ingredients; 

V the volume of unity of weight, of the aggregate ; 

//,, y.,, 7 .. »^e. the respective quantities of actual heat in unity of weight of the 
several ingredients : 

It,, n . U ; . ^e. their respective real specific i.'*ats ; 

Q the quantity of heat in unity of weigh* of the aggregate ; 

( I> a I heroin-dynamic function for the aggregate. 

Then these quantities are connected by the ldllowing equations : — 


;./i=l. 


V—^.nr 


(AO.) 

(hid 


Vi V> Vi ^ 

i, -b -k 


Q = 2.#/r/= (r— *).2.//Ii. 


(h 2 .) 


(hd.) 


<M.) 

a 1 


It is evident that all these equations hold whether the proportions of the ingre- 
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dients &c. are constant, as in an abrogate of chemically distinct substances, or 
variable, as in the aggregate of a liquid and its vapour. 

Let Ml be the heat which disappears in consequence of a small expansion of the 
aggregate at constant temperature represented by 

&V=2\&«, (55.) 

hi representing any one of the parts arising from the changes undergone by the dif- 
fcicnt ingredients, of which the whole expansion of the aggregate, SV, is made up. 
Then 

MI = ^|(r— x)'2 .MiJ ; (Mi., 

hut the pressure P is the same for every ingredient, as well as the temperature; theie- 

,/p . 

fore the factor (r—x) - /t is the same tor every ingredient, and consequently for the 
whole aggregate; that is to say, 

,/p 

Ml = fr — K ) ,fj -&V = (r — *)SO <57. : 

This etjuation shows, that the relation of temperature to the mutual transformation 
of hear and expansive power is the same in an aggregate as in a homogeneous 
substance. 

Consequently, if we define Isothermal Carres for an Aggregate to be Carres of 
Constant Temperatare, we arrive at the following conclusion - 

Proposition XIV. — Thkokkm. Isothermal rarres on the diagram of energy of an 
.Iggregate. hare the same properties , with referenve to the mataal transformation of 
Heat and E cpansice Powtr. with those on the diagram of energy of a homogeneous 
substance. 

It is unnecessary to enunciate separately a similar proposition for curves of no 
transmission : for the demonstration of Proposition I., on which all their properties 
depend, is evidently applicable to an aggregate constituted in any manner. 

Hence it appears, that if the isothermal curves for an aggregate be drawn accord- 
ing: to the above definition, all the propositions proved in this paper respecting homo- 
geneous substances become, true of the aggregate. 

CMi.) Proposition XV. — Tiikorkm. Erery Isothermal line for an aggregate of a 
liquid aial its vaponr, is a straight line of e<ptal pressure, from the. volume corresponding 
to complete liquefaction to the ndame corresponding to complete evaporation. 

This is a fact known by experiment. The Theorem is equivalent to a statement, 
that the pressure of a liquid and its vapour in contact with eaeh other, is a Inaction 
of the temperature only. 

Corollary.— -Tiikorkm. . -It any given temperatare , the volume oj an aggregate of 
liquid and vapour is arbitrary between and up to the limits oj total liquefaction and 
total evaporation. 

To express this symbolically, let P be the pressure of an aggregate of liquid and 
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vapour corresponding to the absolute temperature r ; and, unity of weight being tin- 
quantity of the aggregate under consideration, let v be the volume corresponding to 
complete liquefaction, v' that corresponding to complete evaporation, and V the actual 
volume at any time; let n be the proportion of liquid, and I — n that of vapour, cor- 
responding to the aggregate volume V ; then 

V=jtH-(l— n)v', 

and V may have any value not less than v nor greater than v while P and r remain 
constant; the proportion of liquid, n, being regulated according to the foregoing 
equation. 

(37.) Proposition XVI. — Proiilkm. The density of a liquid and of its vapour, when 
in contact at a given temperature , being given, and the isothermal lines of the aggregate ; 
it is required to determine the latent heat of evaporation of unity of weight oj the fluid. 

(Solution ) The densities of the liquid and of its vapour, arc respectively the re- 
ciprocals of the volumes of total liquefaction and total evaporation of unity of weight, 
above-mentioned. In fig. 20, let the abscissa; ()v, Or' represent these volumes, and 
the equal ordinates, rA, e'11, the pressure corresponding to the given temperature: 

Fig. 20 

v 


so that All parallel to OX is the isothermal line of the aggregate for that tempera- 
ture. Suppose two curves of no transmi*>sion, AM, I1N, to be drawn from A and II 
respectively, and indefinitely prolonged towards X ; then the indefinitely-prolonged 
area MAUN represents the mechanical equivalent of the latent heat sought ; and 
this area is to be computed in the following manner. Draw a second isothermal 
line ab indefinitely near to All, at an interval corresponding to the indcfinitcly-smuli 
difference of temperature dr \ then, ultimately, 

<lr : r — x. : : area A I \ha : area MAI1N : 

or. symbolically. 


L=lalcnt heat of evaporation = (r — x.) , (r — r). 


(.VA) 


This is simply the application of Propositions 1. and II. to tin* aggregate of a liquid 
and its vapour, mufulis mutandis. 
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i I{(»tarf>s .) — The existence of ;i necessary relation between the density, pressure, 
ami temperature of a vapour ami its liquid in contact, and the latent heat of evapo- 
ration. was fust shown by ( 'a knot. If for r— * in the preceding equation be substi- 
tuted. according to Professor Thomson's notation, ,1 being Joi lk’s equivalent” 
^ f*' 

ami a " Caisnoi’s function,” the equation is transformed into that deduced by Messrs. 

( i.ai "irs ami Thomson from the combination of C a knot's theory with the law of the 

* 

mechanical convertibility of heat. 

■ :>S.) ('orollm i /. — The volume occupied by unity of weight of vapour at saturation 
max be computed from its latent heat ot evaporation by means of the inverse for- 
mula. — 

*'-«•= L ,/p; («<».) 


thi latent heal, 1 .. being of course always stated in units of motive power. 

Ti e want of satisfactory experiments on the density of vapours of any kind, has 
hifhcito prevented the use of the direct formula (.'»!>.). 

It is otherwise, however, with the inverse formula (GO.), at all events in the case of 
si: -oil : for, so far as we are yet able to judge, the experiments of M. Rkunaii.t have 
• letci mined the latent heat of evaporation of water with accuracy throughout a long 
; .01 gc of temperature. 

M. ( i.u’sits, applying to those experimental data a formula founded on the suppo- 
sition of Max kii (that is to say. similar to the above, with the exception that r. is 
supposod = Oj, h;is calculated the densities of steam at certain temperatures, so as to 
•how how much they exceed the densities calculated from the pressures and tempe- 
ratuu-s. on the supposition tluit steam is a perfect gas. From these calculations he 
concludes, that either the supposition of Mavkr is erroneous, or steam deviates very 
much, at high densities, from the condition of a perfect gas. 

In the following table, the value of k is supposed to be 2°*1 Centigrade; and use 
has been made of the formula for calculating the pressure of steam and other vapours 
it saturation, first published in the Kdinburgh New Philosophical Journal for July 
is »!). viz. — 

i. ^ y /.. > , 


log I*=«- 


( 01 .) 


This table exhibits, side by side, the volume in cubic feet occupied by one pound 
avoirdupois of steam, at every twentieth Centigrade degree from — 20° to +200" 
(that is. from — 1 to + .‘»00° Fahrenheit): — first, as extracted from a table for com- 
puting the power of steam-engines, in the Transactions of the Royal Society of Kdin- 
burgh, vol. xx.. which was calculated on the supposition that steam is a perfect gas; 
and secondly, as computed by equation (GO.) from the latent heat of steam as deter- 
mined by M. Rkonacct. The excess of the former quantity above the latter is also 
given in each ease, with its ratio to the second value of the volume. 
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For convenience’ sake, a column is added containing the pressures of steam ennr- 
sponding to the temperatures in the table, in pounds per square foot. 

Table of Computed Volumes of 1 lb. avoirdupois of Steam. 


Tempi! 

Kalircnheil. 

raturc. 

( 'rutigrade. 

i 

i 

Volume supposed Vol'iim: computed 
a I*i rfeet from Latent Jleat. 

i 

Difference. 

Katin of fliilVr- 
riitjr li> lesser 
\alup of mlninc. 

Press tire. 

1 )<’R. 

i 

Cubic feet. 

1 Cubic feet. 

Tuliic feet. 


Hi. per Mpi.u. 1 ftuit. 

— 4 

—go 

13737 

| ir,7is 

:*!) 

0-00 2.1 , 

‘2-i7t)y 

t-:tg 

0 


3377*2 

13-2 

o-ooiy 

i-m:m 

6m 

+ 20 

ytttrsl 

1 y:w-.»o 

2-31 

0-00J.I 

4s-gi;.-, 

104 

•10 

:ii4-ss 

313-.HI 

1-32 

0-00 4 2 

loii-.’U 

140 

lio 


| ]22-tf3 

1-02 

0-00H.4 1 


i 

so 

ihVOa 

i .it-ty 

o-Mi 

o-o i .is 

yss-r,; 

t>l L> 

100 

27-1 on 

2(1-17* 

(WJsS 

0-0 2(3(1 ' 

Jl 1 h-4 

L >\X 

1 JO 

i +.)«><; 

i 1 1-07*3 

o-.uo ; 

0-U3<iy j 

414JK1 

js 1 

140 

H 120 

s-001 

0-410 j 

0-11.102 

7337*0 

;j jo 

UU) 

•vi : tH 

4-s:;s 

O-.l >0 l 

O-OCCl 

i ”>:« i 

:w>i) 

1st) 

„>f> 

;;-»7i ; 

o-j;>:» j 

0-»s;m 

Joy 71) 

:i«i > 

JOO I 

' j-mi 

2-033 i 

o- jns ; 

<1-10 23 

„v» l * 

us 

UO i 

]•."»! is 

] •:$.<**; 

o-l 7 j 

<)• 1 23 2 

lsU3 

Kit 

J 10 

i • i ;n 

o-yyo 1 

0-1 44 ! 

< 1-1 4 

0‘pisO 

r»oo 

Ji>0 : 

0-S4J4 

0-7-*2 

o-ui j 

o- 1 1 : 71 ; 

!>7J73 

< 'oh ( 1 .) 

[J.) 

(+> 

(4.) 


(<..) 

(7-) 


The fourth column of this table could easily be extended and filled ::p. so as to 
replace? (hi 1 column of volumes of steam for every liftli (.Vnligr-ldc derive in the table 
previously published ; but it would be unadvisable to do so at present, for the follow - 
iny reasons: - 

I'irst , the value of the constant, k is still uncertain*. 

Secondly, the results of ,\f. Ukon.uji.t's direct experiments, outlie density of strum 
and other vapours, may soon lx? expected to appear. 

Thirdly, it is possible that the values of the latent heal o! e\ aporation of water, as 
deduced from M. 11 ki.nai’i.t’s experiments. may still have to n.id.-rgo some i orreetion ; 
because, according to the theoretical definition of the latent bed of e\uporati'>n, tin 
liquid is supposed to be under the pressure of an atmosphere ot its own vapour, whicn 
atmosphere, as it increases in bulk, performs work of .-unic kind, '-m-h as lifting .. 
piston; whereas, in M. llm;v\n;rs experiments, llte w.iler is pr * ^.-d by an atmo- 
sphere of mingled steam and air, whose united pressure is t!.af corresponding to tin 
temperature of internal ebullit ion of the water ; so that t he pres-. are of I he steam alone 
on the surface of the water, which regulates the superficial evaporation, may be h ss 
than the maximum pressure corresponding to the temporal are of ebullition : and this 
steam, moreover, has no mechanical work to perform except to propel itself alone 
the passage loading to the calorimeter, and to agitate the water in the hitter vesse. 
I'ndor these circumstances, it is possible, though by no means certain, that the latent 

* It probable that k mn\ hr fomul to be inappreciably ; in which ca-e, the number^ in column i 

will have to be diminished to an extent varying from x ^ l( th to ^ 0 1 li of their amount. 
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heat «f evaporation of water, as deduced from M. Kegnault's experiments, may be 
somewhat smaller than that which corresponds to the theoretical definition, especially 
at high pressures : and a doubt arises as to the precise applicability of the formula* 
(.'ill.) and (l>0.) to those experimental results, which cannot be solved except by direct 
experiments on the density of steam. 

Notwithstanding this doubt, however, the preceding table must be regarded as 
adding a reason to those already known, for believing that saturated steam of high 
density deviates considerably from the laws of the perfectly gaseous condition*. 

Proposition XVII. — Problem. The isothermal lines J'or a liquid and its 
vapour . and the apparent .specific heat of the liquid at all temperatures being given, and 
the eipan.sion of the liquid hq heat being treated as inappreciably small : — to determine 
a curve of no transmission for the aggregate, passing through a given point on the 
ordinate whose distance from the origin approximately represents the volume of the 
liquid. 

(Solution.) In fig. 21, let Or represent the volume of the liquid, assumed to be ap- 
proximately constant for all temperatures under consideration ; let rA be an ordinate 


Fig. 21. 



parallel to OY, anti let the heat consumed by the liquid in passing from the tempera- 
ture corresponding to any point on this ordinate to that corresponding to any other 
point, be known ; let the isothermal lines for the aggregate of liquid and vapour, all of 
which are straight lines of equal pressure parallel to OX, such as AT,, r/RT,, be known. 
Then to draw a curve of no transmission through any point A on the ordinate t/A, 
the *»ame process mu-t he followed as in Proposition VIII. 

To applv to this case the symbolical representation of Proposition VIII., viz. equa- 
tion (21.), let r, be the absolute temperature corresponding to the point A (that is, to 
the isothermal line AT,) ; r 2 that corresponding to any lower isothermal line i/HT, ; 
V„ the volume of the aggregate of liquid and vapour, corresponding to the point JJ 

* Evidence in favour of tlii.~ opinion is afforded by the experiments recorded by Mr. C. W. Siemens (Civil 
Engineer and Arc hitect’? Journal). A remarkable cause, however, of uncertainty in all such experiments, has 
ia'clv heen investigated liy Professor M aunts (Pooueniiorff’s Annalen, ISoU, No. 8). viz. a power which solid 
i, l, fl vc of condensing, by attraction on their surfaces, appreciable quantities of gufen. 



MR. MACQUORN KANKINE ON THERMO-DYNAMICS. 


IGl 


where the curve sought, AM, intersects the latter isothermal line ; K,. the apparent 
specific heat of the liquid ; — then making the proper substitutions of the symbols of 
temperature for those of heat, and observing that the operation 

f v W 

* V A 

is in this case equivalent to multiplication by V B — v, we have 


(/l* r T ' Kr 

A<I>= < -(V„-/,)(forr=r i )= -J^dr 


( 02 .) 


being an equation between two expressions for the difference between the thermo- 
dynamic functions for the curve AH, and for that which passes through a. 

If the specific heat of the liquid is approximately constant, this equation becomes 


if I * j* y 

A‘b= <k ( V„— r)(for r=r 2 ) = K L hyp. log r ‘ _ x (03. ) 

( 10.) Corollary . — Phohlk.m. 'J'hesame data bring given as in the preceding problem, 
and the expansion of the litj aid by brat nrgfrclcd , a mass of lit/ aid, baring brrn raised 
from the absolute temperature r. to the absolute temperature t,, is supposed to be allowed 
to erapnrafe partially , under pressure , without reeeiring or emitting heat , until its tem- 
perature falls again to r , at irhieh temperature it is fit/ne/ied under constant pressure 
by refrigeration : it is rct/uireil to find the power developed. 

'Solution.) The power developed is represented by the area of the three-tided dia- 
gram of energy in fig. ‘2 1 , Alb/ ; that is to say, bv 

J CD Mr » J f * ft- 


i“ r ‘ ,• '/l* , lY 7 ' K,. , 

( (\ x //r- !«»•) 

«. T_ « t. T , 

which, if K,. is nearly constant, becomes 

hyp. log T j I_ x .//r — K,.|(r, — k\ — (r._, — I + hyp. log |. . t0.">.) 

( 11 .) Xumerieaf K rumple. 

Let one pound avoirdupois of water be raised, in the liquid state, from T„=-|o J 
Centigrade. to T,= l-llf' Centigrade. Then 

t, — -f-T n — 1 10 ' -|- *27 - 1 = 1 1 - V’ ( entigrade. 

r,— *=T a +' 'J' n = 10 +272}, = 31 2 .f ( 'entigrade. 

The mean apparent specific heat of liquid water between those temperatures is 

K| = K W (or Joiilk’s equivalent.) x 1 000 = 1308 feet per (’entigrade degree ; 

consequently the heat expended is equivalent to 130,800 foot-pounds. 
mucccliv. v 
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The other numerical data are, — 

,/p 

at •Itv' Centigrade = S*207.‘» lbs. per square foot, per Centigrade degree; 

r = mean volume of 1 lh. of liquid water = 0*017 cultie foot, nearly. 

Let it be required to lind. in the first place, V B , the volume to which the water 
must he allowed to expand by partial evaporation under pressure, in order that its 
temperature may fall to 10 Centigrade ; and secondly, how much power will be de- 
veloped in all, after the water h; s been totally reliquehed by refrigeration at eonstant 
pressure, at the temperature of l:;\ 

First, by tin* equation (till.), 

,/p . «» i 

A‘I> = , (Y„ — r) = 1 .*t08 X hyp. log — 7 = H»2*<>21 ; 


r/P 


divide by =8*207*> : then Y„ — c= 49*03,/ cubic feet. 


add r — 0*01 7 


Aggregate volume of water and steam at -10°, V„ = 10*07- cubic feet. 

A» the volume of one pound of steam at 40° Centigrade, according to the fourth 
column of the table in article i.'lS.i. is Rl.*}*3(> cubic feet, it appears from this calcu- 
lation that somewhat less than one-sixth of the water will evaporate. 

Second h /, it appears, from equation (03.), that after the water has been restored to 
the liquid state by refrigeration at 10 Centigrade, the whole power developed, that 
iN to say. the area Alb/, will be 

1 :>l»s foot-pounds X J 1 12°*3 — 0 I2°*3^1 4-hyp. log i 


= laps ft. lb. x 10' Centigrade= 12,980 ft. lb., 

or one-tenth of the equivalent of the heat expended. The other nine-tenths eonstituH 
the heat abstracted during the rcliqucfaction at 40° Centigrade. 

This calculation further shows, that in order that one pound of water anil steam 
.it 1<> C. may be raised to 110 ’ C. solely by compressing it into the liquid state, it 
imiNt occupy at the commencement of the operation the volume V„= 19*072 cubic 
feet : and that the power expended in the compression will be as follows: — 

Koot -pounds. 

Area of the curvilinear triangle AHo, fig. 21, as already calculated 12, DM0 
Area of the rectangle //IiV l; /*=I\ (V„ — r)= 7,3-2 


Total 


21 ,f>02 


i' 12.) I’ltoeosrrioN XVII I. — Problem. flaring the same data as in the last, proposi- 
tion, if is rrgnired to draw a rarvr of no transmission through am/ point on the diagram 
of energy for the aggregate of a liquid and its vapour. 
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(Solution.) In fig. ‘22, through the given point B draw the straight isothermal line 
AH corresponding to the absolute temperature r„ and cutting the ordinate corre- 
sponding to the volume of total liquefaction in A. Through A, according to the last 
proposition, draw the curve of no transmission, AI)M. Let EDO he any other 
isothermal line, corresponding to the absolute temperature r. i} and cutting the curve 
AM in I). Draw isothermal lines ah, edc at indefinitely small distances from AH, 

Fig. -22. 


EDO respectively, corresponding to the same indefinitely small difference of tempe- 
rature or. Draw the ordinates V ,//]). V„4B ; then draw the ordinate Y,.c< • at such a 
distance from V,//l), that the indefinitely small rectangles DCiv/, All/w shall he equal. 
Then as the difference or is indefinitely diminished, ( ' approximates indefinitely to a 
point on the required curve of no t ransinissinn, HN. 

Tl i i s is Proposition III. applied to aggregates, malatis mutandis. 

The symbolical representation of this proposition is as follows : — let 1’, and IV be 
the pressures of the aggregate of liquid and vapour corresponding respectively to the 
temperatures r, and r. ; then the following expressions for the difference between the 
thermo-dynamic functions <1* of the curves aM. HN are equal. 

A‘i>— —’( V, — Y„) — // ?* 1 ( \' |; — /- ) (<>fo 


(Id.) ( 'ond/an/. ( . thsntutc Mai imam /ijjiiitmi/ of / d/mar- 1‘di^iars.) 

If the volume Y„ be that corresponding to complete evaporation at the tempera- 
ture r,. that is to say, if 

V. = #‘\ 

then the curve !U.\\ will represent the mode of expansion under pressure, of vapour 
ot saturation in working an engine, and will be defined by the equation 


''■V., 


/-'■) 


V t — V„= 
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If in this equation be substituted the value of v 1 — r in terms of the latent heat o( 
evaporation at tlie higher temperature, given by equation (GO.), it becomes 

L, 

w 2 

dr 


v, — v„=- 


tT,— *)•" 2 


(GS.) 


In this ease the diagram AIM'D, lig. 22, is evidently that of a vapour-engine work- 
ing with the absolute maximum of efficiency between the absolute temperatures r, 
and t... The heat expended at each single stroke, per unit of weight, of fluid, is the 
latent heat of evaporation at the higher temperature, or L, ; the area of the diagram 
is given by the following equation, 

K = ( r, — T, ) Ad>= r ‘ ~ Tj . L ( G<). ) 

T , X 


This is the mechanical power developed at each single stroke by a unit of weight 
of the substance employed. The efficiency is represented by 


K = T t -r 2 
L, r,-*’ 


( 70 ., 


being the expression for the maximum cflicicncy of thermo-dynamic engines in 
general. 

The conditions of obtaining this efficiency are the following : — 

First \ that the elevation of temperature from r. to r,, during the operation repre- 
sented by the curve DA on the diagram, shall be produced entirely by compression. 
The volume at which this heating hv compression must commence is given, according 
to Proposition XVII., by the following equation : — 


V„= c+ jp-. K,. hyp. log t ‘ 

iIt 


(71. > 


Snondh/ ; that the expansive working of the vapour shall be carried on until the 
temperature falls, by expansion alone, to its lower limit ; that is to say, until the 
volume reaches the following value, obtained by adding together equations (GH.) 
and ( 71 .) : — 

V, = M-j{r.{ K,. l >yi >- 1 «S '’I*+ Il !l‘.} 

fh 

(11.) A 'tuner itw l example. 

To exemplify this numerically, let the same data be employed as in article ( II.). 
the substance working being one pound avoirdupois of water. These data, with 
some additional data deduced from them, are given in the following table : — 
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At upper limit At lower limit 
of Actual Heat. 

Temperature in Centigrade Degrees : — 


Above melting ice (T) 

140° 

40° 

Above zero of gaseous tension (r) ... 

414*0 

314*0 

Above absolute cold (r — x) 

412*5 

312*5 

Pressure in pounds per square foot (1*) .... 

rr>57 

1 53*34 

„ „ per square inch 

52*5 

1 *0(55 

Initial Volume of saturated steam, \ n =.v\ — . 

8*004 eubie 

feet per pound. 

Latent Heat of Eraporalion : — 



In degrees, applied to one pound of liquid water 

509’*l Centigrade. 

In foot-pounds (L,) 

/ 0/ , 



From these data art; deduced the following results; — 

1 00 

Absolute Maximum Efficiency ; ---v = O’ 2-1 24. 


Dull/ of one pound of tea ter ; being the area 

of the; diagram AIJCl) 

f'o/ume at ivbie/i the compression must com- 
mence ; raieulated as in art. (11.) . . 

f'o/ume to ichic/i the Expansion must he car- 
ried ; ealeulated by equation . 

Hat in of E epansinn 


I71,IS ft. lb. 


V,> = Ilf I cubic feet per pound. 


V, = 258*1 eubie feet per pomul. 
V, •_>.'» si 


Vh s-ooi ' 


32*25. 


( 15.) Liquefaction of ! a pour In/ Expansion under Pressure. 

In tig. 2*2, let the abscissa* of the curve UFR indicate the volumes corresponding 
to complete evaporation at the pressures denoted by its ordinaUs. For most known 
fluids, a curve of no transmission ItCN, drawn from any point 11 of (be curve of com- 
plete evaporation in the direction of X, falls within that curve; so that by expansion 
of saturated vapour under pressure, a portion in most cases will be liquefied. 

To ascertain whether this will take place in any particular case, and to what extent, 
equation ((50.), which gives the volume of unity o! weight of saturated vapour at the 
temperature r.,, is to be compared with equation (7*2. )> which gives the volume at the 
same temperature of unity of weight of an aggregate of liquid and vapour, which has 
expanded under pressure from a state of complete evaporation at the temperature t . 
Tin* difference between the. volumes given by these equations is as follows (neglecting, 
as usual, the expansibility in the* liquid state) : — 
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That this quantity is almost always positive appears from the following eonsidcr- 
alions. The latent heat of evaporation I. is in general eapahie of being represented 
approximately l>v an expression of this form : 

L=ii — I>(t — x) (7-1.) 

i For water, n — J'MV' ('eiltigr. X K vv = 1.10(1,1-- ft. lb. ; &=0'(>{)f>x K u =t)(i.V77- ft. lb. 
per Centigrade degree.) 

lienee the seeond faetor in equation (7«h) is nearly equal to 


Now 


ffi'r,— t.I . , r,~x 

h * r,~. <'“•> 


t , — x r.— r., 


hvp. log ' - < ' \ 

Tnerefore the expression (7*»-) is positive s«> long as 

exceeds K,., the specific heat of the liquid. 


17.'* a.) 


For Water, this condition is fulfilled for all temperatures lower than .Vitt-V' Centi- 
yade (at which r_ — « = 7'.H> Centigrade) ; and there is reason to believe that it is 
fulfilled also for other tlnids at those temperatures at which their vapours can In* 
U'cd for any practical purpose. 

To determine the proportion of the fluid which is liquefied by a given expansion 
under pressure, we have the following formula, deduced from equation (aS ) : — 




(7<m 


As a numerical example, we may take the case of art. ( I t.), where saturated steam 
ul 1 Centigrade is supposed to be expanded under pressure until its temperature 
falls to K* Centigrade. The volume of one pound of water and steam at the end of 
the expansion has already been found to be 

V, =2.'>K‘l cubic feet. 

While, according to the table in article (Ii8.), the volume of a pound of steam at that 
temperature is 

cubic feet. 

Consequently the fraction liquefied by the expansion is 

_31.V5fi-2:iK-|_ 35-41. 

H — .l 1 -o n 1 (J A 1 4-5'l4~ ’ 1 / ' ■ 

This conclusion was arrived at contemporaneously and independently, by M. 
Clutsics and myself, about four years since. Its accuracy was subsequently called 
in question, cliiellyon flic ground of experiments, which show that, steam, after being 
expanded by being “ wire-drawn,” that is to say, by being allowed to escape through 
a narrow orifice, is super-heated, or at a higher temperature than that of liqncfuction 
at the reduced pressure. Soon afterwards, however, Professor William Thomson 
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proved that those experiments are not relevant against the conclusion in question, l»y 
showing the dilFerenee between tlic.//*rr expansion of an elastic fluid, in which all the 
power due to the expansion is expended in agitating the particles of the fluid, and is 
reconverted into heat, and the expansion of the same fluid under a pressure njual to 
its own elasticity, when the power developed is all communicated to external bodies, 
such, for example, as the piston of an engine. 

The free expansion of a vapour will be considered in the sequel. 

( Hi.) Efficiency of a a pour- Engine without healing by compression. 

The numerical example of article (4-t.) sufficiently illustrates the fact, that the strict 
fulfilment of the condition specified in article ( Hi.), as necessary to the attainment 
of the absolute maximum of efficiency of a vapour-engine, is impossible in practice. 

Let us consider, in the first place, the e fleet of dispensing with tin* process f).\. 
during which the fluid is supposed to have its high temperature restored solelv bv 
compression. 

Tnc effect of this modification is evidently, to add to the heat expended, that which 
is necessary to elevate the temperature of the liquid from r, to ami to add to tin 
power developed an amount represented by the area ADK. fig. 2*2. 

To express this symbolically, we have — 

'flic Latent I leaf, of Kv.qmration at r„ a> before . . L. 

flic additional heat expended ( K,, being the mean spe - 

ti/ic heut of the liquid between t, and t.) . . . K,fr,— t,i 

Total heat expended . L,-f-K.(-, — -.> *77 * 

Then for ll.e power developed, we have 

the area AIM'D. a-> in article Ho.), = T ‘ T .L 
he area ADK, a- in Article ( 10), equation 


• i' 


-~K, | (7. -x) — ( r — x) ^ ! 4-hyp. log* 1 

the sum of which quantities i* (he total power developed. 
The efficiency may be expressed in the following form : — 


17s. 


I 1 I * 1 ^ * 1 * 1 

-*'< ".'I'- I"? v -• J ' 

lq i k|^r, - - r 

■in conation which allows at once how far ihe rfliricnrv Tails .short of the absolute 
maximum. 

For a mimrriral example, thr samr data ma\ be taken as in articles (41.) and ( 1 l.j. 
Then the heat expended, per pound of steam, is thus made up:- - 

Latent lleat. of Kvaporation, as in art. ( i I. ) 70 7,1 l.V.Hi 

Heat required to raise the water 100" (’.. as in article, (11.) . 1 3!),S0O‘0O 

Total heat expended, per lb. of water 


Tower lieu b q u-d r, — t . 
I It at «‘\pciuii il r, x 


(7o. 


8 17,*j4fi*:»t> 
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'file power developed consists of, — 

Foot-pounds. 

The area AIM'D, as in article (M.) 171,484*75 

The area ADE, as in article (II.) 13,980*00 

Total power developed, per lb. of water . . 185,404*75 


Pd- • 1 s.>,4S l‘f 3 

Efficiency, • 


= 0*2189 
0*2424 


Absolute nmximnin efficiency, as in art. (44.) .... 0*2424 

Loss of efficiency by omitting the heating by compression 0*0235 

or about one-tenth part of the absolute maximum. 

(47.) Kfjicicnc}! of a / apour- Engine with incomplete expansion. 

It is in general impossible in practice to continue the expansion of the vapour down 
to the temperature of final liquefaction ; and from this cause a further loss of efficiency 
is incurred. 

Let it be supposed, for example, that while the pressure of evaporation I s , corresponds 
i o the line All in tig. 23, and the pressure of liquefaction. P„ to the line E1)C. the 

Fig. •_>:>. 


k 


pressure at which the expansion terminates, P„, corresponds to an intermediate line 
I ILL. Let cA, r,]i, as before, be the ordinates corresponding to complete liquefac- 
tion. and to complete evaporation, at the pressure P,. 

Draw, as before, the curves of no transmission AM, I1N, catting IILG in L and <». 
and hl)(.' in D and (J ; draw also the ordinate V, ; K(i, cutting KIM’ in K. 

Then the expansion terminates at the volume and AHGKE is the indicator- 
diagram of the engine. 

To find the power represented by this diagram, the area ALII is to be found as in 
article (40.), the area AHGL as in article (13.), and the rectangle IKilKE by mul- 
tiplying its breadth V, ; — v (found as in article ( 13.)) by its height HE, which is the 
excels of the pressure at the end of the expansion, P„, above the pressure of final lique- 
faction, P,. 
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Hence we Imve the following” formula for the indicated power developed, per unit 
of weight of fluid evaporated. 

l+hyp. log . 

+ ( 1 ’<- P »)i i {r 1 '-i+ Ki - h > , P- lo R^-x}- • • • 

f/r 

'Fhc heat expended is of course L,-f- K l (t, — x,). 

To illustrate this numerically, let the fluid he water; let the temperature of 
evaporation he H0° Centigrade, and that of liquefaction 10°, as in the previous 
examples; and let the expansion terminate when the pressure has fallen to 100' 
Centigrade. 

The numerical data in this ease arc the following 

l. ->. 3. 

During tli* At the uul During tin* 


Temperature in Centigrade degrees 

evaporation. 

nf tin- expansion. 

final lic|\n f;u tiuu 

Above melting ice 

1 10 

100 

10 

Above zero of gaseous tension, x= 

111*6 

4/1 ”6 

4 no 

Above absolute cold, x — x . 

1125 

372-.1 

4 1 2”5 

Pressure , in lb. per square foot, 1*= 

r- — 

/^/ 

2116- 1 

1 54-41 

Pressure, in lb. per square inch . 

52-5 

l l”7 

i -or.:. 

,/P . 

! t in lb. per sq. toot per ( ’entigr. deg. . 

2i l- Hi 

7S-6 17 

8-2075 

Initial I'olume of steam in cubic feet per lb. 

8001 




Latent Heat of Evaporation , L,, in foot- 
pounds per pound of steam 707.-1 15\”i0 

'Fatal heat expended . in loot-pounds per li- 
of steam 

Mean speeifie heat oj tii/niil water 

Between 10" and 1 to C. 1.498 feet of fall. 

Between 100 ami 110 C. . . . I 100 feet of fall. 

Applying equation (SO.) to these data, we obtain the following results • 

Foot-pounds. 


Area ALII 2,8 IS 

Area ABGL 68,001 


Area 1IGKK = (I* 2 — 1*,) . (V, : — r) = 1964 lbs. per square 

foot X 2 1'iiH cubic feet = 18,250 

Total power developed by 1 lb. of water evaporated 1 19,669 


E=area ABGKE= K r , j (r, — *) — (r 2 — ^ 



MOCCCLIV. 


/. 



170 


MU. MArgrOUN ii.wkink on thermo-dynamics. 


l'\)Ot-[)OUIl(lti . 

J’dheiencv = w . =0*1-113 

Kffieieney com [Milt'd in I ho last article ()’*JIS9 

l)iirm’iu'c= loss of Klliciency by incomplete expansion . 0*0770 

Ratio of Kxpansion ' =”.* (M)1 =:V07 nearly. 

If the power of the sinie engine he now computed by the tabh s and formula’ pub- 
lished in the ‘JOtli volume of the Transactions of the Koval Society of Kdinburgh, 
which were calculated on the supposition that steam is sensibly a perfect gas, the 
following result'' arc obtained: — 


■Jt-fio 


Ratio of expansion. s ~ l>lo =!2M>:2 I =.v in tables. 


l’<)ot-|)inni<!s 

ti3.r»33 


” Action at full pressure ’ ( l*,V, in tables) (i3.(>33 

■* ( 'ocllieient of < Jross Action " {'/ in tables) for the ex- 
pansion ‘J'O'Jl I *0S 

tiro**** Action (R.YjZi 12."».0!K» ft. lb. 

Deduct for back-pressure of liquefaction P X,.— I .*»:»-:! I x - 1 *<» . 3,77- lb lb. 

Power developed per pound of steam . I*J2.U‘JI ft. lb. 

1’his result is too hirer by about one forty-seventh part; a ditl'erence to be ascribed 
ehietly to the error of treating steam as a perfect gas. This difference, however, is not 
of material consequence in computing theoretically the power of a steam-engine, 
being less than the amount of error usually to be expected in such calculations. 

< IS.) My object in entering thus minutely into the theory of the efficiency of vapour 
engines is, not so much to provide new formula* for practical use, as to illustrate the 
details of the mechanical action of heat under varied and complicated circumstances, 
and to show with precision the nature and influence of the circumstances which 
prevent the production, by steam-engines, of the absolute maximum of efficiency 
I'orresponding to the temperatures between which they work. 

To illustrate the results of these calculations with respect, to the consumption of 
coal, let it be assumed, as in article (.*>3.), that each pound of coal consumed in the 
lurnact* communicates to the water, or air, or other elastic substance which performs 
the work, an amount of heat equivalent to 0, (>00,000 foot-pounds, which corresponds 
to a power of evaporating, in round numbers, about seven times its weight of 
water. Then the following calculation shows the theoretical indicated duty of one 
pound of such coal, when the limits of working temperature are 110° and -10° Centi- 
grade, at the absolute maximum of theoretical efficiency, and at the reduced efficiency 
computed in the preceding article, on the supposition that the expansive working 
eease> at the atmospheric pressure. 



MR. MACQUOIIN HANK INK ON Til K KM 0-l)Y N AM ICS. 


171 


Kflirieury. 


Ilfffct jwr pound of coal 
in foot-pounds. 


Absolute Thmrvtical Mu. rim mn, being tin* snmc for every! 
perfect. Thermo-dynamic Engine working between the.*! 
i* . .... 140 -40 , 


same limits of temperature, 


Dwhttfio/ts : — I 

l or raising flu: temperature of the feed-water from 40 j 

to 140 (Yntigrade 0 a 0235 

I'or stopping the expansive working at. .‘W)7 times the: \ 

initial volume instead of ‘12 times <)‘077t> 


0-2424 1,454,400 


141,000 


< 1-1 01 1 


4<i.*Ui00 


Reduced Elliejencv and KHeet j 0*14 1 


fioft.bno 


S17.S00 


The last of these quantities corresponds to a consumption of about g*:M lbs. of coal 
per indicated horse-power per hour. 

The conditions of the preceding- investigation arc very nearly fulfilled in steam- 
engines with valves and steam-passages so large, and a velocity of piston so mode- 
rate. that the pressure in the cylinder during- the admission of the steam is nearly the 
same with that in the boiler. 

In many steam-engines, however, t lie steam is more or li-s> "wire-drawn”; that is 
to say, il has to rush through the passages with a veloeifv, to produee which there is 
required a consult rahle excess of pressure in the boiler above that in the cylinder. 
The power developed during the expansion of the steam from the pressure in the 
boiler tf» that in tin* cylinder is not altogether lo»f ; for, as already stated in article 
it is expended in agitating the particles of the steam, and is ultimately eon ■ 
verted into heat by friction. s,» that the steam begins its action on tin* piston in a 
super heated state; and both its initial pressure and its expansive action are greater 
than those of steam of saturation of the same density. Tim numerical relations of 
the temperature, pressure, and density of supei heated steam are not yet known with 
sufficient precision to constitute the groundwork, of a system of exact formula* rep re 
sentiug its action. Some general theorems, however, will lx* proved in the sequel, 
respecting super-heated vapours, which may he found useful when the necessary ex 
pcrimcntal data have, been obtained. 

Calculation and experiment concur to prove, that in ('oruisli single-acting engines, 
tlx* initial pressure of the steam in tlx* cylinders i* very much less than the maximum 
pressure in the boilers ; generally, indeed, less than one-half*. It. is doubtful, how- 
ever, whether this arises altogether from wire-drawing in the steam-passages and 
valves ; for when it is considered, that in such engines, even at their greatest speed, 
the steam-valve remains shut during nearly the whole of eaeh stroke, being opened 
during a small portion of the stroke only, it may he regarded as probable, that the 

* Sec Mr. 1’ui.k’s work oil the Cornish Engine, and article 3C of a paper on the Mechanical Action of Meat 
Trans. Roy. Soc. Edinb. vol. xx. 
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sudden opening of this valve causes a temporary reduction of temperature and 
pressure in the boiler itself. 

(ID.) Composite / a pour-Engines. 

The Steain-and-Ether Engine of M. or Tkkmblky is an example of what may be 
called a Composite t 'a pour- Engine, in which two fluids are employed, a less and a 
more volatile ; the heat given out during the liquefaction of the less volatile fluid 
serving to evaporate the more volatile fluid, which works an auxiliary engine, and is 
liquefied in its turn by refrigeration. 

Let the efficiency of the engine worked by the less volatile fluid be expressed in 
the form 

so that - is the fraction of the whole heat expended which is given out to the more 
volatile fluid. Let the efficiency of the engine worked by the more volatile fluid be 

hen the efficiency of the combined engines will be 


(SI.) 


If both the engines are perfect thermo dynamic engines, let r, be the absolute tem- 
perature at which the first fluid i> evaporated: r. that at which it is condensed, and 
the second fluid evaporated : and r, that at which the second fluid is condensed : 


t lii'ii. 


1 _ . T ~ x 

,/ * _ 


I - \= | 

nn t. — x 


(HI A. I 


being equal to the theoretical maximum efficiency of a simple thermo-dynamic 
engine working between the limits of temperature r, and r,,. 

( ompo'itc Vapour-Engines, therefore, have the same theoretical maximum effi- 
ciency with simple vapour-engines, and other engines moved by heat, working 
between the same temperatures; but they may. nevertheless, enable the same effi- 
ciency to be obtained with smaller engines. 

■' .'*<>.) Curves of Free E.i puusiou for X ascent fa pour. 

liy Xascrnt fapour is to be understood, that, which is in the act of rising from a 
imi" of liquid. If this vapour be at once conducted to a condenser, without per- 
forming any work, and there liquefied at a temperature lower than that at which it 
was evaporated, its expansion, from the pressure of evaporation down to the pressure 
of liquefaction, will take place according to a law defined by a curve analogous in 
some respects, but not in all, to the curve of free expansion for a homogeneous sub- 
stance referred to in Proposition VI. To determine theoretically the form of this 
curve, it is necessary to know the properties of the isothermal curves and curves of 
no transmission for the fluid in question in the gaseous state, when above the tern- 
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per;\ tun* of saturation for its pressure. Having these data, we can s^ve numerically 
the following problem : — 

Proposition XiX. — P roiilem. To draw the curve of Free Expansion for vapour 
nascent under a given pressure. 

(Solution.) In fig. 21, let AH, parallel to OX, be the isothermal line of an aggre- 
gate. of liquid and vapour at the pressure of evaporation P, corresponding to the tem- 
perature r, : let Ae„ Jii?J be ordinates parallel to OY ; so that v, is the volume of 



utnly of weiglil of the li<jnid ;it, this temperature, and r, that of unity of weight ot the 
vapour, at saturation. Let J)F lie a line drawn parallel to OX, at a distance repre- 
senting any lower pressure IV corresponding to the temperature r,. It is required to 
iind the point where the c*urve of free expansion drawn from 13 intersects DF. 

Let /•. he ihe volume of unity of weight of the liquid at the lower pressure and 
temperature, r.l) an ordinate parallel to (D, and DA a curve representing the lawot 
expansion of the liquid a*- tlie pressure and temperature increase. Draw the curves 
ot no transmission DN, 13L indefinitely prolonged towards X ; ascertain the indeti- 
n ir«-I \ prolonged area LI1ADN ; draw a eu've of no transmission Mt.', cutting DF in 
r, such that the indefinitely-prolonged arraM(’DN shall be cqiud to the indefinitely 
prolonged area LH.VDN : then will < he the point, mpiircd, where the curve of free 
expansion lt( intersects the line DF. 

f I lemons) [ation.) 1 nity of weight of the fluid being raised in the liquid state from 
the tempera) hit r and corresponding pressure IV to the temperature r, and corre- 
sponding pressure IV ; then evaporated completely at the latter pressure and tem- 
perature ; tlu-n expanded without pertorming work, until it. lulls to the original press- 
ure IV : then cooled at this pressure till it returns to the original temperature r,. at 
which it is finally liquefied ; -the area AIM’D represents the expansive power deve- 
loped during this cvelc of operations, which, as no work is pertonned, must, be wholly 


expended in agitating the fluid, and reproducing, 
the free expansion represented by the curve lit’; 


bv friction, the heat consumed bv 

which heat is measured bv the 

* 


indefinitely-prolonged area Mt.’HL ; which area is therctore equal to the area AI3LD. 
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Subtracting fr^n each of these equal areas the common area BUC, ami adding to 
each of the equal remainders the indefinitely prolonged area JLil ; DN, we form the 
areas Mt’DN, LBAPN ; which are consequently equal. Q.K.I). 

(.'» 1 .) Of the Total Heat of Tea pom t ion. 

The symbolical expression of the preceding? proposition is formed in the following? 
manner. The area LBAPN represents the total heat of evaporation, at the tempera- 
ture 7,. from the temperature r,. and is composed of two parts, as follows: — 

LBAPN = ( 'K.y/r+L, (H2.) 


of which the ti r-t is the heat necessary to raise the liquid, whose specific heat is K,. 
from r, to t- . and the second is the latent heat of evaporation at. r,. 

Let r he the volume of unity of weight of the vapour at the pressure IV and tem- 
per itnre of saturation r .. ; draw the ordinate /'ll’, meeting? I)l«' in L. through which 
point draw tin indcfmitely-prolonued curve of no transmission KR : then is the area 
MCDN divided into two parts, as follows : — 

Mt PX=M< KR+Hi:DN=r T K^/r+L. 

•,’r. 

in which equation r, denotes the temperature corresponding? to the point C on the 
curve of free expansion, and K,. the specific heat of the vapour, at the constant press- 
ure IV when abo\c the temperature of saturation ; so that the first term represents 
the heat abstracted in lowering? the temperature of the vapour from r, to the tempe- 
rature of saturation r,. at the constant pressure IV; and the second term, the latent 
heat of ev aporatiou at r.. abstracted during? the liquefaction. 

By equatins? the formula' 1 '••2 \ and the following? equation is obtained : - 




K,.//r 


(Kl.) 


which is the symbolical solution of Proposition XIX.. and shows a relation between 
the total beat of evaporat ion of a fluid, the free expansion of its vapour, and the spe- 
cific heat of that vapour at constant pressure. 

' •V2.,i . l/j/iro i itnnfe Tan' for a t'npnnr tehieh i.\ a perfect "as. 

If the vapour of the fluid in question be a perfect. i?as, and of very «?reat volume 
as compared with the fluid in the liquid state, the curve B(J will be nearly a hyper- 
bola. and will nearly coincide with the isothermal curvet of the higher temperature r,. 
to which, consequently, r, will be nearly equal ; and the following? equation will be 
approximately true : 

i* T ' i* r ‘ 

I K.//T+L, — 1^=1 K v (lr, (85.) 

*• T, s 
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which, when the difference between the higher and lower temperatmes diminishes 
indefinitely, is reduced to the following : — 


.. . ill* .. 
kj, + x — kp> 


(««.) 


that is to say : — 

Co no clary. — Tiikorrm. When a vapour is a Perfect, das, and verq ha I hi/ as com- 
pared with its liquid, the. rate of increase of the. total heat of evaporation with tempera- 
ture is near/// equal to the specific heat of the vapour at constant pressure. 

'Phis was demonstrated by a different, process, in a paper road to the Royal Society 
of Edinburgh in 1S50. It lias not yet been ascertained, however, wluM her any vapour 
at. saturation approaches sufficiently near to the condition of perfect gas to render 
tin* theorem applicable. 


l »;{. i Concluding Remarks. 

In conclusion, it may hcohscncd, that the Theory of the Expansive Action of Heat 
embodied in the propositions of this paper contains but one principle of hypothetical 
origin; \iz. Proposition XII., according to which the actual heat present in a substance 
is simply proportional to its temperature, measured from a certain point, of absolute 
cold, and multiplied by a specific constant ; and that although e listing experimental 
data may not be adequate to verify this principle precisely, they are "till sufficient to 
prove, that it is near enough to the truth for all purposes connected wit h Thermo 
dynamic Engines, ami to afford a strong probability that it is an exact ph\ deal law. 




PHILOSOPHICAL TRANSACTIONS. 


VII. Thk IIakkkian Lkcturk. — On Osmotic Force. 
Bff Thomas Graham, F./i.S. &e. 


Riwiviil .Turn' 15, — Read .lime 15, 1S54. 


rp ^ t ^ v 

1 I IK expression 44 Osmotic* Force " (from rnrr/ioc, iinpulsio) 1ms reference to the endos- 
mose and cxomiiosc of Dutroctikt. 

We may succeed in covering' a solution of salt occupying the lower part of a glass 
jar hy a stratum of pure water without much intermixture of the two liquids. A force, 
however, is thereby brought, into action which carries up the salt in a gradual manner, 
dispersing it and ultimately producing a uniform mixture of the salt with the whole 
volume of water. The molecules of salt, have the liquid condition when in solution 
as well as those of water itself, and we have in the experiment the contact of two 
different liquids, which must, of necessity <lilVu.se through each other, the molecules 
of a liquid being self-repellent, or subject, to a force the same in kind but less in 
degree as that which gives to gases their elasticity and dilfusihility. 

The force of liquid dilfusihility will still act if we interpose between the two liquids 
a porous sheet of animal membrane or of unglazed earthenware ; for the pores of 
such a septum are occupied by water, and we continue to have an uninterrupted 
liquid communication between the water on one side of t he septum and the saline 
solution on the other side. 

To impel by pressure any liquid through the pores of such a septum may be 
extremely difficult, from the interference of frictional resistance and the attraction of 
capillarity, lint these last forces act on masses and not on molecules, and the ultimate 
particles of water and salt which alone diffuse, appear really to permeate the channels 
of the porous septum with little or no impediment. A comparative experiment on 
diffusion, with and without septa, is easily made by means of a wide-mouthed phial, 
which is filled completely with the saline solution and then immersed in water, in one 
experiment with the mouth of the phial open, and in the other experiment- with the 
mouth covered bv membrane. In a fixed time, such as seven days, a certain quan- 

M11UCCI.1V. '2 A 
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titv of salt leaves the phial by diffusion. This quantity was reduced to one-half when 
the strong ami thick, membrane of the ox-gullet was used to cover the mouth of the 
phial ; and it was not affected in a sensible degree by passing through a thinner mem- 
brane, consisting of ox-bladder with the outer muscular coat removed. In the last 
experiment the actual difl'nsates were O'Glil gramme common salt in the absence of 
the membrane, and O'ti.’Ui gramme common salt with the membrane interposed, which 
may be considered as the same quantity. The diffusion of a salt appears to take 
place, therefore, without difficulty or loss through the substance of a thin membrane, 
although the mechanical flow of a liquid may be nearly stopped by such an obstacle. 

It is well to bear in mind the last fact in the consideration of what is seen in an 
endosmotie experiment. An open glass tube, with one end expanded into a bell form 
and covered by tight membrane, forms a vessel which may be filled with a saline solu- 
tion and immersed in a jar of pure water. The volume of liquid in this osmometer 
soon begins to increase and is observed to rise in the tube, while the simultaneous 
appearance of salt in the water of the jar may easily be verified. M. Dctkociiet de- 
scribed the result as the movement of two unequal streams through the membrane 
in opposite directions, the smaller stream being that of the saline solution flowing 
outwards, and the larger that of pure water flowing inwards. The double current 
has been always puzzling, but the expression of the fact becomes more conceivable 
when we say (as we may do truly) that the molecules of the salt travel outwards by 
diffusion through the porous membrane. It is not the whole sdinc liquid which 
moves outwards, but merely the molecules of salt, their water of solution being 
passive. The inward current ol water, on the other hand, appears to be a true sensible 
stream or a current carrying masses. The passage outwards of the salt, is inevitable, 
and being fully accounted for by difliisibility, requires no further explanation. It is 
the water current which requires consideration, and for which a cause must be found. 
This flow of water through the membrane I shall speak of as osmose, and the 
unknown power producing it as the osmotic force. It is a force of great intensity, 
capable of supporting a column of water many feet in height, as shown in Di’tiiociikt’s 
well-known experiments, and to which naturalists are generally disposed to ascribe a 
wide sphere of .action, both in the vegetable and animal kingdoms. 

Cannot liquid diffusion itself, it may first, be asked, contribute to produce osmose? 
Diffusion is always a double phenomenon, and while molecules of salt pass in one 
direction through the membrane, molecules of water no doubt pass by diffusion in 
the opposite direction at the same time, and replace the saline molecules in the osmo- 
meter. W ater also is probably a liquid of a high degree of diflusihility, at least it 
appears to diffuse four times more rapidly than alcohol, and four or six times more 
rapidly therefore than the less diffusive salts. A possible consequence of such in- 
equality of diffusion is, that while one grain of a certain salt diffuses out of the osmo- 
meter, four or six grains of water may diffuse into the osmometer. Liquid diffusion, 
I believe, generally tends to increase the volume of liquid in the osmometer, and a 
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portion, if not the whole, of the small osmose of chloride of sodium, sulphate of mag- 
nesia, alcohol, sugar, and many other organic substances may be due to the relatively 
low diffusibility of such liquefied bodies compared with the diffusibility of water. But 
many substances, it will immediately appear, are replaced in experiments of endos- 
mose, not by four or six, but by several hundred times their volume of water, and 
manifestly some other force besides diffusion is at work in the osmometer. 

An explanation of osmose has been looked for in capillarity by Poisson, Magnus, 
and by Dijtkociikt himself. Combining diffusion with this idea, we might imagine 
that the pure water which first occupies t he pores of the septum, suffers a sudden and 
great loss of its capillarity-force when the salt of the osmometer enters the pores by 
d if fusion and mixes with the water they contain. Experiments published by Dutko- 
chkt give a capillary ascension to pure water of 1*2 millimeters, and to a solution of 
common salt, of density 1*12, 014 millimeters, or only one-half of the former ascen- 
sion. If a porous septum, occupied by such a saline solution, had the same solution 
in contact with one surface and pure water in contact with the other surface (the 
actual condition of the septum in an osmotic experiment), the pure water should 
enter the pores from its high capillary attraction, and, like a solid piston, force out 
the saline solution from them: the saline solution so displaced would go to swell the 
liquid within the osmometer. When the pure water, now again occupying the pores, 
came in time to acquire salt by diffusion, the displacement would be repeated, and a 
continuous osmose or How of water inwards be in fact established. 


This explanation is attended with certain physical difficulties, but it is unnecessary 
to discuss these, .is the experimental basis of the hypothesis is unsound. The great 
inequality of eapillaritN assumed among aqueous fluids does not exist. Many saline 
solutions which give rise to the highest osmose are, I lind, undistinguishablc in capil- 
larity from pure water itself. To obtain constant results with saline solutions, the 
capillary tube must be retained for some minutes in the saline solution at a boiling 
temperature, and afterwards be cooled without removal from the liquid, otherwise 
the indications are singularly irregular and most fallacious. 

The near equality in capillarity of solutions of the most different composition is 
very apparent in my observations, which are placed together in the following scries 
of capillary ascensions 


Capillary ascension of several liquids in the same glass tube. 


Millimeters 

Water, at 5K 1 Faiik 17’7- r * 

Water, at. 00' 1 7*55 

Carbonate of potash, 0*25 per cent., in water, at OH" .... 17'2 

Carbonate of potash, 10 per cent., in water, at 00 17*55 

Carbonate of soda, 1 per cent., at 01° 17*55 

(’arbonate of soda, 10 per cent., at 55° 10*S5 

Sulphate of potash, l per cent., at 58° 17*15 

2 a 2 
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Millimeters. 


Sulphate of potash, saturated solution, at 38 10*3 

Sulphate of soda, 1 per cent., at 35° 17*73 

Sulphate of soda, 10 per cent., at 38' I0*t)3 

Hydrochloric acid, l per cent., at 03° 17-5 

Sulphuric acid, 0*1 per cent., at 63° 17-1 

Sulphuric: aeid, 1 per cent., at (53° 10*33 

Sulphuric acid. A per cent., at 03° 10*05 

Sulphuric acid, 10 per cent., at 03° 10*25 

Sulphuric acid, undiluted (lit) SO.,), at 03' S' I 

Oxalic aeid, 1 per cent., at 00 17*33 

Oxalic aeid, -1 per cent., at 02' 1 17*2 

Ammonia, 0*1 per cent., at 00° 10*03 

Ammonia, 1 per cent., at GO’ 10*13 

Ammonia. 12 per cent. (0*043 sp. gr.), at GO 13*03 

Sugar, 10 per cent., at 03 lti ;. 

Alcohol, 0*S per cent. (0*0083 sp. gr.), at 00 13*3 

Alcohol, 4*3 per cent. (0 002 sp. gr.), at 03° 13*2 

Alcohol, 7'tf per cent. (0*087 *p. gr.), at 00 I 105 

Alcohol, 71 per cent. (0*800 sp. gr. ), at 03' <»* 


IT 


Alcohol falls in the greatest degree below water in capillarity, yet the former sub- 
stance is one of the least remarkable for the power to occasion osmose. 

The newer facts to be related also increase the difficulties Fi^. 1. 

of the capillary theory of osmose. 

My own experiments on osmose were made with both mine- 
ral and organic septa. 

1. A convenient earthenware or baked clay osmometer is 
easily formed by fitting a glass tube and cover to the mouth 
of the porous cylinder, often used as a cell in (Jkove’s battery, 
a** in fig. 1 ; the cylinder was generally 3 inches in depth by 
1*7 inch in width, inside measure, and was capable of holding 
about six ounces of water, (iutta pcrcha is much preferable 
to bra*«s as the material for the cup or cover. The glass tube 
above was also comparatively wide, being 0*0 inch or 13 mil- 
limeters in diameter, and was divided into millimeters. It. 
was not more than 0 inches in length. Kach of the divisions 
or degrees amounted approximalively to 7 I , , t h part of the 
capacity of the clay cylinder. 

In conducting an experiment, the cylinder, always pre- 
viously moistened with pure water, was filled with any saline 
solution to the base of the glass tube, and immediately placed in ajar of distilled 
water, of which the level was kept adjusted to the height of the liquid in the tube of 
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the osmometer throughout the whole experiment, so as to prevent inequality of hydro- 
static pressure. The volume of water in the jar was comparatively large, fifty to eighty 
ounces. The rise or fall of the liquid in the tube was noted hourly for five hours. 
This rise commenced immediately, and was pretty uniform in amount for each hour 
during the short period of the experiment. The object aimed at was to observe the 
osmose of the solution before its composition was materially altered by dilution and 
the escape of salt by diffusion. The quantity of salt diffused from the osmometer 
into the water-jar during the experiment was also observed. After every experiment 
the osmometer was washed out by dislilled water, which was allowed to permeate the 
porous walls of the cylinder, under the pressure of a column of water of about 
30 inches in height, for eighteen hours. All the experiments were made at a tem- 
perature between . r »(5° and (if. The clay osmometer attained a considerable degree 
of uniformity in its action, when the same saline solution was diffused from it once 
in each of two or three successive days, with a washing between each experiment. A 
single observation is not much to be relied upon, as the first experiment often differs 
considerably from the others. One per cent, solutions were always used when the 
proportion of salt is not specified. Much larger proportions of salt have hitherto been 
generally employed, but it was early observed that the osmose absolutely greatest is 
obtained with small proportions of salts in solution. One part of salt to 400 water 
gives a higher osmose in earthenware than any other propoition for the* great majo- 
rity of substances. Osmose appeared, indeed, to be peculiarly the phenomenon of 
dilute solutions. 

With the same proportion (I per cent.) of different substances, the osmose varied 
from O to HO degrees. Occasionally, instead of a ri-e of liquid in the tube, a fall was 
observed ; the fall may be spoken of as negative osmose, to distinguish it from the 
rise or positive? osmose. 

Soluble substances of every description were tried, and find a plan? in the following 
classes 

1. Substances of small osmotic power in porous earthenware; osmose under ‘JO of 
the millimeter degrees (ms.). 

This elass appears to include nearly all neutral organic substances, such as alcohol, 
pvroxylic spirit, sugar, glucose, manuite, sdiein. amygdalin. salts of quinine and mor- 
phine, tannin, urea; also certain active chemical substance'', which are not salts nor 
acids ; chlorine water, bromine water. 

The great proportion of neutral salts of the earths and metal'" proper also, belong 
to tin? same elass, such as chloride of sodium, ol which the positive osmose was 
greatest in a solution containing no more than 0* l J.”> percent., being 11) ms. with 
that proportion of salt, but falling off and often becoming slightly negative with I per- 
cent. and higher proportions of salt in solution. Chloride of potassium is similar. 

Nitrate of soda gave an osmose of H, nitrate of silver of 1H ins. 

The salts of the magnesian oxides are all low and sometimes slightly negative. 



I 82 


PROFESSOR GRAHAM ON OSMOTIC FORCE. 


Chlorides or barium and strontium both gave 18 ms.; nitrate ofstrontia, 5 ms.; sul- 
phate of magnesia, o\"i per cent., 2 ms. ; 1 per cent., 2 ms. ; 2 per cent., 3 ms. ; sulphate 
of /ine was very similar, +2 to —2 ms., from 0*5 to 2 percent. ; chloride of mercury, 
1 per cent., gave 6 and 8 ms. in two experiments. 

2. Substances of an intermediate degree of osmotic force ; osmose from 20 to 35 
degrees. Sulphurous acid gave 20 ms. Certain vegetable acids have a similar osmose. 
Tartaric acid, in solutions of 0’25, I and 1 per cent., gave 21, 2(5 and 28 ms.; citric 
acid, l per cent., 30 ms. Also monobasic acids, such as hydrochloric acid, nitric 
acid, acetic acid, have the same moderate osmotic action in porous earthenware. 

8. Substances of considerable osmotic power in porous earthenware; osmose from 
.’to to 55 ms. 

In this class are found the polybasic mineral acids: sulphuric acid, 0*5 percent., 
gave even 63 ms. ; 2 per cent., 5 1 ms., or nearly the same osmose as the smaller 
proportion of acid. 

In another earthenware cylinder, the following observations on the osmose of 
sulphuric acid were successively made: — 


(el per cent 13 and 13 ms. 

I per cent 10 and 10 ms. 

I per cent II and 30 ms. 

10 per cent. 38 and 30 ms. 

The results exhibit much similarity of osmose through a great range (1 to 100) in 
the proportion of acid. So small a quantity of this acid as 1 part in 1000 water, 
appears to give as great an osmose as any larger proportion of acid. 

Certain neutral salts, sulphate of potash, sulphate of soda, sulphate of ammonia, 
belong to the same class. 

\Y it h sulphate of soda tin: osmose for the different proportions O’ 1 25, 0*25, I and 
4 per cent, of salt. was 10, 17, 30 and 21 ms. respectively; the osmose diminishing 
with the increased proportion of salt. 

Of sulphate of potash, o*25 per cent, gave 5 l ms. ; I per cent. 46 ms., and 4 per cent. 
3 s m.s., >howing no great change from one quarter to 4 percent.; chromate of pot- 
ash. I per cent., gave an osmose of 5 1 ms. 

4. Substances exhibiting the highest degree of osmotic power in porous earthen- 
ware. 

Salts of the alkalies, possessing either a decided acid or alkaline reaction, and 
certain neutral salts of potash. 

Hinarseniate of potash gave 66 ms. ; Rochelle salt 82 ms. 

With binoxalate of potash the osmose observed in an earthenware osmometer was — 


For 0 02 per cent 32 ms. 

0 - 03 per cent 55 ms. 

0’1 per cent 63 ms. 
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For 0*25 percent 79 ms. (highest; 

1 per cent 63 ms. 

2 per cent 56 ins. 

Of salts having alkaline properties, phosphate of soda gave 70*5 ; borax, carbonate 
of soda and bicarbonate of soda all gave numbers which ranged above 60 ms. in 
various osmometers. 

To the same class also belong certain strong acids, phosphoric acid giving an 
osmose of 62 ins., glacial phosphoric acid of 73 ms. 

The caustic alkalies have probably too strong a disorganizing action upon the 
septum to allow osmose to proceed undisturbed. They give a positive osmose when 
present in a minute proportion, but very soon attain their lerme moi/en, and then 
become slightly negative. 

Caustic soda, 0*0 1 per cent., gave 21 ins.; 0'02 per cent., 29ms.; 0'05 per cent.. 
31 ms., which was the highest osmose observed ; 0*1 per cent., 22 ms. ; 0*25 per cent., 
3 ms. ; 1 per cent, ami 2 per cent, of caustic soda gave both — 10 ms. 

It. appears most clearly that highly osmotic substances are also chemically active 
substances, Doth acids and alkaline substances possess the allinities which would 
enable them to act upon the silicates of lime ami alumina, which form the basis of 
the earthenware septum. Lime and alumina were accordingly found in solution after 
osmose, and the corrosion of the septum appeared to be a necessary condition of the 
llow. 

It was found impossible to exhaust the whole soluble matter of the walls of the 
earthenware osmometer, by washing, cither with water, or with a dilute acid, for the 
process of decomposition appeared to be interminable. After such washiugs the 
action of an osmometer was often greatly modified upon salts of moderate osmose, 
such as chloride of sodium ; and similar changes gradually took place in the osmo- 
meters when used in oi dinary experiments with saline solutions. 

It is on this account, that I avoid the lengthened detail of numerous experiments 
which were made with the earthenware osmometer, and coniine myself to general 
statements. 

Further, the potash salts were also largely kept back or absorbed by the earthen- 
ware, a phenomenon of the same class as the retention of alkalies by aluminous soils, 
which has been studied by Messrs. Thomson and Wav. 

Ollier septa, which were not acted upon by the salts, were found deficient in 
osmotic activity, although possessed of the requisite degree of porosity, (iypsuni. 
compressed charcoal, and tanned sole-leather, gave rise to no osmose when permeated 
by saline solutions. White plastic clay had an osmotic power which was quite in- 
significant when compared with that of baked clay: now the former may he con- 
sidered as an aluminous compound, upon which the decomposing action of water has 
been already exhausted, while the latter is in a form more liable to decomposition, in 
consequence of an effect of heat, upon the constitution of the aluminous silicates of the 
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clay. A plate of Caen stone, which is an impure limestone, was greatly more active 
with a solution of carbonate of potash than a plate of pure white marble was. The 
effect of impurities in making limestone suitable for osmose did not escape the ob- 
servation of Dctrochkt; it was referred by him to the attraction of alumina for 
water. Mere capillarity, therefore, is insufficient to produce the liquid movement, 
while the r/.v nwtrii appears to be some form ol chemical action. 

For the proper appreciation of a chemical theory of the osmotic force, I would now 
invite attention to a purely speculative subject, namely, the molecular constitution 
of water and saline solutions. Allowing that water, in the state of vapour, is correctly 
represented as a compound of one equivalent of oxygen and one of hydrogen, it may 
still be true that the molecule of fir/uirf water is a varying aggregate of many such 
molecules, or is n times 1IO. Hut if so much is conceded, a new and peculiar 
grouping of tne atoms of oxygen and hydrogen becomes not only possible but pro- 
bable. Instead of arranging them in a series of pairs of Il+O, II + O in our coin- 
pound molecule, we may give a binary form to that molecule in which a single atom 
of oxygen is the negative or chlorous member, and the whole other atoms united 
together form a positive or lmsylous radical. In this radical we have a certain mul- 
tiple of IlO with one II in excess, the last condition being most usual in compound 
radicals, such as methyl, ethyl, benzoyl, See., which have all a single unbalanced 
equivalent of hydrogen ; 11*0, = (11.,,., O,, ) + C). 

Further, this new oxide should be more easily decomposed than oxide of hydrogen, 
HO. The basicity of the radical (II,,,.. , ().„) depends upon the disproportion of the 
equivalents of oxygen and hydrogen in its constitution, there being one of hydro- 
gen in excess. Now that disproportion becomes less as we ascend, as in JJlI-l-20, 
1 1 1 1 — f— loC), 1 01 11+ loot) : and the more feeble the basyl-atom, it may be supposed 
to retain le^s forcibly it'' fellow oxygen-atom or other negative element with which it 
i» combined. When water, therefore, has to undergo decomposition in a voltaic 
circle, it will naturally a^umc the molecular arrangement supposed, as being tin- 
binary form which is imsl easily divisible into a positive and negative element, or 
that in which water is most easily decomposed. 

This molecular view has been brought forward at present principally for the aid 
which it gives in conceiving what is known as electrical cndosniose. 

This interesting phenomenon, first well developed by our colleague Mr. Fokkktt, 
ha- very lately been defined with great clearness by M. Wikokaiann*. The water 
which accumulates at the negative pole (or follows the hydrogen), in the electrolysis 
of the pure liquid, is found to be exactly proportional to the amount of circulating 
affinity ; that i", with every equivalent of hydrogen that is discharged at the negative 
pole the same quantity of water arrives there, and will force its way through a 
porous diaphragm to reach that destination. The reason now suggested is, that the 
travelling basylous atom in the voltaic decomposition is not hydrogen simply, but 

- f Wikdkmaxn, Po«;«ENi)oiiFK , .s Amiak*n. vt)]. Ixxxvii. J>. l)'2 1 . 
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the voluminous basylons molecule (II„, M O m ) above described; which again breaks 
up at the negative pole into hydrogen and water, (II,„ +1 <)„,)=/«H() and II. 

Hut oven although such a representation of the circumstances of electrical endos- 
iii ose may not he fully admitted, the phenomenon itself is of great service to us, as 
showing that in the occurrence of chemical decompositions affecting ultimate parti- 
cles, sensible volumes of water may be involved and set in motion. 

Further, in considering the action of chemical allinity between bodies in solution, 
between an acid and alkali for instance, we are apt to confine our attention to the 
principal actors in the combination, and to neglect entirely their associated water of 
hydration. Yet both the acid and base may have large trains of water attached to 
them by the tie of chemical union. Sulphuric acid certainly evolves heat with the 
fiftieth equivalent of water that is added to it, and probably in dilute solution that 
acid is capable of having a still greater number, indeed an indefinitely large number 
of equivalents of water combined with it. In line there is reason to believe that 
chemical affinity passes, in its lowest degrees, into the attraction of aggregation. 

The occurrence of chemical decomposition within the substance of a porous 
resisting septum may be calculated to bring into view the movement and disposal 
of the water chemically associated in large quantities with the combining substances ; 
as the interposition of a porous diaphragm in electrical endosniose makes sensible 
a translation of water in voltaic decompositions which is not otherwise observa 


II. The osinos( of liquids lias hitherto been principally studied in s^pta of animat 
un rii/ininc, u bieli from their tbiiimss. their ready permeability combined with a 
sufficient power of resistance, to the passage of liquids under pressure, have great 
adwmtagcs over mineral substances. 

The great proportion of the experiments of flic pre - 
sent, inquiry were also made with animal membrane. 1 

'The membrane osmometer employed, which is * 

onlv a modification of the classical instrument of "l s- 

I >■ Timm liT, was prepared as follows : |_i 

The mouth of a little glass bell -jar A dig. - 1 bad ( |- 

first loosely applied to it a plate of perforated zinc f" : , 

14 slight l\ convex, and then the membrane was tied ii Jj : 

tightly over the* latter for the sake of support, (fig. ;t). jpwr'’ 

The quantity of metal removed in the perforations jjjp' ^ 

of the zinc plate amounted to 15) per cent, of the ^ \ .. 

weight of the zinc, This plate was always varnished ^ 

or painted to impede, if not entirely prevent, the . .. 
solution of the metal by acid fluids. The usual 

diameter of the bulb was about .’4 inches or 7~> inilliinelers, and its capacity equal 
to 5 or <> oz. of wat(*r. The tube (’ was usually not more than (» inches in length, 
but comparatively wide, its diameter being about 7'~» millimeters, that is one-tenth 
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of the diameter of t Lie mouth of the bulb, and it was divided into millimeters. 
The action of an osmometer depends chiefly upon the extent of membrane-surface 
exposed, and very little upon the capacity of the instrument, lienee the relation 
of diameters (or areas) between the bulb and tube was adopted in preference to 
the relation in capacity, the area of a section of the tube being 1 one-hundredth of the 
area of the disc of membrane, or rather it was reduced by calculation to this relation 
by means of a eoeilicient for each instrument. Hence a rise of liquid in the tube 
amounting to 100 millimeters, indicates the admission into the bulb of a sheet of water 
of l millimeter (one twenty-filth part of an inch) in depth, over the whole surface of 
the membrane, and so in proportion for any other rise in the tube. These millimeter 
divisions (uijO of the tube mark therefore degrees of osmose which have an absolute 
and equal value in all instruments. The bulb of the instrument tilled with the 
solution to be operated upon was placed within a cylindrical glass jar of distilled 
water, containing at least sixty ounces (tig. -1), and 
during t lie experiment inequalityof hydrostatic pressure 
was careful I v avoided bv maintaining the surface of the 

ft ft Q 

water in the jar at the level of the liquid in the tube. 

The osmometer was supported upon a tripod of perfo- 
rated and painted zinc, at a height of about 1 inches 
from the bottom of the glass cylinder.* The osmose 
was observed hourly for live hours, during which time 
it advanced in general with considerable uniformity. 

In an experiment with fresh ox-bladder as the septum 
and a solution of I per cent, of carbonate of potash in 
the osmometer, the rise, in live consecutive hours, was 
In. 12, I 1. 1-t. i:> millimeter degrees, and in live hours 
immediately following. i:«. 12,9, II and 12 millimeter 
degrees, making sixty degrees in the first, and titty— 
seven degrees in the second period of live hours. The 
quantity of salt which diffused outwards during the 
experiment of five hours was also frequently deter- 
mined. usually by evaporating the liquid of the water- 
jar to dryness ; it rarely exceeded one-tenth part of the 

salt originally present in the osmometer. The membrane itself was also weighed 
before if was applied to the osmometer, and again when its use was discontinued, 
which was generally alter six or eight experiments had been made with tin; mem- 
brane. A loss, of the substance of the membrane was always observed, varying from 
20 to upwards of 10 per cent, of its original weight. 

The outer muscular coat of bladder soon becomes putrescent, and from changes in 
its consistence, and the large quantity of salts and other soluble substances which it 
vields by decomposition, gives occasion to much irregularity in tin; experiments. The 
great change in the amount of osmose often produced by merely turning the mem- 
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brant*, observed l»y M. Matteucci and others, depends often, I believe, upon the 
soluble matter of the muscular coat being thrown outwards or inwards, according as 
the membrane is applied. . The muscular coat was on this account removed lrom the 
ox-bladder employed, and the serous membrane remaining found to acquire greatly 
increased activity, and also to act with much greater regularity in successive experi- 
ments. The membrane so prepared could be used for weeks together without the 
slightest putrescence of any part of it.. Two of these thin membranes, or a double 
membrane, was often applied. The weight of a disc of single membrane, 4 inches in 
diameter in a dry state, varied from about 0*5 to 1*2 gramme. The soundness of the 
membrane of an osmometer and its degree ot permeability were always roughly tested 
before an experiment, by tilling the bulb, without its tube, completely with water, 
hanging it up in air, and observing how frequently a drop fell from the instrument. 
The time between each drop varied, with suitable membranes, from one to twenty 
minutes. The times in which water permeated the same membranes by osmose 
varied between much narrower limits, perhaps from one to two. 

The quantity of salt, which traversed different membranes by diffusion, was also 
found to be in proportion to the osmotic permeability of the membranes, and not 
to their mechanical porosity. 

To wash the membranes, they were macerated in distilled water alter every expe- 
riment for not. less than eighteen hours, without being ever removed from the glass 
bulb. A membrane, also was never allowed to dry, but was kept humid as long as 
it was in use for experiments. 

Osmose in membrane presented main points of similarity to osmose in earthenware. 
The membrane was constantly undergoing decomposition, soluble organic matter being 
found both in the fluid of the osmometer and in the water of tin* outer jar after every ex- 
periment; and the action of the membrane appeared to he exhaust ible.nl t bough in a very 
slowaml gradual manner. Those salts and other substances. of which a small proportion 
is sufficient to determine a large osmose, are, terthor, all of t he class ol chemically active 
substances, while the great mass of neut ral organic substances and perfect ly ncut ral mono- 
basic salts of t he met a Is, such as t he alkaline chlorides, possess only a low degree of action. 

When a solution of tin* proper kind is used in the osmometer, too passage ol fluid 
proceeds with a velocity wholly unprecedented in such experiments. Take, for 
instance, the rise in five hours exhibited in a series of experiments upon solutions ot 
several different proportions of carbonate ot potash, made in sucet v.iou with the same 
membrane in the order in which thev are related. 


With 0* 1 per cent, carbonate of potash, a rise of IS2 ms. 

With 0* I per cent, carbonate of potash, i rise ol 120 ms. 

With 0’ I per cent, carbonate of potash, i rise ot 1 00 ms. 

With 0*5 per cent, carbonate of potash, i rise ol 2 l(> ms 

With 0f» per cent, carbonate of potash, i rise ol 10 l ms. 

With l per cent, carbonate of potash, i rise ol 20.'> ms. 

With 1 per cent, carbonate of potash, i rise of 207 ms. 

2 it 2 
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Or the rise in the same time with another membrane which had been previously 
exposed to a steam heat of *21 2° for ten minutes without impairing its activity. 


With I per cent, carbonate of potash at 00° Faiik., a rise of 102 ms. 

With O' l per cent, carbonate of potash at 00° Fahu., a rise of 100 ms. 

With O' 1 per cent, carbonate of potash at 00' Faiir., a rise of lfOJ ms. 

With 2 per cent, carbonate of potash at 00' Faiik., a ri.se of f»l 1 ms. 

With -l per cent, carbonate of potash at 00° Faiik., a rise of 781 ms. 

With 10 per cent, carbonate of potash tit 00 Faiik., a rise of 80,‘J ms. 


In the hist experiment a rise of fluid in the tube of upwards of 00 inches occurs in 
five hours, and so much water is impelled through tin* membrane sis would cover 
its whole surface to a depth of S'O millimeters, or one-third of an inch. Both mem- 
branes. but particularly the first, show the comparatively great activity of small pro- 
portions of salt, the average osmose of O' I per cent, of carbonate of potash in the first 
osmometer being 107 millimeter degrees, and of 1 per cent. 200 millimeter degrees. 

Now the quantity of carbonate of potash which diffuses out of the osinouu icr into 
the water-jar. was determined by the alkalimetrical method in the second and third 
of the O' l per cent, observations first related, and found to be in both eases 
O'OIS gramme (0'2S grain) ; the quantity of water also which entered in return can 
be calculated from the known capacity of the tube of the osmometer, of which each 
millimeter division represented 0'(MK» gramme of water; and consequently M>7 divi 
sions represent 10020 grammes ( loo grains) of water. Wo have, in 01 percent, 
solution, 


Mean di Unsafe of carbonate of potash . . . O'OJS gramme ~ I 

Mean osmose (of water) I0'020 grammes =oo(» 


The conclusion is, that while the membrane was traversed during the live hours of 
an experiment by 1 part of carbonate, of potash passing outwards, it was traversed b\ 

000 parts of water passing inwards. 

In the two experiments with I per cent, solution of carbonate of potash in the 
same osmometer, the dilfusatcs were 0* 1 1)2 and O' I '.IS gramme of carbonate of potash, 
which are sensibly ten times greater than the dilfusates of the O' I per cent, solution. 
But the mean osmose of the I per cent, solutions is greater than that, of the 0*1 per 
cent, solutions only in the proportion of 200 to 107? nr as 1 to O'SI. The ratio in 
question however varies greatly in dillcrent membranes. We have, consequently, in 

1 per end. solution, — 

M« an diffusa! c of carbonate of potash . O' 1 0a gramme = 1 

Mean osmose (of water) 1 2'000 grammes =0:i' l 


Whatever, therefore, be the nature of the chemical 


action occurring in the mem- 


brane which intluences osmose, a minute amount of that action appears to be capable 
of producing a great mechanical effect. 

All idea of contractility or organic structure being the foundation of the osmotic 
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action of membrane, was excluded by the observation that similar large effects could 
be obtained from a septum of pure coagulated albumen. 

A convenient albumen osmometer is constructed by covering the opening of the 
bulb of the former instrument by ordinary thin cotton calico, which is best applied 
wet, and painting over the outer surface of the calico two or three times with undi- 
luted egg albumen, an hour being allowed to elapse between each application of the 
albumen. The instrument is then suspended in the steam rising from boiling water 
tor a few minutes, so as to completely coagulate the albumen. The albumiuated 
calico may then be macerated for twenty-four hours before use, by placing the 
osmometer in cold water, to dissolve out the soluble salts of the albumen. It should 
be preserved always in a humid state. Before application to the calico, the albumen 
in many eases was neutralized with acetic acid and lillered, the more completely 
to obliterate every trace of organic structure. 

The osmose in a particular instrument of this kind was, at ;>() , for 


I per cent, carbonate of potash 
I per cent, carbonate of potash 
I per cent, carbonate of potash 
<M per cent, carbonate of potash 
()• I per cent, carbonate of potash 


1>I I ms. 
.‘l(»7 ms. 
:‘>S7 ms. 
I _>7 ms. 
\'2 l ms. 


The correct rate is rarely obtained in the first observation, as seen above, in osmo- 
meters of albumen as well as of other materials. 

The albumen plate lias generally a greater thickness than prepared membrane, 
which appears to diminish proportionally the quantity of salt which escapes by dif- 
fusion. 

The diffusate in the three experiments above of I per cent, carbonate of potash 
was O'O'JI, t)‘0:»S and 0*0 1 2 gramme of the salt. The largest proportion of car 
honatc of potash (()•!> PJ gramme) which was obtained in the last of the three experi- 
ments was replaced bv grammes of water, or .'».V2 times the weight of the salt. 

An obvious and essential condition of osmose is difference of composition in the 
two fluids in eontael with the opposite sides of the porous septum. Willi the same 
solution, or with pure water, in contact with both surfaces of a membrane then: may 
he chemical action, but it will be equal on both sides, and although probably attended 
with movements of the lluids, yet nothing will be indicated, as the movements, being 
equal and in opposite directions, must neutralize each other. Difference o! compo- 
sition in the two lluids is necessary in order that there may be inequality of action 
upon the tw'o sides of the membrane. It is difficult however, with respect to tin; 
chemical action, to ascertain either its true sphere or its exact nature. No substance 
appears to be permanently deposited in the membrane during osmose, even by easily 
decomposed metallic salts, such as salts of lead and mcreur\. The. action upon the 
membrane is probably of a solvent nature, and its seat may possibly be ascertainable 
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when two membranes arc used together. Nome observations made on the compara- 
tive loss of weight of the outer and inner membrane have not, however, shown any 
remarkable difference. Hut this again may arise from the great proportion of the 
loss in both mendu'aues being due to the ordinary solvent action of water alone, and 
the operative solvent action of the osmotic salt being comparatively minute in 
amount ; or it may depend, and I am most inclined at present to take this view, upon 
the chemical actions being of a different kind on the two sides of the membrane, and 
not upon the inequality simply of one kind of action. Such a supposition was 
suggested by the fact, which will immediately appear, that osmotic activity and easy 
decomposition are properties often found together in binary compounds. The basic 
and acid agents then developed are both capable of acting upon albuminous septa. 
We mav imagine, for instance, in the osmotic action of a neutral salt, the formation 
within the thickness of the septum of a polar circle, one segment of which (composed 
of the binary molecules of the salt) presents a basic molecule to the albumen at tin 
inner surface of the septum, and an acid molecule to the albumen at the outer surface, 
the circle being completed through the substance of the septum which forms the 
second -egmciit. Both surfaces of tin* septum would be acted upon, but at one sale 
we should have combination of the albumen with an alkali, on tin; other side with an 
acid. This however must be taken as a purely ideal representation of the condition 
of the septum in osmose. I have not discovered such a polar condition of the septum, 
and I doubt whether the galvanometer could be properly applied to exhibit it. as tin 
placing of the polos of that instrument in the dissimilar lluids existing on oppositt 
sides of the septum would alone be sufficient to give rise to voltaic polarization. At 
present I must confine myself to the enunciation of certain general empirical con- 
clusions respecting the operation of chemical affinity in osmotic experiment 

With animal septa, frequent examples of tin: outward llow of liquid from tin 
osmometer present themselves, causing the liquid column to fall instead of rise in 
the tube. This phenomenon (exosinoscj I have spoken of as negative osmose. The 
observation of Dctiiochkt. that oxalic acid in the osmometer, and also tartaric acid 
at a certain point of concentration, give rise to negative osmose, 1 have been able to 
gen* ralise in so far as acids have universally either a negative osmose, or lie at the 
\ery bottom of the positive class. 

( ) i a Hr m id gave in membrane, for I per cent, acid, — I 18 ms. and — 1 It ms.; and for 
()•! per cent.. — 10 and — 27 ms. In another membrane, I per cent, of the same, aeid 
alone gave — 1 .'id ms. ; with the addition of O' I per rent, hydroeldorie aeid, — 181 and 

— 10s m<. By the addition of O'l per cent, of chloride of sodium, a salt which in 
small proportions is nearly neutral to osmose, the negative osmose of J per cent, oxalic 
aeid fell in the same membrane to — 1.5 ms., and with the addition of 0*2.5 per cent, 
of chloride of sodium the osmose was -)-b ms., or became slightly positive. The 
negative omiiom: of 1 per cent, of oxalic aeid, in a membrane where it, amounted to 

— .50 and —.57 mis. in two experiments, became, with the addition of 0*1 per cent. 
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of albumen — 4G ms. ; of 0*25 per cent, of albumen — 20 ms.; of 025 per cent, of 
gelatin — 50 ms., and of 0'25 per cent, of sugar — 513 ms. 

In albuini nated calico, the osmose of 1 per cent, of oxalic acid was .also negative, 
namely — 18, — IG and — 20 ms. in three successive observations. With the addi- 
tion to the oxalic acid of 0‘ I per cent, hydrochloric acid, the osmose became — 4G 
and — 58 ms. ; and with the addition of O’ I per cent, of sulphurous acid, the osmose 
became — G2 and —58 ms. 

Of /n/f/i '()(' /i/nrii : ariil introduced into the membrane-osmometer in the small pro- 
portion of O’ I per cent., the negative osmosfc was — 92, — 87 and — 27 ins. in three 
successive experiments. The negative osmose of hydrochloric acid was still more 
powerfully counteracted than that of oxalic acid, by thqgissociation of a minute pro- 
portion of chloride of sodium with the acid. The negative osmose of this acid appears 
to be extremely precarious. It is reversed by a great variety of neutral soluble sub- 
stances, mid on that account can rarely be observed at all with bladder undivested 
ol its muscular coat. 

In a certain prepared membrane, saljdnn-ir arid. O’ I per cent., gave an osmose of 
— I. -f-S and +7 ms. 

Xi/ric arid. 01 percent., gave an osmose, at 58’. of +8 and -p28 ms. 

'/'ri/jasir jdi>is(dinrii arid. I per cent., gave — (i and — 7 ms., at G l" and G8°. The 
dill'll sates of phosphoric acid, in the same experiments, amounted to O’ l 18 and 0’1:30 
gramme. 

The j: /aria/ m- ai>iad>adr jt/n^/dairir arid. 1 per cent., gave + 187 and + 181 ms., 
at 55 . which is a considerable positive O'-mo-e. an interesting circumstance when 
taken in connexion with the deficient acid character of that modification of phosphoric 
acid. The ’-nine aeitl. O' i per cent., gave a positive osmose in tin* las! membrane of 
28 and 2 : ms. 

( i/rir >h id. t per cent., gave :»9 and 2<> ms. . a i aud Oi ins., at G2 : the first in mem 
lirane and the second in albumen. 

The same acid, I per et m... alter being fu-ed by heat . gave, at. 08 , — 98 aud — 85 ns. 
in membrane ; (i in. ami — 2 n«s. in albumen. 

A small proportion of fused citrii- acid. <r I percent., gave on the oilier hand a 
slight positive osmose, namely 15 ms. and 2 ins. in the previous membrane and 
albumen osmometers respectively. 

'iartavir arid , I per cent., gave 18 and 19 ms. in membrane, at GK ; with 20 ms. in 
albumen, at 02". 

The same acid, after being fused by heat, gave — GS and — 01 ms. in membrane, 
at 57", showing* a molecular change from fusion, as in citric acid. 

The dill’usate in the last two experiments was O’ 128 grin, and O’ 182 grin, of acid. 

In albumen the osmose of I'lisr**! tartaric acid remained slightly positive, being 
5 and 2 ms. for I per cent., at GO . and 5 and 8 ms. for O’ l per cent., at. the stum* 
temperature. 
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Racemic acid, I per cent., gave 1,11 and 7 nis. in three experiments, at 5f>°, in tlie 
last used membrane; with !.'» and 22 ms. at the same temperature in albumen ; or 
was always slightly positive like tartarie acid. 

. tcctic acid, in the proportions of 0*1, (PA and l per cent., gave sensibly the same 
small positive osmose, 2 A to 2S ms., at A 7'' to iYl\ in membrane. 

A saturated solution of carbonic acid in water gave 2A and 2(> ms. in membrane, 
with 20 and 22 ms. in albumen, both at <i.Y\ 

The last solution, diluted with an equal hulk of water, gave an osmose of 1 A and 
IS ms. in membrane, and 10 ms. twice fti albumen, both at 00°. 

Tm biocide of “old is negative in its osmose like the stronger acids, giving — 40 
and — a 1 ms. in mcmbrauc^pt 04\ with much reduction of metallic gold in the sub- 
stance of the membrane. 

R'n Itloridc of idatinnin, made as neutral as possible In evaporation, gave for the 
1 percent, solution — 02 and — .'»(> ms. in membrane, at 01 . For the 0*1 per cent, 
solution, a positive osmose of 27. 1 l and A ms. in three successive experiment:: made 
with the last membrane, at til , (>A and 02 . The same 1 per cent, solution gave in 
albumen, at 01 , a positive osmose of A I and .">0 ms. ; the (PI per cent, solution also, 
at 0T. gave 40 ms. Albumen appears thus to be less adapted for bringing out the 
negative osmose of various substances than membrane is. 

In membrane, bichloride of tin, (P I per cent., gave — 2 1 ms., at 01 ; I per cent. 

— 10 and — 71 ms., at air. The addition to the last of (PA per cent, of sulphuric acid 
gave —00 ms., or did not alter the character of the? osmose. Hut partial neutraliza- 
tion of the 1 per cent, tin solution, by ammonia, on the other hand, gave 0 in., or 
destroyed all osmose. One per cent, of bichloride of tin gave only a small negative 
osmo-e in albumen, namely A ms. twice, at AD . 

Oxalic acid carries the highly negative character of its osmose into the bino rafale 
of fiohish. of which I per cent, of anhydrous salt gave in membrane — 112 and 

— DD ms., at 02 : (Pi per cent., —00 ms., at 00 . One per cent, of the same salt in 
albuminatcd calico gave — 20 ms., at OiT. A saturated solution of biuoxalate of 
potash, containing 2\"> per cent, of salt, gave — 1A ms. in the: last, osmometer. 

Iliuilj/hafe of /jofa^h. I per cent., gave l and 7 ms. in membrane, at A0 ' ; in albumen, 
7. • » and 0 ms., at A0 . 

A s<j|iitioii of bi/arfmfe of j/o/ash, saturated in the cold, also gave a small positive 
osmose, namely I and 2 ins. in membrane, and 20 and 17 ms. in albumen, both 
ai A0 . Other supersalls tried gave also a small positive osmose, such as binarseuiatc 
of pot a -h and bichromate of potash. It becomes doubtful therefore whether any of 
(la* siipei->alts of potash are negative, except the acid oxalates of that base. 

Neutral organic substances dissolved in water appear to be generally deficient in 
the power to give ri-c in membrane to that osmose which depends upon a small 
quantity of the soluble substance, such as 1 per cent., or a still less proportion. The. 
osmose obtained in ox-bladder employed without removing the muscular coat, was, 
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in I per cent, solutions of the substances, salicin 5 ins., tannin 3 n:s., urea 4 ins., 
gelatin 9 ins., ainygdalin (i ins., lactine 7 ms., glucose 7 ms., gum-arabic 1H ms., and 
hyd roe Id orate of morphine 1 ms. 

The relations to osmose of alcohol and sugar were more fullv examined. With 
these and other chemically inactive substances, the osmose, although small for 
1 per cent., increases progressively with larger proportions of the substance, and also 
bears a close relation to the proportion of substance diffused outwards, circumstances 
udiicli give a mechanical character to the osmose. It is with such substances that the 
influence of diflusibility upon osmose is most likely to betray itself. They have a 
peculiar interest in the study of the phenomenon, as they present a certain small 
but remarkably uniform amount of osmose without thcjiiiowu intci vention of any 
strong chemical allinities. 

Alcohol . — In describing an experiment I shall endeavour to put forward all the 
circumstances which can be supposed to influence in any way the result. 

In the table which follows. Column 1. contains the proportion of absolute alcohol, 
by weight, which is dissolved in the water of the osmometer. 

A 10 per cent, solution is prepared by weighing 10 grammes of the substance, 
and then adding water to it so as to make up Ihc liquid *o the. volume of 1 00 grammes 
of water. It is necessary 1 <> make up in this way solutions u*»ed in experiments of 
diffusion and osmose, in order to preserve a true relation in solutions containing the 
different proportions of substance, for it is a fixed volume (not weight) of these solu- 
tions which must he used in tie* osmometer. We come thus to have with a *J0 per 
rent, solution ot alcohol exactly twice as much alcohol in the osmometer as with a 
10 per cent, solution of alcohol, and so of other proportions. 

The membrane of the osmometer is always to be considered as fresh, or as used 
for the first time in the first experiment narrated, and the observations to he made 
successively as they stand in the table. The length of maceration in cold water to 
which the membrane lias been exposed previous to the osmotic experiment, as before 
described, is given in Column \. IU die most frequent, time of one day is to be 
understood the space of eighteen hours, which intervened between experiments on 
successive days. 

'I'lie hydrostatic resistance of the membrane given in Column VI. is the length of 
time, in minutes, observed to elapse between the fall of two drops from tin* hull) of 
the osmometer tilled with distilled water, and hung up in air as already described. 
The temperature of the water in the glass cylinder during the experiment is noted 
in Column VII.; t he rise of fluid in the tube of the osmometer or osmose, in milli- 
meter divisions of the tube, appears in Column II., and the absolute amount of ihe 
same osmose is expressed in Column III. in grammes, or more strictly in gramme 
measures of water. Lastly, the weight of diflusate found in the water of the glass 
cylinder appears in Column IV. 'rinse last two data, the osmose and diflusate, 
both in grammes, afford the means of comparing the weight of substance which has 
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escaped from the osiiioiih'Ut with tin* weight of water which has entered the osmo- 
meter iu the same time. It is necessary however to recollect, that the apparent 
osmose or rise observed, is only the excess iti volume of the liquid which has entered 
over the volume of the liquid which has left the osmometer. To obtain the full 
volume of water which has filtered (the true osmose), it is therefore necessary tumid 
the bulk of the substance diffused to the osmose observed. 


Tviii.k. I. — Alcohol in Osmometer A of double membrane during live hours. 



A second series of observations was made simultaneously, in another membrane 
o-mometi r. iu order to ascertain the decree of concordance to be expected in such 
< xperiments. 


Tvtii.r. 1 1.-- -Alcohol in Osmometer Ii of double membrane for live hours. 
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It will ho observed that the osmose increases with the proportion of alcohol, but 
Ot in so rapid a ratio; the osmose of the 20 per cent, solution being 1 about only ten 
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times greater than tliar of tin: 1 per cent, solution in both scries. The hydrostatic 
resistance of the membrane li falls oil' in a remarkable manner in the later experiments 
indicating an increased facility of permeation, which may influence the increased 
osmose in the last two observations of this series. The results otherwise of the two 
series exhihil a fair amount of correspondence, both in tin* decree of osuuee and the 
amount of difl'iisnlc for the same proportions of aieohol in the Iwo osmometers. It 
should he added, that in several instances the water in the jars was changed alter 
the tliiid hour of the experiment, with the higher proportions of 10 and JO per cent. 
The aieohol was determined, after it had been concentrated b\ t wo * li ■' ill itions. by 
means of 1)ki\kv, vrna's table of densities. 

Several experiment* were made to determine the proportion of the dilfu-ate of 
aieohol from baud JO per cent . .-s. I u! ions respc'et ively of l itaf substance. : u membrane 
osmometer*. 'I In* mean proportion was as I ( c > H*02, whieii i*- mentioned here, as 1 
was le i .*• fu.M i a a different conclusion by earlier and inmerfeet experiments. 

S , -The c-iiii.'m 1 of Mi”. r in membrane was examined ver\ fully, in the hope 
that tie- impi'* elite; of diffusion v. ould exhibits d wi-hont beii v; nuulife-d bv any 
• •hemic;;! tie 1 . ion. in a -ubstanee .-o intbxl\ ueatr.ii. 

( i’. r i I ! cu.n’-* amir hii* made u e of. 


lAnti -Ji. 


.ar in I) of double u.. tubr me !< . live hours. 


It wa.s \erv di - irabl, {'• tmd is - ie-r i ’ e d.o'tr: a- Jrom a re-uiar | ro»n. s-i<>i; 
, 'v’!'n it! the numbers for ti..‘ o-nu .-.* ant! do a- Uc in • !•■' mvo dm:.; result*, ai’e ess. u 
tial. or accidental and peculiar to tin pr« -cut in* nib, .me. It was also desirable to 
(lad w bethei a membrane would stand tin* rei.vliie.m ot -ucl: a -cries oi experiments 
and continue to i*ive similar it-suhs. A double ■*' i.is ot experiments were accord 
imrl\ made with new un udiiaue. 


• reo dc-i.v result*, ai’e es. n 
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Table IV. — Sugar in Osmometer K of double membrane for five hours. 



The dittusutes of sugar (Column IV.) were obtained by e\ aporatiug the fluid of the 
water-jar t«> dryness, at 212', and therefore eontain organic matter dissolved out. of 
the membrane; the weight of each of the dillusates is increased by t hi ^ addition a 
few thousandths, but not in such a quantity ;is to a fleet tin* result to :m extent that 
is tit till material, except in the first dill’usate recorded, that from the; 0*2.‘» per cent, 
solution. 

Although the result-s exhibit several irregularities, yet starting from the I per cent, 
observation, in the first series of Table IV., the amount both ofostno.se and dillusatc 


appeals compatible with an arithmetical progression in the observations from I to 10 
per cent. Thus the average rise in the 1 per cent, solution is I l’f> millimeter degrees, 
and in the In per cent, solution 900 ms. ; the average dillusatc in the I per cent, 
solution is 0*1 OH gramme, and in the 10 percent, solution 1*020 gramme. 

But with the 20 percent, solution both osmose and difl’usate fall oil’ greatly, and 
the osmose more than the difliisate. The osmose of the 20 per cent, solution may be 
taken as I2."» ms., --the mean of the first and third observations, l.'EJ and 1IH, the in- 


termediate observation 10(» being obviously exceptional, possibly from the unusually 
long maceration of the membrane immediately preceding that experiment, lienee 
the o-mose only rises from 90H ms. to J2."> ms., while the proportion of sugar in the 


osmometer was increased from It) to 20 per cent. 
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The mean diflusatc of sugar also increases with the same change only from H 120 
gramme to 1*585 gramme. 

In the second series of observations with the same membrane, given in the lower 

part, of tile same Table, both the osmose and dilfusute fall off, to an extent which is 

perhaps pretty fairly represented by the 10 per cent, solution, which gives a mean 

ostno.se of 72‘5 ms. against ‘)(> R ms. in the former series, and a diflusatc of O j". r »7 

gramme against 1*020 gramme in the former series. A rough proportionality between 

the t wo series of observations is sullieientlv indicated. 

* 

Two observations are recorded in the hist series which must not be allowed to 
mislead. These are the comparatively high osmose of 10 ms. for the I per cent, 
solution, which is accidental, and arises from the I per cent, experiments having been 
immediately preceded by the high proportion of 20 per cent. The other observation 
referred to is the high dillasate of the last 20 per cent, solution at. t lie hot mm of 
the t able, which has no doubt, been occasioned by the sudden diminution in the 
hydrostatic resistance of the membrane from 8 to R in that which is the hist expe- 
riment of the series. The membrane, indecal, appears to be giving way after its 
long use. for the osmometer bad been exposed to the action of water for thirty-live 
days without intermission. 

The reason why the diffusion and osmose are smaller in the second series of expe- 
riments than in the first series (nearly as R to I), is (1 believe), that the membrane 
softens and swells somewhat by the protracted action of water; a change in the 
structure of the membrane which impedes diffusion by increasing the length of the 
channels through which the salt has to travel. 

It may now he interesting to discover the proportion between the water which enters 
and the sugar which leaves the osmometer in these experiments. That proportion 
appears not to vary greatly in tin* range from the 1 to the It) per cent, solution. 
For a mean result, the sum of the eight dillusutes between I and It) per cent, inclu- 
sive, in the lirsf .series of observations ol Table IV., may be taken, and the osmose 
belonging to the same experiments. There is so obtained R - 82 I grammes of sugar 
diffused against an osmose of 17 'bR!) grammes of water. I>u! this, the apparent 
osmose, has to be increased by the bulk of the sugar diffused, which may be esti- 
mated at ten-seventeent hs of its weight ol water, or 2*25 grammes. Adding the 
Iasi quantity to 17'GR'J grammes, we obtain — 

Sugar or dilfusatc .... RRvg I gem.™ I 
Hoplacing water It)* SSI) gnu.— 5*2 

lienee the sugar appears to be replaced in osmose by rather more than five times 
its weight, of water. The less complete experiments with alcohol, previously de- 
scribed, indicate a nearly similar relation to its replacing water. 

( 'aleulating, in like manner, the observations made upon each of the live propor- 
tions of sugar in Table III. vi e obtain numbers for the replacing water which oscil- 
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late about (Ik* general result first stated ; tlu* mean ditliisates of sugar and amounts of 
replacing water wi re in the different solutions 


In 1 per cent, solution. 0*1 l*> grin, sugar to grin, water . 

la J per eent. solution. ()■ : grm. sugar to 1 *( I grin, water . 

In .» per eent. solution. <*• i.V.t arm. sugar to J' 10.'» grin, water . 

In 10 per eent. solution, op; 1 ,; gnu. sugar to 1* IAS grin, water . 

In ‘JO per eent. solution. P bin grin. sugar to 0‘(»7Jgrm. waie/ . 


I to .VJI 
I to 

I to ;> jj 
1 to f Hi 
t to i (»i; 


The mean of the \arious solutions is I part of sugar replaeed by .V 07 Mater, 
i he phenomenon ol the osmose ot sugar partake*- \er\ much ot a physical eharae- 
li'r. and may possibly prove to be nothing mote than the exchange, of sugar lor water 
bv the piii’eK mechanical operation ol (infusion. 

A third s t l ies of ohsoia alioiis on -tigar w« >‘e made in :.e (Mimini'lrr of allmmiiiated 
i-alieo. Tnc results, it will be seen, are ipiite in aecar laaee with those oft lie mem- 
brane o -me meters. 


I’.iei.r. \ . Sugar in Osum at.r e ol Albuminatcd Calico for li\e hoars. 
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incapable of passing into the condition of a stable supersulphate or subsulpbatr by 
combining with an excess of cither acid or base, and is not decomposed in diffusion. 
Sueli properties secure to a salt a remarkable indifference, or absence of chemical 
activity, and recommend sulphate of magnesia for onr present purpose. 

In a fresh double membrane, I per cent, of sulphate of magnesia (anhydrous) gave 
the small osmose of 1I> and I 1 ms., at in two experiments. 

A full series of observations was made by means of the osmometer F, used ‘above 
with sugar, but with the osmotic septum of course changed. 


Taiii.k VI. -Sulphate of Magnesia in Osmometer F of double membram 

for live hours. 
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Tin- dilficute iiicri.is'- in a somewhat le ■■■ ratio than the prnporl ion m .-alt in 
! ho osmometer in botl. »;f the two sere's of observations contained in tin piveedin;. 
Table, lint a similar falling oiV in the amount of dillu'urc from the higher pro 
portions of sail takes place in the diffusion of the same '■ail, from open phiu!'«. ;e> 
appeared in former experiments on the ddiiisimi o! sulphate ol magnesia '. 

'The dillerent solutions I hen operated upon, and the ratio In tween the dilfusates tin", 
gave, were as follows: 


Solutions of sulphate of magnesia diffused . 
Ilatio of dillusate of these soheions . 
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The proportions of sulphate used in the present osmotic experiments were different, 
but ratios may he found for them by interpolation, and are given below. We are 
thus enabled to make the following comparison of the diffusion from different pro- 
portion^ of sulphate of magnesia: (1) in the absence of membrane; (2) in the first, 
series of osmotic experiments given in the preceding Table; (ff) in the second series 
of observations of the same Table : — 

Sulphate of magnesia in solution 2 f» 10 20 per cent. 

il) Ratio of diff'usates u i t lion t membrane . . 2 8‘21 13-73 

(2) Ratio of diff'usates with membrane ... 2 -C12 7‘ IS 1 2*5 

( ) Ratio of diff'usates with membrane ... 2 4-21 7’^'- 17 ‘ffl 

If the last number ( 1 7*^*1 ) given for the 20 per cent, solution of the later osmotic 
series be excluded, and it is manifestly in considerable excess from some accidental 
cause, the three sets of ratios must be allowed to exhibit, considerable agreement. 

The membrane appears to have a slight effect in reducing the, diff’usates of the 
higher proportions of salt ; and tliis reduction is greater in the early experiments (2) 
than in the late experiments (.'!), made with the same osmometer. The comparative 
diffusion of different proportions of sulphate of magnesia appears, therefore, not to be 
much deranged by the intervention of membrane. 

'I’lie average osmose of sulphate of magnesia likewise exhibits a pietty uniform 
progression. In the lir»t series of experiments of Table VI., we lind for the different 
proportions of salt in solution an osmose of 31 "A. 7 t"‘», I -US and 2<i0’;'» ms.; numbers 
which are in the ratio "iven below; — 


Sulphate of magnesia in solution . 

Ratio of osmose < first series ot experiments) 


2 10 20 per cent. 

2 4*73 9-0S 


In the later experiments of the same Tab!. 1 , the different proportions of salt 
•ing the first and last proportions) give an average osmose of 29‘f), and I3t>ms., 
of which the ratios mav be slated as follows: — 


Sulphate of magnesia in solution 

Ratio of osmose (second series of experiments) 


2 i-t>i 


10 per cent. 
9-22 


Tin- osmose appears here to follow more closely in its value the proportion of salt 
in solution than the dill’usate can be said to do, either in open vessels or through 
membrane; so far, therefore, the osmose and diff’usate do not preserve a constant 
proportion to each other with this salt. 

No correction need be applied to the observed osmose of sulphate of magnesia, as 
this salt does not sensibly increase the bulk of the water in which it is dissolved. 
1’hc weight of diffiisate in Column IV. may, therefore, be immediately compared 
with the weights of water in Column III. It then appears that in the first series of 
the osmotic observations iu the Table — 
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In 2 per cent, solution, 1 sulphate of magnesia is replaced by 5*16 water. 

In 5 per cent, solution, 1 sulphate of magnesia is replaced by 5’74 water. 

In 10 per cent, solution, 1 sulphate of magnesia is replaced by G‘01 water. 

In 20 per cent, solution, 1 sulphate of magnesia is replaced by (>\>7 water. 

According to the average of the whole proportions, sulphate of magnesia is replaced 
by . r >‘S7 times its weight of water. 

While in the later observations of the same Table — 


In 2 per cent, solution, 1 sulphate of magnesia is replaced by 5*33 water. 

In 5 per cent, solution, 1 sulphate of magnesia is replaced by 5‘9 water. 

In 10 per cent, solution, l sulphate of magnesia is replaced by 0*32 water. 

According to the average of the whole proportions of salt in these later obser- 

vations, sulphate of magnesia is replaced by 5 •85 times its weight of water. 

The want of uniformity exhibited above in the relation between the quantities of 
water and salt, goes some way to prove that the osmose of sulphate of magnesia in 
membrane is not pure diffusion, for the ratio between the exchanging water and salt 
(the diffusion- volumes) should then remain constant. 

On the other hand, the approximation to uniformity favours the idea of the exist- 
ence of a numerical relation between the osmose and diffusate. JSo also may the cir- 
cumstance be considered, that sugar and sulphate of magnesia, which approximate as 
seen above in their osmose, were found before to have a similar degree of diffusibility *. 
The facts appear to alford a strong presumption, but no demonstrative proof, of the 
intervention of diffusion in governing the results of osmose in such neutral sub- 
stances. The influence of diffusion becomes more difficult to trace in the osmose of 
three other neutral salts, which l shall now introduce. What has been represented 
as the chemical agency now begins to interfere more sensibly, although not to govern 
the results entirely as it appears to do in less strictly neutral salts. 

('Iiloride of Sodium. — The osmose of chloride of sodium possesses a certain interest 
independently of such theoretical considerations. 


’ PhiUnplikMl Tnmsu tioiis 1850, p. 10 
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Taiw.r VII. — Chloride of Sodium in Osmometer C of double membrane 


for five hours. 
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Chloride of sodium is known to diffuse with nearly double the rapidity of sulphate 
of magnesia in the smaller proportions of salt, and with a still higher velocity in the 
larger proportions of salt ; accordingly the ditfusates in the last Table exceed those 
of sulphate of magnesia in a corresponding ratio. The osmose appears prett y uniform, 
but with a tendency to fall below the average rate of the salt in flu* low propor- 
tions. such as 1 and 2 per cent., and ft) exceed the same rate in the higher proportions 
of salt. In a septum of single membrane, the osmose of a 10 per cent, solution was 
observed to rise to a high amount. 


Tahlk VIII. — (.’hloride of Sodium in Osmometer II of single membrane 

for live hours. 
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An observation was made on the osmose of a high proportion of salt with another 
single membrane, differing from the last in offering considerably less hydrostatic 
resistance. 
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Taiilk IX. — Chloride of Sodium in Osmometer I of single membrane for five hours. 
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To these I add a series of observations of the osmose of the same salt in albumen, 
with the view of exhibiting the phenomenon in septa of that material. The well- 
preserved proportionality of the difVusate is remarkable. 


Tami.k X.-- -Chloride of Sodium in Osmometer K of albuminatcd ealieo for live hours 
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i'hlnrulr >>/ Jiurium. -Chloride of barium in its rate of dillusion from open ve-srlt? 
mueli resembles the chloride ot sodium. Considerable analogy between the sun e 
Nulls \s id so ol)MV\ed in ormolu- 
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These three chlorides, possessing about double the dilTusibility of sugar and 
sulphate of magnesia, should be replaced by half as much water as the latter 
substances. Some approach to this ratio may be perceived amid much irregularity 
in the observed osmose of the chlorides. 

Proceeding now to the salts in which the osmose appearing to depend upon chemical 
properties preponderates greatly over osmose from diffusion, I may introduce these 
substances under the metals which they contain for the sake of their relations in 
composition. 

Potassium and Sodium. 

Ihfdratr of Potash.- -A highly intense osmose appears to be determined by caustic 
alkali, but it is necessary to apply the smallest proportions of alkali to avoid the 
rapid dissolution of the membrane. In double membrane 0*01 per cent, of hydrate 
of potash, or I alkali in 10,000 water, gave an osmose of SI and 5K ms. Jly fom 
times as much alkali, or 0 025 per cent., an osmose of 10 and t>7 ms. was produced. 
These are the greatest effects. 

« 7 ? 

On increasing the proportion of hydrate of potash to o r* per cent, the osmose sunk 
to 22 and 20 ms. ; with I per cent, of hydrate of potash to I .‘5 ms. The permeability to 
hydrostatic pressure was always very great, being never less than one drop in a minute. 

liy the action of the alkali in the last experiment tin permeability was increased 
Mom three to nine drops, and the membrane entirely ruined. 

,\ similar c\pci intent with hydrate o! potash was made in albuminated calico with 
similar osmotic r» suits. In the 0*01 per cent, solution an osmose of 70 and 5S ms 
was observed; in 0025 per cent, solution and 12b iris,; in 0*5 per cenl. solution 
15 and 12 ms., and in i per cent.. solution — 10 ms., or a small negative osmose. The 
permeabilitv both he for.- and after the las! experiment was represented by one drop 
in one minute, in both tin hall per emit experiments the permeability was one drop 
in tlnvr minutrs; in the preceding 0 02'* per cenl. solutions one drop in 2 \ miiiuMs. 
.nid at the beginning one du.p in ten and five minutes with the 0‘U| per rent, solu- 
tions. The alkali first became sensible to the test-paper in the water jar. in the 
diffusion of t he 0-025 per etut. solutions. During both s t ries ot expermi' ids the 
temperature ranged from 5 s to 02 . 

( 'arhniiu/c if Pidas/i. The high inih s,* of 1 1 » ■ - sail has already lu en often releri’t d 
to in illustration of the inllm uee of alkaline suits. ’The lollowmg experiments may 
he eompared with those upon the neutral substances lately uisciissed. particularly in 
regard to their dilliisites. They show ;d-o ihe rompuralivr inllueuee of membram 
applied single and double to an osmomrti r 
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Taulk XIII. — Carbonate of Potash in Osmometer 15 of single membrane 

for live hours. 
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The fluid teas removed from the water-jar at the expiration of the third hour, a 


replaced by distilled water to prevent the reaction of that poition of the salt which 
had already reached tin; jar upon the progress of diffusion from the osmometer, both 
in the preceding and the following series of experiments. 


Taiilk XIV. — Carbonate of Potash In Osmometer 1) of double membrane 

for live hours. 
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In tin* double membrane, the average osmose of the '1 per cent, solution is reduced 
to l(j(3 ni''.. from ms. in the single membrane. The change is similar in the 
lo per cent, solution, namely a reduction to (>07 from K!H> ms. ; a reduction of neatly 
one-third of the osmose; in the douhic membrane for both proportions of salt. 

The ditfereuce of the di fin sat os is much less marked ; for they may be said to be the 
same for the 10 per cent, solutions, namely ‘J’tMiti grammes in the single, and lM)f>7 
grammes in the double membrane ; and for tlie '1 per cent, solution 0\'»:il gramme in the 
sin” le. and O’.VJli gramme in the double membrane. The dilliision of carbonate of 
jiotash. as s,.*en here in membrane, will be found to correspond well with that of chloride 
of sodium (Table VII.), as the dilliision of the same two salts in open vessels is known 
to present a near approach to equality. The great osmose or current of fluid inwards 
might be supposed to diminish the outward movement, of the salt under diffusion by 
washuig back the sal* into the osmometer. Hut the diifusatcs of the 10 per cent, 
solutions appear to have suffered no remarkable reduction from that or any other 
< ause. The dilfusate of carbonate of potash, which usually passes through mem- 
brane, appears, however, to be low. In the 1 per cent, solution, formerly referred to 
(page lHHg it was 0*1 0f> gramme. In the series of observations, likewise already 
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referred to (page IS/), the dilfusate of carbonate was also low but remarkably uniform, 
namely 0*018 gramme for 0*1 per cent, solution, 0*092 gramme for 0*5 per cent, solu- 
tion, and 01 90 gramme for the 1 per cent, solution. 

But these determinations were all made by the alkalimetrical method, and when 
in subsequent observations the potash was also determined by weighing it as sulphate, 
the proportion of diffusate was found sensibly increased. It hence appears that car- 
bonate of potash acts chemically upon the membrane, and that a portion of the alkali 
diffuses out in a neutralized state. Thus in five successive experiments with the 
1 per cent, solution, in fresh double membrane, the dillitsates by the alkalimetrical 
method were 0*208, 0‘254, 0*261, 0*215 and 0*1 SO gramme carbonate of potash; 
while the aetual quantity of alkali found by direct analysis corresponded in the 
last four observations to 0*318, 0*353, 0*287, and 0*212 gramme. The quantity of 
carbonate of potash which has suffered change in passing through the membrane is 
0*061, 0*080, 0*0/2 and 0*053 gramme in these four experiments respectively. 

The diffusates of carbonate of potash, increased by those quantities, approach ton 
closely to those of chloride c r sodium to warrant the supposition of any peculiar 
repression by membrane of the diffusion of carbonate of potash, which otherwise 
appeared probable. 

The. observations last commented upon belong to a number undertaken with the 
view of ascertaining three points of interest, which may excuse a fuller statement of 
the experiments. 'These, points were, first, the infiuenee upon osmose of the air dis- 
solved in solutions of carbonate of potash, which might be supposed to take a part in 
t lie chemical action ol the membrane: secondly, the elfeet of frequent repetition of 
the experiment in exhausting the osmotic activity of membrane: and, thirdly, the 
relation in osmose of an alkaline carbonate and phosphate. 


Tvim.k W . .Solutions in Osmometer L of double membrane tor live hours. 



It. will he remarked that the highest osmose (130 ms.) is obtained in the fust expe* 
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rimcnt, ami that the osmose falls off pretty regularly to the fifth experiment (’JoS ms.). 
The change in the aeration of the solution in the seeond and third experimei ts can- 
not he said to interfere with this progression, The intlnenee of free oxygen on the 
membrane is not therefore indicated as a cause oi osmose. It may he added, that tin* 
converse experiment of depriving the llnid of the water-jar of air by boiling, ied also 
to a negative result. It will be remembered, farther, that the osmose of oxalic acid 
was not interfered with by an addition of sulphurous acid, which was likely to coun- 
teract the action of oxygen, if such an action existed in osmose. 

When phosphate of soda is substituted for carbonate of potash, both I per cent., 
the osmose declines from ’JiiS to 1 7 <» ms. The phosphate of soda being repeated, the 
osmose rises a little, namely to I PI ms. The one-tenth per rent, solution of the 
same salt which follows, maintains here the considerable osmose of ltMi and IPO ms. 
On returning again to the application of carbonate of potash in the instrument, the 
osmos L gradually rises and regains ms. for the 1 per cent, solution of that salt. 

From these repetitions of osmose it may be inferred, that whatever be the nature 
of the chemical action on membrane which prompts osmose, that action is by no 
means of a rapidly exhaustible character. 

It may be added, with regard to the osmotic action of extremely dilute solutions 
of carbonate of potash, that the osmose is lowered rapidly in proportions below one- 
tenth of a per cent, of that salt. The osmose of OMM per cent, of carbonate of potash, 
in double membrane, amounted only to 111, *2.‘i and 1/ ms. in three successive ex- 
periments. The osmotic action of carbonate of potash must, therefore, be inferior 
to that of hydrate of potash in the extreme degrees of dilution. 

In the experiments of the preceding series, the influence of a salt often appears not 
to terminate with its presence in the osmometer, but to extend to following experi- 
ments made with other salts, or made with different, proportions of tin: original salt. 
If this arises from portions of the first salt remaining in the membrane, they must he 
portions which are not easily washed out. The substance of membrane mav possibly 
have an attraction for highly osmotic salts, capable of withdrawing small quantities 
from solution. When the membrane, however, is removed from the osmometer, 
after such experiments as are referred to, slightly washed and then incinerated, 
only minute traces of the salt last used are commonly discovered; if indeed the salt 
has not entirely disappeared. 

I J hnsj)lmfr ami (jirhomifr oj' Soda.— The osmose of the carbonate of soda appears 
to be quite similar to that of carbonate of potash. A considerable amount of informa- 
tion respecting the two soda salts named is conveyed in the following series of 
experiments, which includes also observations on the serum of ox-blood. 
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Taui.k XVI. — Solutions in Osmometer F of iloiihli: membrane lor five hours. 
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The phosphate and carbonate of M>da, when alternated in the same osmometer, 
show considerable steadiness in their respective rates of osmose. 

The inferior osmotic quality of serum is remarkable, considering the alkalinity ot 
that fluid. The loss of osmose in serum is due, I believe, to the presence ot chloride 
of sodium. The latter substance possesses an extraordinary power ot reducing the 
osmose of alkaline salt w hieb was observed in a variety ot *' . cunistanees, but which 
it. will lie sn’licienl to illustrate by the following series < experiments in an albumen 
osmomctei 1 . 


T\i;i.k W It -Solutions in O-unomrtei N of a 1 unniuated calico tor live hours 



(. . i 1 » n j * 1 1 * 1 • > 1 l j'l i VI is'.. . 1 *'.Jl 

s.mii i ) m i 1 1 m. 

S.uu . 1 t n r c.-:if I V S 

S.mii , 1 | ii • l- 1*1 nl . I 

.Sanf, I o j.i r 1 1 ui . -01 

S;i mr, I 0 j •( i t i lit U • • 

S.lllsr, I {<: I’ Vi in. 1 

S,i * 1 1 • ■- 1 j * i i* i i ■ 1 1 1 *• • » * * 

S.mii’, 0* 1 i -i i I’l’iii . ! Ss 

S.mii , 0* l ] u i i-i nl 1 j ' 1 

^ .ii Im iii.iti’ i.f ■-••il.i <)■! | i i vi nl. i 

rlilm i.li’ <il xml. i \ ]'i i i’v i it . . . | 

S.msi* * s.niic S*- 

( iilm'iili iil‘ indium. 1 pi r n nt -■» 

S.itiii 1 , 1 jut mil I "* 

(. '.u limi.iti* til' si ul.i \ ju r mil. } v!il*»-1 ^ 

riilt* of xi .<l.i 1 per mil J 

Same f xiuiu* .»*i 

( 'ai bunatr nl’ xnila, l j.<-r n u\ l.»7 

Samr, l piT uunt l ,l -» 

Same, 0*1 pur ivnl 1 ■> - 

Same, 0*1 pur runt 1 - 


:: 

s tl ip . !>\ 1 

’|i*\ Unix 

1 1 \ .!t> '.o.i ' 

r»*:i» !■«’ 

1 > .■* l-» 

• .■ 1 

L.|l II < . 1 • If. 

’.i ( 1 .a Ml! 

1 »’ ■ 

\ tl K 



", 

: ' • *i 


0 * ! .»7 

0 *«»M J 

t 

■ » 

, l - 

n- «. .»•; 


l 


,vi 


o* 

l 

b 


OM/'I 


I 

s 

bj 

t-;«b : 

1 - 1 -Ml 

t 

t » 

liO 

i* 

l*.t 10 

• > 

b 

.di 

:\i’ 

o*i t; 

1 

ii 

.»!* 

• »*nix 

n-i.ib 

1 


bn 


0 * 00 . » 

l 

10 

bl 



\ 

e, 

b:? 




ii 

b:t 



\ 

« 1 




1 

r> 

r. i 

<u.; Ja". 


1 

a f . 

: 

b:> 



l 

fi : 

i 

b:t 




S 

Mi 

n-n.io 

n-ib i 

i 

ii i 

;>. r » 

o-Jl - 

0*1 s.» 

l 

i 1 i 

r»s 



l 

jo : 

:>b 



i 

: jo ; 

;>s 


MDOCCLl'’ 



•210 


PROFESSOR OR A HAM ON OSMOTIC FOIICK. 


'Flu* osmose ol' tlu* 0*1 per cent. solulion ot carbonate ot soda is lou'eretl by tin* 
addition of I per cent, chloride* of sodium, from 1 70 ms. to 02 ins. The osmose ol 
I per cent, carbonate of soda, with the addition ot an equal proportion of ehl« ride of 
sodium, is ."Hi ms., and of 1 per cent, carbonate of soda alone, immediately following. 
|,» 7 ms. The osmose of these mixtures appears to be assimilated to that of c iloride 
ot' soi H ti in itself, which comes out as IS and 2a ms. in the same series of ohsen .it ion**. 

The risi* of an alkaline liquid in the osmometi’r appears to be equally repressed bv 
chloride of sodium, placed outside or dissolved in the tluid of tin* water-jar. 

In illustration of this statement, l may adduce a short series of observations made 
with fresh o\-hlndd<T. having its thickness unreduced, which further show that the 
repressing power that appears in the chloride of sodium does not extend to two other 
substances, alcohol and stitjar. 


Tun k Will.- -Solutions in Osmometer P of ox-bladder for live hours 
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Now another neutral suit, sulphate of potash, will he found to have tlu.* reverse 
el fee I upon the osmose of tin alkaline carbonate, supporting and promoting the latter. 
.Such results show how far we still are from a clear complete nsion of the agencies tit 
work in memhrtiuous osmose. Another property of chloride of sodium, equally sin- 
liiilar. is. that the association of this salt (by itself so indifferent) with smell propor 
timis of hydroeldoi'ie acid, such iis one-tenth per cent., determines ;i positive osmose 
in membrane, which is sometimes very considerable. 


The osmotic action of the ulhuminatcd 


calico i f Table XVII. is moderate in 


amount, hut remarkably uniform. The small tenth per cent, solution assumes a pre- 


eminence in activity which is very curious. It was often observed in the inquiry, 
that the small proportions ol active salts were more favomed in albuminated calico 
than in memhrc.e ; may it. not thence hi: inferred that it is in the albumen plate 
that the ehunieal agency operate-' to most advantage : 

T.tkiii" - the mean d ill'll sates of chloride of sodium and carbonate of soda from the 


lower part of the same Table, we have 0‘b.Vl chloride of sodium against 0*201 
e.arhonati* of soda, or l of the former to O'.'di.H of the latter. The dillusates of tlu* 
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.same two salts, in open vessels, were more nearly in the proportion of 1 to 0*7. 
The comparative diffusion of carbonate of soda appears to be rather repressed than 
promoted by the septum. 

The neutralization of a portion of the alkaline salt during the osmotic process is 
again indicated. The portion of carbonate of soda thus lost in the I per cent, solu- 
tion appears to diminish on repetition of the experiment. At the head of tin* table, 
the loss in two experiments is 0*005 and 0*050 gramme ; lower down, 0*001) and 
0*0-12 gramme ; and near the bottom of the table, 0*020 and 0*027 gramme. The 
loss with the 10 per cent, solution is 0*110 and 0*01)2 gramme, or not more than 
double the loss in the preceding l per cent, solutions of carbonate of soda. 

Sulphates nf‘ Potash and Soda . — The sulphate of potash was made the subject of 
frequent experiment, with the view of obtaining light on the nature of osmose, at the 
commencement of the inquiry. But it is not well litted for such a purpose, its action 
in the osmometer proving at first of a most perplexing character. With thick ox- 
bladder. sulphate of potash dissolved in the proportion of 1 per cent., usually exhibited 
considerable osmose, that is, about one-half of the osmose of carbonate of potash in 
similar circumstances. The osmose of the sulphate bad. however, a peculiar dispo- 
sition to increase in successive repetitions of the experiment with the same mem 
Inane. The osmose of this salt might also be doubled by allowing bladder in 
substance to macerate for some time in the solution before the osmotic experiment : 
soluble matter from the membrane manifestly influenced the result considerably in 
all experiments with sulphate of potash. 

When the removal was effected of the muscular coat, of bladder, the chief source 
of its soluble matter, the osmose of the salt, in question fell greatly in amount instead 
of rising, like that of the carbonate of potash. 

In the prepared membrane sulphate of potash presented a small moderate osmose, 
like chloride of sodium. But the salt must bo exactly neutral to test-paper, and the 
membrane also free from foreign saline matter, otherwise \ory diflerent results are 
obtained, lu a double membrane, I per cent, of the neutral sulphate gave. 2 1 and 
go ms. ; but the same solution, made alkaline by the addition of no more that) one 
ten-thousandth parr < v 0*oi percent.) of carbonate of potash, started up to 101 and 
107 ms., a much greater osmose than the pro port ion ot eat V' ale of potash present gave 
afterwards by itself in the same membrane, namely tl), 22, and \ t ins. 1 lu- iullucncc 
of the alkali is so persistent, that the membrane, macerated in Witter for a night after 
the la.-t, experiments, still gave 05 ms. with I per cent, of pure sulphate of potash. 

The osmotic aelivitv of sulphate of soda is equally excited by a trace ot alkali, aud 
both sulphates exhibit the same chaiacfcr in albumen as well as in membrane. Ibis 
remarkable result, of the combined action of the two sabs is so likely to elucidate the 
chemical actions prevailing in osmose, that a fuller series ot illustrative experiments 
nmy be recorded. The septum was of double calico, well albuininated, aud presentee 
a good resistance to hydrostatic pressure. 
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Table \l\. — Solutions in Osmometer Q of alhuminatcd calico tor live hours. 
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Tlit- inllaence of the two alkaline carbonates in vi n a high osiiiom' to the sul- 
phate". appears to he pretty nearly eipial. The primary source of the ureal osmose 
may prove to he the action on membrane of the alkaline carbonates, which is pro 
moted in some way by the presence of sulphate of potash, as it is retarded by the 
presence of chloride of sodium. 

On the other hand, the moderate amount of osmose which appears to be proper to 
these sulphates is complete!), neuatixed b\ the most minute addit ion of a strong acid 
'I'lnis, I per cent, of sulphate of potash, with the addition of one ten-t honsandth part 
Mi-ill per cent.) of hydrochloric acid, had its osmose reduced, in the first experiment 
to s ms., and in the second experiment to — ms . tin* osmose becoming actually 
negative. 

On one occasion, a specimen of well-crystallized sulphate of potash gave, when 
dissolved, a still more sendhle negative osmose, namely — 2S his. On applying litmus 
to the solution, it was found to posses*, an acid reaction. Hut the addition ot OM)| 
p» r cent, carbonate of potash was sufficient to change the acid into an alkaline 
reaction, and to give rise to ;• positive osmose, amounting to I ms. 

It oeeiirr <1 to me to mae^ate a fresh membrane in water, containing one-thousandth 
part MN per cent.; of hydrochloric acid, for two days, before applying the membrane 
to the osmometer, and then to wash the membrane with distilled water till all acid 
reaction disappeared. ilh I per cent, of neutral sulphate of potash, this memliraue 
gave in succession 17 - 1-, .‘i.'i and <12 ms. ; with sulphate of soda, 1 percent., follow- 
ing. .‘JO, -■') and 2 A ms. : and with sulphate of zinc: (anhydrous), I per cent., after the 
last salt. I t and 21 ms. These la-t results show a certain degree of unsteadiness in 
the osmose of the alkaline sulphates, probably arising from the osmose of these salts 
depending s<» murli upon adventitious circumstances. The difth sates were fatefully 
weighed, lirst when fully dried, at 212' , and again when ignited. The difference in 
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the weighings arose from the presence of organic mutter dissolved out of the mem - 
brittle, t>f which it gives the quantity probably somewhat exaggerated. 

First dilfusate, 0‘S2S grin, sulphate of potash. 

Second dilfusate, OIKi'i grin, sulphate of potash, OHIO grin, organic matter. 

Third dilfusate, 0*:'>;>| grin, sulphate of potash, O’ORl grin, organic matter. 

Fourth dilfusate, 0\‘j(>(> grin, sulphate of potash, grin, organic matter. 

Fifth dilfusate, O’d.'iti grin, sulpluite of soda, 0*01 I grm. organic matter. 

Sixth didiisufc, grm. sulphate of soda, 0'01‘t grm. organic matter. 

Sevenl h dilfusate. OhWi f grm. sulphate of soda. O’Oop grm. orgimie matter. 

Kiglith dilfusate, 0 '2.‘»'.) grm. sulphate of /iue. 

Ninth dilfusate, 0*2t>0 grm. sulphate of zinc. 


The did’usates of the two alkaline sulphates are remarkably uniform, the didusate 
of sulphate of soda falling a little under that of sulphate of potash, but not s<* much 
as in open vessels. The dill’usate of sulphate ol zhu is s*dl small'T but relatively 
too high, as it should not much exceed oue-hali of tied of sulphate ol potash, 
judging from the diffusion of these salts in the ale- ;uv of membrane. The organic 
matter accompany ini; the s.dt tali' oil in quautily ia "iteecs-uve experiments, but 
continued to exist to the last, although it \\ :e not <let r riniued in the experiments 
w ith "ail piiele of zinc. Hie diaineler of the disc of lnemiuane was I’J:> millimeters, 
and it" original weight, air-dticd. gramme. 

O.ndu/t nf Puliisli. ( lifu'iliilr tint l Itii '/ 1 i'inihl/r (>/ /"*';/ 1 / s /y . - I h<’ only property of 
sulphate ol potash which s.-enis to be conueeted with me positive osmose ot dial "alt. 
is its bibasieity .ts a sulphate I he aik.dim eharaeier ptmnoUs positive osmose, 
and this character appears to In 1 a di>t!neiion ol p*»!\ basic "alts I i : . ■ common 
tribasic pbos|>baic of soda i" 'inm^lv .dk.dai: i • 'esi ; i j »• * •■_ and the 1 tb i"ic p\ ro 
phosphate o! soda enjovs the s.iait p . j . • ‘\ *n a sf.jt bignei d. give. i lie "idpiiates 
of potash and soda are eei (ainly neuln: (:• i -i -p:q,. , r. bat they ui i\ be look m| upon 
.is pot ellt iallv alkaline liultl the easy 'e\ e.'.'.linlt m the Cre/I (>pil\al"Ut ol fixed base 
and its replacement by water, witnes-ed in ah hih.isic ill-. hi monobasic salts, 
on tin* contrary, a pruelivitx to the acid eh. s.iei-v may (>e aispeeii d 1 Ini' altiiougb 
the ebloiideof potassium and uilra'e o' pooi'h .•■ipe.o as r.tulral <■* test -paper as 
the sulphate ol pota'li is, vet the chloride* am: .uiratis .il inr magnesian liases are 
more docidedh ; i«*i 1 1 than (heir sulp!>aie' h i ■> ju-i * . i >■- * : ! • I ■ then, on tuis view, that 
the osmotic inferiorilv of chloride of sodum*. and the pow < r .-I that "ait to counteiact 
the positive osmose ol carbonate ol potash, may be cxnihi. in’e ol acid character 
belonging to tin* former sail. The cbserv.ui.n * ol ’he ri e in the osmometer ol 
chloride of sodium, and also of the chloridi s hariu.i ami « alcium. previously 
described, also have flu* appearance of being tin* cllect ol diiiusion. modified by a 
slight chemical osmose of a negative character proper to these s;dts. 

The polvbasie constitution of oxalate of potash is well marked, and its positive 
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osmose will be found below to be considerable, although the specimen of salt 
employed was strictly neutral to test-paper. 

This salt also, like sulphate of potash, is shown not to counteract the high positive 
osmose of an alkaline carbonate. 

The chromate of potash, although carefully purified by crystallization, retained a 
slight alkaline reaction. On this account small additions were made to it of bichro- 
mate of potash in some experiments, but without materially diminishing the very 
sensible positive osmose of the former salt. A neutral chromate has of course the 
same bibasic character as a sulphate. 


Tablk XX. — Oxahte and Chromate of Potash in Osmometer F of double 


brane for five hours. 
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The a\erage rhe for the i per cent, solution of each of the salts placed in the osmo- 
meter in a pure state is, bichromate of potash *21\> ms., chromate of potash 107*0 ms., 
and oxalate of potash ms. The average dilliisatc for the chromate of potash is 

ij :> 1 <).') gramme, and for the bichromate of potash O gs.'i.j gramme. 

Like Milutions were submitted to osmose at the same time in a septum of albu- 
men for the sake of comparison with the preceding membrane osmometer. 
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Tablr XXI. — Oxalate and Chromates of Potash in Osmometer K of albuminated 

calico. 
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Iltnh'ufe of Lime exhibited similar characters to the last base. Indiluted lime- 
water gave in double membrane —20 ms. and — I m. ; while the same, diluted with 
four volumes of water, gave a positive osmose of .'11 and IS ms. In albumen the 
undiluted lime-water gave — IS and — .‘>0 ms.; the same, diluted with four volumes 
of water, gave 0 m. and 1 m. 

('htoride of Strontium. I per cent., gave in double membrane 10,27 and 2G ms., 
following eldoride of barium in the suite membrane. i:t and 21 ms. Nitrate of baryta, 
in the same membrane, gave 12.2-1 and 2'.) ms.; nitrate of stroutia, following the 
latter. 27 and a 1 ms. 

A ifrute <>f Line- in membrane twice gave It) ms., following chloride of calcium 
with 12 and 20 ms : in albumen nitrate of lime gave 2 and 2 ms. 

The two per cent, solution of the same salt in membrane gave only G and G ms. in 

two experiments. 

Chloride of 1 hf<ine\iii/n gave in membrane — 2 ms. and in albumen G ms., both 
experiments being made with the one per cent, solution, which is always to be un- 
derstood when no particular per-centagc is stated. 

A ifrnfe of )/i/g//i w./ gave in membrane — 21 and — 20 ms. Moth of these mag 
iiesimi salts were prepared by saturating tin* acid with excess of magnesia. The 
lendouov of monobasic stilts of the magnesian class to chemical osmose of a nega- 
live character appears to be small in the salts of barium and strontium, to ri-e in 
tho»e ol calcium, and to culminair in the salts of magnesium itself. 

. Iluminiam . —Nothing is more remarkable than the high positive osmose of certain 
salts of alumina. These suits emulate the alkaline carbonates in this respect. The 
property too appears to he characteristic ot tin* sesfjuioxide type, and distinguishes 
the salts of srsquioxide of iron, scsqmoxiile of chromium and the higher oxide of 
uranium, as well as alumina. 

Su l/ihiite of . j/i‘itiiio/.- The sidphati's of this type do not exhibit a high degree of 
osmose, although they are probably more osmotic than the magnesian sulphates as a 
class. Sulphate of alumina. I per cent., gave in membrane .>7 and <»7 ms., and for 
O’ ! percent. 2-1 and .'i! ins. 

The dilliisutc was small, amounting in the second observation of the I per cent, 
solution to o <)”».> gramme of tersidpbatc of alumina, together with an excess of O’OOo 
grin, of sulphuric acid, according to analysis. 

( hhn ide of . Ilmniiiimn . prepared by treating hydrochloric acid with an excess of 
Indented alumina, was lound by analysis to approach very nearly to the proportions 
of the definite compound Ab<’l. The following results with that salt were suc- 
eesg|vr!y obtained in an osmometer of single membrane:---- 

A\' i * h I per cent., rise of 540 ms. at a()° Faiik. 

With 1 per cent., rise of 57<> ms. at 19' „ 

Wilh I per cent., rise of -InO ms. at 1/° , 

With 1 per cent., rise of G:if> ms. at -19' ,. 



PltOFESSOIl GRAHAM 0\ OSMOTIC FORCE. 


217 


With ()• 1 per cent., rise of 510 ins. iit 54° Faiir. 

Witli O’ 1 per cent., rise of 2M5 ins. at 1H° „ 

A\ 7 it It 01 per cent,., rise of -110 ins. at 5(>° „ 

The numbers, which are all high, vary considerably ainon^ themselves, as often 
happens when osmose is intense and is observed in a single membrane. The tem- 
peratures of the water jar are added in these and most other observations recorded, 
although it was difficult to draw any positive conclusion respecting the influence of 
heat upon the osmose of small proportions of salt. With large proportions of neutral 
salts, where difiiisihility prevails, the osmose appean d to increase with the tempera- 
ture, as does the proportion of salt diffused. With respect, to the condition of tin* 
membrane used above, the first experiment was conducted in the membrane freshly 
dissected and pre\ ions to any macerat ion or washing u hatever, with a similar osmotic 
result. i< will be ob erved, as in the Liter expi rimenfs made with the membrane after 
being repeatedly in.iceiatid. 

In experiments of dilfiisiu r el.lmideof aluminium in open vessels, decomposition, 
of that salt was ..bMT\e«5 uith escape of five h\ droeblorie acid. The decomposition 
appeared however in atfen >e.'ie!' U ss ot the chloride ot almuiuiuai than it does ot tin 1 
act late ot alumina 
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In the second ami thin! experiments of tin* Table, the solutions were coloured 
distinctly hlue. hy menus of the ordinary sulphate of indigo, without interfering mueli 
apparently with the osmose. 

The diliuoati-s. when given. arc a-* hinaectate of alumina, and were calculated from 
the alumina found in the water-jar. 

In the last three observations of the one-tenth per cent, solution, the dilliisate of 
-alt is in proportion to the replacing water as ] to l.VJ, 131 and 137- 

In osmometer F of -.'nude memhrane. acetate of alumina gave a dilliisate not ex- 
ceeding one-third or one-fourth of the dill'usite from sulphate of potash in similar 
circmu**tances. rims, in three observations of the aluminous salt, the osmose was 
3,')(‘«. yp:> and 3‘.»7 ms., with the corresponding dilliisates of 0’1<)2, < »* 1 1 1 and (cost) 
gramme of hinaeetate of alumina: wlnlr two experiments <>n sulphate of potash, 
which wen* intercalated between the second and third of the preceding- observations. 
iM\v dilliisates of (inga and if l'J.i uuimne of sulphate of potash. 

The osmose of acetate of alumina does not appear to be sensibly alVccted by pre- 
vious i xperiments made in the same membrane with sulphuric acid. Imt to fall 
inu'.’x wiien an e«pial proportion <T sulphate of potash is diffused along with the 
neitate of alumina. ( )t’ the f- »1 1- »\\ mg mm lieis. — I. S. 7 . -.'> 7 . 7 and IS. the first 
t !u\ c iOt'l the lil'h. which are small. an- tin* osmose of O’ I per rent, sulphuric acid 
alum : the fourth, which i* large. that of I percent, of acetate of alumina, and the 
sixth that of I per i.vi.1 . of am : tte of alumina mixed with 1 per cent . of sulphate of 
p-iPi-h. all in the same m> , mbrane The diiiiisale of the pure acetate of alumina w.i» 
u famine. -■ hich i- h.", 1 <r a ] percent, sobilion, as compared with the dilliisalc* 
limn the one-tenih per cci.t . s,, bilious of sidpluiric aeid, which were. 0’0;»'.). «f 0 i’J 
0 0 1 (1 and (fo I 1 gramme of stilplmrie acid. 

The addit ion of an ei | u d wt. ig lit ot chloride ol s<,d ium to t lie otic per cent . soli p ion 
of acetate of aiuiiiina. lower* d tin* osmose nl the latter salt , in osmometer K. from 307 
to ■_* < » 7 ms. Tibs is sniaii -imoiin! of ‘ interference compared with lhat exercised b\ 
tl.r s dpi. at* of poliish in the same membrane. 

Pai. I. iiiaei late * > ! aiimhna was foutgl It* be largclv decomposed wiien dillused in 
mien *.i s-i js. tin- aci:i<- m id 1 scaping and leaving behind the allot ropie soluble 
abiu.iin o* Mr. ( in m. i iiis las* subsianc*’ is remarkable lor ifs low dilltisibilif \ , 
■ tills sidij* i’i will r<’<jiiin- furl ii**r «liseuss',i,n on a lutiir*’ occasion. 

/, ]>, i.luMiljtlmlr <,/ I, nn. This sail appeared, like sulphate of magnesia, to 

. v: , hr only the exchange bv dillnsi m of one part ol salt lor five or six parts of 
o a>* : the i"'i' ol' tluid in the iiMimimiiT also increasing pretty uniformly with the 
p.oportion of *all. Tims, in double membrane of good resistance, 1 pcrcrnt.nl this 
-all -always supposed an b\ droijs ( ga\ e *J 1 and 30 ms. ; -1 per cent . <50 ami S I ms., at 
j. t .•niper.it in* • bet w ( cii <51 and <5 1 ' Fmik. 

bint ale >>f‘ // nn. -This salt separates itself from some other magnesian elilo- 
riil' s, and gives rise to a positive chemical osmose, which is considerable in amount. 
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To learn whether this arose from the passage of iron into the higher oxide or not. 
sulphurous acid and hydroMilphurin acid were mixed with the protochloride ol’ iron, 
but, as will he seen below, without lessening the osmose. 


Taiw.k XXII F.— -One per cent. Solutions of several Magnesian Ohlorides in 
Osmometer F of double membrane for live hours. 
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osmose, 1 percent, giving in double membrane 21 ami 27 ms.; O'l per cent. 20 ami 
23 ms., ami 1 per cent, again 1 1 ms. 

Xickct . — The sulphate of oxide of nickel resembled that of magnesia and prot- 
oxide of iron. In double memhiane I per cent, gave 12 and 10 ms.; I per cent. 
3S and 38 ms.; 10 percent. ~~ and 10t> ms. 

The chloride of nickel, however, appeared to have a tendency to chemical osmose, 
like the protochloride of iron, and gave in double membrane A 2, S'.) and D.» ms. 

Zinc . — None of the salts of this metal can be said to exhibit decided chemical 
osmose, sulphate of zinc giving :* 1 and 20 ms. nitrate of /itu: Is and 32 ms., and 
chloride of zinc IS and At ms., all in double membiune. 

Cadmium. Tin* nitrate of cadmium appeared to all'eet chemical osmose: the one 
percent, solution of this salt giving, in double mem! rw. no I •_* I and i;i" inv 

Caput r. — (onjtcr appears to /ins>e>s the rujmeity for rhemtcnl in it - 

salts getter, db. with the <\ccptioij i*l the sulphate. Mat re sulphate appears to be 
rcm,trl\;i!tlc tor osmotic activity. I hi comparative osmose o! tour salts n! reppi ; b> 
the Mini' membrane is given below. 


Table XXIV. — Solutions of I per cent, of S ill' of Copper in Osmometer V. o! 

double membrane for live hours. 
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The rate of osmose is generally a litt le deranged on passing from one suit to another 

m the same membrane, and in consequence the second or third experiment, is always 

\ 

to be preferred to the first made with the same salt. The preferable numbers for the 
osmose of the preceding salts would therefore be. sulphate ol copper is ms., acetate 
1<>2. nitrate 20 1 , and chloride 3 A I . The number tor the sulphate, however, is pro- 
bably too high, being raised by the previous chloride. 

The salts of several of the magnesian metals exhibit a much lower osmose in 
albumen than in membrane. In an osmometer «.t the first description nitrate of 
copper gave ouiv 22 and 27 ms. ; acetate of coppt r 22 and 2A ms,, or no more osmose 
than is obtained from the corresponding salts of lime and magnesia. 

Lend. - -Tin: salts of this metal are probably equally osmotic with those of copper. 
The nitrate and acetate of lead only wore examined. 'Fbe osmose of these two salts 
obtained in the same membrane was as follows:- 
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Table XXV. — Solutions of 1 percent, of Salts of Lead in Osmometci M of double 

membrane for five hours. 


Salt in solution. 
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The numbers which these results appear to authorize, were for acetate ot lead 
07 ms., ami for nitrate of lead 201 ms. (mean of 211 and 107 ms.j. The acetate 
exhibits, as usual, a considerably inferior osmose to the nitrate ot the same base. 

It appeared dcshablc to ascertain the osmos*: of higher proportions of a salt, which, 
like the nitrate of lead, exhibits decided osmose in tin- l per cent, solution. The 
first results appearing low. the membrane was washed with ether alter the third 
cxp< riment. a treatment of the membrane which in ti.s iiist-trn-e sensibly improved 
its osmol ir power 
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It is curious that the hydrostatic resistance ot the membram’ increases «,o dei ibetlly 
as the experiments advance, in the osmose ol this am) several other metallic salts. 
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particularly nitrates. It is not to hr supposed. however, that, this change lias any 
material inllnrnrr upon tlu* osmose. 

I rii)iitf/:i.- The nitrate of uranium presented a hii^h decree of osmose. 'I'liis 
re-nlt seareelv alleets the question of the constitution of the metallic oxide pre-rnt 
in t ! mt salt, as a hi^h osmose is exhibited, both In the salts containing an oxide of 
tin' t x pf H .O.. and by a portion at least of the elass of protoxides. V iewed as an 
aluminous salt the nitrate of uranium lu.s a basic composition (l r. (). NO.), a 
rirriunstanre which su^uested the addition of free nilrie arid to that salt in some 
experiments. The small proportion of one tenth per rent, of nitric acid will he seen 
to have a modeiate intliunee, and I per tent, of tetrie acid to ha\ e an overpowering; 
intluenee in redneina the extraordiuarv osmo-e « >t this salt. 


Tmsi.k \XV II. — Solutions of Nitrate of l ranmm in O'limm, ter M of tlonlde 

mernlnane for live hours 
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In the lir-t experiment with a double membrane the osmose of the salt. in ipiestion 
was ;»8 ms.. Inn the osmose fell in tin* second and third repetitions to 12 and IJ ms. 
’I he 1 per cent, solution of the sainc salt ^a\ e no more than 2d and 7 nis. 

Mt ■rrttr/f. — The isiiksc of the salts of both oxides of this metal is always positive 
and "tnerally considerable. The osmose appeared to lie of least amount in the 
chloride 'corrosive sublimate;. to increase in the protonitratc. and to assume its 
greatest magnitude, in the prrnitratc. 'Die first, silt. has a stability in solution which 
tin* latter two -alls do not eiijo\. 

Fa I rnordinary osimee i>, liere. then fore, associated with facility of decomposition, 
as in so train oilier instances. 

The i oil tienee of the pres me;- -,f aeids and of ehloride of sodium upon tin* osmose 
of chloride of nu rciu x v. ..- da! (lie sea re h for laejs which ni'mlit throw li^ht on 
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'Hu* membrane preserved a considerable action after flic last experiments, although 
niaccrafcd in water for a night. and imparted thereafter to a salt nearly neutral to 
osmose initiate of silver), a rise of ’ 2 ' 2'2 and l(U>uis. 

In albumen, pernitrate of mercury again was low. giving' .T2 and films, for one 
per cent, of the salt, and :i I and If* ms. for the one-tenth per cent, solution. 

Si/nr. — It is interesting to observe how this metal separates itself from mercury 
and the tuagm sian ehmumts. and takes its place with the alkaline metals in the pro- 
perty of osmose, as in other chemical characters. Nitrate of silver appeared to 
posses a moderate positive osmose, like a salt of potash or soda. For the sake 
of comparison, tie silver salt was followed by nitrate of soda in the experiments 
below. 


Tvm.i 


W!’\. — ‘solutions in Osmometer (i of double membrane foi live hours. 



The < \|k rim.’.’it - of the Table indicate an a\erage osmose of :t.> ms. for I pci emit 
of uitiate ot 'ilve:'. and <•: i'o ms. for the same proportion of nitrate of soda. A 
eiiii'iileralde ddVusatc of si*\er appeared in all the experiments with the salt ot that 
metal 

( mill mu! Pluhiimn. T*-" ehbuides of the e metals have already been shown to 
possrs-. a dieided lie 1 , at e ihiids. and in that respect to rank with acids. 


n emu 


place loyi-l her a series of numerical resuits which 


exhibit the osmose o* sub-tn nee- 


all classes. Some of thes< numbers have not 


lu-eti pro\ mas|y i eporit ' 
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Osmose in membrane of 1 per cent . solutions expressed in millimeter 
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is a hu-ac body compared wish the arid wilhm He* membrane. 

The hii;!i posit i \ c osmose *jf tin- ".alt" d dm alumina l \ pc is r\rrniinalv remarkable. 
Tln pmpertv is common In salt" ot alumina. "e"i|inn\idr of imn. sestpiioxide of 
chromium, and the eorrespondina o\idc ot uranium. Non tin properly in llu*sr salts 
is small where the "alt is stable, a. in the sulphate", hut heroines i;real when* the 
atlinity between the acid am! base i- rompai a* i\d\ weak. Ci" in I lie chlorides, nitrates 
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experiment by the action of diffusion. When pcrnitratc of iron, a salt of this class, 
is placed in the osmometer, a rapid decomposition of the salt occurs in the mem- 
brane ; the nitric acid escaping, from its high ditfusibilitv, into the water of the jar, 
and leaving a basic salt on the inner surface of the membrane. Here then, as with 
the preceding class of osmotic bodies, the osmose of the water is towards the basic? 
side of the membrane. 

But the most curious circumstance, with reference to t his empirical generalization, 
is observed in the magnesian class of salts. The bury tic subdivision of this class, 
including all the soluble salts of baryta, strontia and lime, appear to be entirely 
unosmotic. or they oscillate between a small positive and small negative osmose. 
Such salts arc neutral in their reaction, and further, have no disposition whatever 
to form subsalts. The salts of the earth, magnesia itself, offer the same characters. 
But in the salts of certain other oxides of the magnesian group an intensely osmotic 
character is developed, particularly in the salts of copper, protoxide of lead and 
protoxide of tin, with the exception of the soluble sulphates of these bat: s. Now 
those named are the members of the magnesian class most apt. to break up into free 
acid and a basic salt. Like the aluminous salts, therefore, they are capable of 
investing the inner surface of the membrane with basicity, the necessary condition 
ot positive osmose. Nitrate of uranium does not require to form a subsalt, as it is 
already constitutionally basic. The osmotic peculiarity of metaphosphorie acid, 
foi merlv referred to, also harmonizes with the same view. 

Neutral monobasic salts of the alkaline metals, such as the chlorides of potassium 
and sodium and the nitrates of potash, soda and silver, which possess a strict and 
unalterable neutrality, appear to have little or no true osmotic action. The salts 
named, together with the neutral magnesian sulphates and certain neutral organic 
substances. such as alcohol and sugar, give occasion, it is true, to an increase in the 
lluid of tin* osmometer, but only to the moderate extent which the exchange of 
dilfusiiMi-\ olumes might be supposed to produce. The comparative dilfiisihilily of 
all these substances is well known, with the exception, unfortunately, of that of water 
itself, which 1 could only deduce by an indirect method in my previous inquiries re- 
specting liquid diffusion. As salts generally appeared to diffuse in water four times 
more rapidly than they did in alcohol, the difl'usibility of water was then assumed as 
probably four times greater than that of alcohol, ami consequently five or six times 
grea'er than that of sugar or sulphate of magnesia. Diffusion is thus made to 
account for the substances last named being replaced in the osmometer hy live or 
six times their weight of water. This diffusion-osmose" appears to follow in its 
amount the pioportion of salt ill solution, with a certain degree of regularity. The 
•• chemical osmose” of substances, on the other hand, is found of high intensity with 
small quantities of the substance, such as I per cent, or even 0* I per cent., and to 
augment very slowly with increased proportions of the substance in solution. 

A -mail proportion of common salt accompanying carbonate of potash has been 
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seen to possess a singular influence in diminishing the positive osmose of the last- 
named alkaline salt; while a mixture of small proportions of common salt and 
hydrochloric acid exhibits, with the membrane in certain conditions, an intense 
positive osmose which neither of these substances possess individually. 

The bibasic salts of potash again, such as the sulphate and oxalate, although strictly 
neutral in reaction, begin to exhibit a positive osmotic power, in consequence, it may 
be supposed, of their resolvability into an acid salt and free alkaline base. 

The sulphate of potash, when strictly neutral, has in different membranes a variable 
but always moderate positive osmose, an osmose which the slightest trace of a strong 
acid may cause to disappear entirely, or even convert into a small negative osmose. 

On the other hand, a minute addition of an alkaline carbonate to the sulphate of 
potash appears to give that salt a positive osmose of a high order. It was seen that 
the mixed salts produce much more osmose than the sum of the osmose of the two 
salts used apart from each other. 

This property of sulphate of potash must wait for its explanation, with many other 
facts of the subject, till fuller information is obtained than I can ar present, offer re- 
specting the nature of the obscure chemical changes which occur in tin* membrane 
during osmose, ami of the mode in which masses of water come to participate in these 
changes. The conclusion which has been drawn, that flic osmose or movement of 
water through membrane, is always towards the side of the base, is no theory or 
explanation of the phenomenon, hut a general description, which appears to apply 
with sufficient accuracy to all the observations. 

It may appear to some that the chemical character which has been aligned to 
osmose take-' away from the physiological interest of the subject, in so far as the 
decomposition of the membrane may appear to be incompatible with vital condi- 
tions, and osmotic movement confined therefore to dead matter, lint such appre- 
hensions ore. it is believed, groundless, or at all events premature. All parts of living 
structures an* allowed to be in a stale of incessant change,' — of decomposition ami 
renewal, 'flu.* decomposition occurring in a living membrane, while ellerting osmotic 
propulsion, may possiblx t lu i cion* be of a reparable kind. I u other respects chemical 
osmose appears to be an agency particularly well adapted to lake part in the animal 
(economy. It is seen that osmose j-. peculiarly excited by dilute saline solutions, 
such as the animal juices really are, and that tlu* alkaline or arid property which 
these fluids always possess is another most, favourable condition for their action on 
membrane, 'flu* natural excitation ol’ osmose in the substance of the membranes or 
cell-walls dividing such fluids seems therefore almost inevitable. 

in os mow there is, further, a remarkably direct substitution ot one of the great 
forces of nature hy its equivalent in anot her force — the conversion, as it may be said, 
of chemical nihility into mechanical power. Now. what is more wanted in the theory 
of animal functions than a mechanism lor obtaining motive power from chemical 
decomposition us it occurs in the tissues ? In minute microscopic ceils the osmotic 
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movements should attain the highest velocity, being entirely dependent upon extent 
of surface. May it not be hoped, therefore, to find in the osmotic injection of fluids 
the deficient link which intervenes between chemical decomposition and muscular 
movement ? 

The intervention of the osmotic force is also to be looked for in the ascent of the 
sap of plants. The osmometer of ulbuminated calico appears to typify the vegetable 
cell ; the ligneous matter of the latter being the support of a film or septum of albu- 
minous matter, in which the active properties of the cell reside. With a vegetable 
salt, like oxalate of potash above, and pure water below such a septum, an upward 
movement of the lower fluid would necessarily ensue. 



2*29 ] 


VIII. Researches on the Impregnation of the Orum in the Amphibia ; 
Stages oj Development of the Embryo. {Third Series.) By 
Newport, F.R.S., F.L.S. Sfc. Selected and arranged from the 
by George Vinkk Ellis, Professor of Anatomy in Cnirersify 
Communicated by Sir John Koruks, HI. I ) ., F.R.S. 


and on the Early 
the late George 
An f /tor's M SS. *, 
College, London. 


Received June 6th, — Read June loth, 1S54. 

% 


In a note dated April 1 8tl», 1 Si) 8, which was added to my last paper on flu* 
** Impregnation of the. Ovnin-j-,” whilst it. was printing. I recorded the fact that, 
“ through the adoption of a different mode of examination" from that which I had 
previously employed. 1 had seen the spermatozoon pass through tin* gelatinous 
covering and the vitelline membrane of the egg into the \itelline chamber and the 
yelk. This fact of the penetration of the. spermatozoon into the yelk is of such im- 
portance as to make it necessary for me to state, with precision, all the circumstances 
connected with it, and to detail the exact course 1 have pursued. These particulars 
were not ffivm when 1 announced the fact, because they would have exceeded the 
limits of a supplementary note; but as the omission of them has exposed my state- 
ment to considerable doubt on the part of one of the most, distinguished and truthful 
of physiologists (Professor IIisohokk {'). it is the more necessary that I now detail pre- 
cisely mv mode of proceeding. 1 think it will t hen appear, t hat t he diilicultics which 
have hitherto pi evented a solution of tin question of the penetration of the e””- ol the 
Froj»- by the spermatozoon are in chief part, if not entirely overcome, and that this 
egii, far from boilin' the least fitted, is perhaps one of those best adapted for arriving 


| * A gn at part of this pnp< r na-» uritti n hv Mr. \i \v rmii, with the intuition of present mg it to till’s Socie ty , 
ami the reM has In cn compiled limn hi.- Soft JJmi As. Nmn of the uhse nations w civ made later than the Spring 
of is;>;5. <iA r .K.] 

t Philosophical Tran^aelion* inr 1 p. 1? 7 1 . 

} In a paper purporting to refuti tin* opinions of Dr. Kmier and Dr. Xm.m»v concerning the penetration of 
tin 4 spermatozoon into tlie mum, “ Widerlegung, »S.<\ \e., von Dr. Til. L. \V. Bi-enon*. mit eiucin Zn-atz 
von Dr. Hi n hhi i K uit. m 

[$ Since the above sentence \\a> written Profis-m Bi-ntou- Isas iuuMiirated, this spring (1S34), the im- 
pregnation of t lie egg of the Frog, and has etui firmed the statement of Mr. Newport respecting the penetration 
of the spermatozoon. See his pamphlet headed “ Bestatigung des \un Dr. Newport hei den Batrachicn und 
Dr. Barry hei den Kaninchen hehaupletcii Findringnis tier Sperma^ozuidon ill das Fi.” la thi< publication 
he asserts that Mr. Newport is the discoverer of the phenomenon of the penetration of the spermatozoon into 
the eytj by its own movement.— (r.V.F.J 
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at the settlement of the dispute about penetration, which has so long engaged the 
attention of physiologists. 


Mode of proceeding. 

I have elsewhere mentioned that l employed a glass cell to contain the egg whilst 
it was examined*, with the view of keeping it in one position, and preventing the 
movement derived from accidental causes : it is made of a section of a piece of baro- 
meter tube, from one-eighth to one-fourth of an inch deep and three lines in diameter 
iu the clear, which is cemented on a plate of glass of convenient size. This piece of 
apparatus, which 1 name a tube-cell, is of a size sufficient to contain only a single egg 
after its covering i> fully expanded. For the purpose of making an observation, the 
egg is to be placed in the centre of the cell, imipediately after removal from the body 
of the frog, ami before it has come into contact with any fluid ; by this proceeding 
the gelatinous envelopes adhere so firmly to the glass as to render the egg almost or 
quite immoveable, when the jelly expands on the subsequent addition of water. In 
order that the proper focal distance of high magnifying powers may be obtained, I 
eommonh use a cell which allows the object-glass to be immersed in the fluid. 

As this cell admits light on every side, it is well adapted for viewing the penetra- 
tion of t he spermatozoon into the egg envelopes when the microscope is placed ver- 
tically, and a strong transmitted light is employed. It is convenient also for viewing 
the egg laterally with a simple plano-convex lens of low power, with the view of 
observing the formation of the chamber above the yelk, or watching the cleavage of 
the yelk ; hut the experience of some years has proved that the cell is not suited for 
the lateral examination of the egg with the compound microscope, owing to the 
thickness and the convexity of its wall. True, the passing of the spermatozoon into 
the external envelope, and even into the vitelline membrane, can be readily observed 
when the tube cell is employed iu the upright position of the microscope, but I 
hu\e been unable to follow satisfactorily the course of the spermatozoon completely 
thrnnph the yelk membrane in that position of the object, in consequence of the dark 
colour and opacity of the egg. 

To ascertain Ihe fact of the impregnation of the ovum by penetration, it was then 
necessary to invent some means by which the egg could be examined laterally with 
the i ompound microscope. The great difficulty to be overcome was the tendency of 
the dark surface of the fecundated ovum to maintain a vertical position, with the 
consequent rotation or rather gravitation of the whole mass of the yelk, whenever 
there was any change in the position of the cell. I contrived for this purpose a cell 
or box larger than the one before described, which may be designated a cistern ho.i ; 
and with it. I could note all the changes that took place whilst the egg was quite 
undisturbed. This box resembles the animalcule cage of Mr. Tt;MA*f*, since it is 

Tnin>'ictiori!> fur 1S53, p. ‘207. 

1 Practical i'nnU.'C on tin: Alirro&cujM 1 , by Jons QrKKhiT, p. 130, 2nd edit. 
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constructed of brass with glass at the top and bottom, and it. is inserted into a brass 
plate by which it may In; fixed to the stage of the microscope: the front glass can be 
approximated to or removed from the hinder one by means of the sliding of the piece 
of brass in which it is cemented, though this motion never allows the glasses to touch. 
The glass employed is thin, especially the front one; and a piece is cut out of the 
anterior one (about one-third of the whole) to allow of water being added or removed 


by a siphon without disturbing the box or its contents. Its diameter is eight-tenths 
to nine-tenths of an inch, and its least depth is about one-sixth of an inch, or about 
sufficient for the lodgment of a single row of the frog’s eggs, before they are expanded. 
During the use of this box the microscope is placed horizontally ; and a camera is 
attached to the eyepiece to allow of the immediate delineation of the changes seen. 

The magnifying power used has been commonly the half-inch object-glass (Ross) 
with No. 2 eyepiece, but when any doubt has arisen the quarter-inch object-glass has 
been taken : and the illumination has been derived from the apparatus called Diulkt's 


condenser. 


If the following points are attended to, the entrance of the spermatic body may be 
rcadilv seen. The eggs are to be passed uninjured from the frog*, and are to be 
attached immediately to the inner surface of the glass plate in the moveable front of 
the cistern box ; the front of the box is to be replaced and the objects brought, into 
focus, and then the box is to be filled with spermatozoa: water. As soon as the fluid 
touches the eggs, these imbibe it and expand, but they remain firmly attached to 
the glass. In order that the success of tin* experiment may he ensured, equal parts 
of the sperm and water may be used, and within a few minutes after the formic 
has been obtained ; this will cause a large number of spermatozoa to enter the egg; 
but as the mixture is too opake lbr the satisfactory obsenation of the phenomena, I 
remo. i it at the end of two or three minutes by means of a siphon, and supply its 
place with pure water. By this time many of the sperm bodies have begun to enter 
1 1n* ovum, and their transit to the \iteiln'.e chamber is facilitated by the emlosninsr 


of the water. 

A A lifii these circumstances have been attended to. spermatozoa may be soaieiinus 
semi ;:! the .«//*/ //il/mithi ol the envelope within the first minute, though only tlio'i 
that encounter the egg at riuhl angles; but in from four to live minutes many ma\ 
be visible, according to the numb: r contained in the wafer. Alter the lapse ol some 
time, varying with the temperature, the formation of the t fnwihvr may he noticed 
over the centre of the dark surface of the yelk : it is usually at. this stage, and lor .1 
short time afterwards, that the spermatozoa are first detected in, or passing into. 
vitelline chamber. 


Penetration of the S/urtnn/oLoon into the l <•//;. 

The tact of the pi uctration was litst observed on the ‘J.itli of March. 18.">:*. hot 

*■ Khili »<o|)liie:il Ti.in-urtioiis tor ls.ll. p. 
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only into the chamber, but .also into the substance of the yelk ; and as soon as I was 
satisfied of it, the following precise observations were made. 

First set of observations. — An observation was begun at I l h 28'" a.m. with the 
temperature t>0' Fahu. of the room, though possibly it was three or four degrees 
higher to the eggs, from the radiation of the lamp. 

Within five minutes an abundance of spermatozoa could be observed sticking in 
the vitelline membrane. 

At twelve minute* the number was greatly increased, and extended around all the 
circumference of the membrane within focus : some were still in motion, and passing 
slowly on through the gelatinous envelope with their characteristic serpentine move- 
ment. 

At seventeen minutes the number of the spermatozoa sticking in the vitelline 
membrane appeared f o be lessened. 

At twenty-two minute* the yelk had changed its position, the dark part being 

uppermost; and I could distinctly see some spermatozoa sunk in the vitelline 

membrane and shining through it. as in former observations but I could not vet 

defect anv within the cavitv of the velk : some of the bodies, both those in the yelk 
» % • * 

membrane and those in the jelly, were perishing, as the curling up of the tails 
showed. 

In thirty minutes the yelk had begun to separate from its envelope (forming the 
ehambrr). and in the small space thus forming at the middle of its upper surface, I 
saw two spermatozoa in motion. 

At thirty-seven minutes the space wa* increased and more spermatozoa were in it. 

At 1 1 l" 1 the bodies were still moving, though the greater number were folded up 
both in the chamber and on the yelk, but some had their tails projecting out of the 
velk membrane ; the chamber had attained to half of its future dimensions. 


At I * og' r ‘ all motion had ceased, and there wa* a heaving of the yelk From this 
period rill segmentation began, the spermatozoa ill the chamber became gradually 
fainter, till they appeared to change into fine elementary granules, and then disap- 
peared : but some of those that entered the dark surface of the yelk remained for more 
than twenty minutes after its first cleavage, whilst others that were sticking in the 
\ itelline membrane were perceptible for many hours. 

In the glass box were three other eggs, in all of which the same facts could be 
noted. The segmentation of the yelk began at the end of three hours and thirty 
minutes at the temperature stated. I may mention, that in each egg two spherical 
bodies, to be presently described, were present, and that these exist inall perfectly or 
imperfectly fecundated eggs. 

The observations were repeated on the evening of the same day on a set of four 
eggs; ami were repeated on the three following days with precisely similar lesults. 

Strand set of observations . — I now proposed to vary the conditions of the eggs 
by having a temperature of the room of 01° Faiir., there being the corresponding 



At I" -15“' several of the spennoto/oo were fet .lisi.ppearit^ as .1 Invokw, 
granules, hut those outsit/e the membrane (Ini not thst/tpeai so 10 ' 

within the chamber. t . . 

Some other eggs, four in number, were experimented oil with SOifie 0 til ^Ut.ie 

fluid used for the egg referred to above, and in this ease the fluid hud been I'CllWied 
from the male for two hours and a quarter; the fluid remained on the cgifS butt !in 
hour, and its place was then supplied by pure water. Temperature (i 1° Fa hr. ns 
before. 

At thirty minutes, that is to say, as soon as the water was added, the chamber was 
in three virus largely developed, as much as it would have been in an hour in eggs 
only moderately supplied with spermatozoa, though in the fourth egg the decree was 
not (juite so great. From eight to twelve spermatozoa wen* detected in each chamber, 
and some motionless in the fluid : others on the vitelline membrane had their serpen- 
tine movements; and others were projecting from the membrane motionless, as if 
their force had been expended before they could effect an entrance. 

This last expei imenl seems to favour my view, that the changes in the yelk are 
hastened by excess of the fecundating fluid. 

From the facts stated above, and before detailed in my former papers, the con- 
clusion sinus to be arrived at, that the fructifying of the egg depends on the force or 
power residing in the sperm body to make its way through the thick coverings of the 
vclk ; and that, this being the ease, an explanation will be afforded of the failure of 
the lluid to occasion fecundation when those bodies are deficient in number or well- 
being, or are deprived of the power of moving; and at the same time the penetrating 
power may afford a clue to the inability of filtering paper, even when it is twice or 
thrice folded, to stop their progress through it. 

I'he action of the spermatozoon is influenced by the temperature of tin* air, and bv 
mechanical impediments to its passage into the egg. 

With respect to temperature. I have frequently referred to its influence in expe- 
diting or retarding the development of the embryo, and the following general 
statement may be given in support of it. A given number of eggs, at a mean 
temperature of (if F.vim., will advance i wjour days as far as a corresponding set, at 
a mean temperature of only 1“° F.vim., will reach in fourteen days. Further, the 
embryos exposed to the low temperature mentioned above die and decompose, whilst 

2 u 
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in a running stream, and in a natural state, they would eome to maturity, and this 
difference appears to be owing to the more perfect aeration of the water in the natural 
than in the artificial development. 

There is a certain condition of the envelopes of the egg, of not very unfrequent 
occurrence, which affects the impregnation, lit this condition the envelope is scmi- 
opake and thickened, and the alteration is induced I suspect by too long retention 
of the ova in the oviduct during a period of excitement: this pathological state 
seems interesting, a* it may have its representative in the ova of other animals, and 
may be operative in like manner in them. 

On the loth of March. 1 So: 5. 1 employed in an experiment a pair of frogs that had 
been in constant union since their capture eight days before, and oil passing tbe eggs 
in the usual way I noticed (what 1 had before observed) that the envelope was more 
opake or clouded, thicker and more irregular than usually. On fecundating the eggs 
with recent healthy sperm I found the changes were slower in their occurrence, and 
the number of embryos formed was much smaller than in experiments on eggs with 
healthy envelopes. Thus out of fifteen eggs in separate cells, not more than a third 
were fecundated ; and in these, at a temperature of do' Faiii:., the chamber could not 
be perceived with a lens till after the lapse of an hour and ten minutes, instead of less 
than an hour: and segmentation of the velk did not begin for three hours and fiftv- 
five minutes at a temperature of tin" to ti.V Faiik., instead of at about three hours and 
twenty minutes. 

The results were still more marked in two other sets of eggs, fifty in each, where a 
smaller quantity of spermatozoa was employed, and more time occupied in making 
the experiments; for in the one set, only three or four eggs were segmented with but 
one embrvo; and in the other si t. a verv few underwent segmentation, and hut three 
embryos were afterwards produced. 

These and other experiments show that the unusual condition of the egg affected 
the process of fecundation, and that to this cause the. failure in the production of 
embryos is to be attributed. And as the act of fecundation is accomplished through 
tla* motor power or force of the spermatozoon, by which that, body is enabled to pass 
through the coverings of the healthy egg,* it appears that, when there is any deficiency 
in the usual power, arising from an unhealthy condition of the fertilizing body, or an 
increase in the resistance in the yelk coverings, the spermatozoon is unable to pass 
through the membranes into the yelk, and the egg remains unfertilized. 


( )f th e spherical bodies which appear on the. Velk after fecundation . 

1 have already alluded* to t lie presence of certain spherical bodies, which appear 
within the e'ear chamber of the egg of the Frog, and on the surface of the yelk sub- 
sequent to fecundation. Like bodies have been noticed, especially in the (iastero- 
podous Mollusca, among the invert ebruta, and have beeu even seen in some of the 

* Philosophical Transaction.**, 1^51. 
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Mammalia, blit their evolution has not hitherto been traced, nor their signification 
been understood*. 

I may now detail the result 1 * of an experiment carefully made for the purpose of 
ascertaining somewhat of their origin and destination ; this one will serve as a type 
of all. 

On the 27th of March 1 S.j.'S, and at a temperature of 01° Fahu., three eggs were 
put in a cell and impregnated in the usual way. 


* A single spherical bod)*, projected from the surface of the vclk and maintained for a period at a distance 
from it. oil a pedicle, wa- first noticed in Lyunm’us stnynnUs by Cut- in 1^:24 (Von dcr niis-cren Lcbcn-bedin- 
gUTigeii dcr wei-s- mid kaltbliitigen This re, |j. I. i. liar. 4), before the iiivr.-liirations of Hum and Pikkinjb 
had directed attention to the structure of the ovum. lint thi- pcdiculaft tl body wa* not further regarded by 
C.tius than a- tbc imagined jim- of rotation of the \«4k. A similar body, but followed aNo by a second, was 
also seen in Lt/wn/fs bv I)c.uoj:ir a in 1MJ7 (Mem. dc lWend. tie Ijiuvllc-. tom. x. p. lob ; al-o Annalc* dcs 
Science-. Natuulk-. ‘ scrie, tom. \iii. ls.47, p. lob), and this wa* inuucdh-i ely *uppo-cd by him to be the 
analogue of the Purkinjt an vc.* i* i *, and with it- K-llow, w as- b lievf d to idvc oric.in to the head and foot of the 
animal. A single bodv w: * ak-u noiiud iu Lifimhitfs by Porem v (Sur 1- bcwluppeim. at be ITmibryon des 
Lyiimee-, ( 'dhiptc- Ki-mlu-, July pp. Mj, M), and by him iikw". c w;« thought to be 1 he Purkinjean 

vehicle '■cl free limn the \ t Ik. lint S\j:~ ob-.. rwd two \<_-ick< in Trunn'm, !\nii< and f)oris (Wiiiimaw’s 
Archie, lis.47), and V \ v lii m d 1 \ unmd two in Unto- oy/r^iis (Mi'i.u i:'" Ar-inv, IS 11, p. 1>0) and 
Ajdys/" il'n.ln.,.' ( A i 'Kink - d - Sc. Vat. tom. \v. p. 1 *.b. pi. 1. lig*. 4, 7. 'J, 1M1). and icmarkid that in both 
speck- ll. ii.i. 1 ;. - come tr..m lie* y. Ik 1>- im • .dilution b i ominemv d, and that tin ir pn -cnee indicates 

that tic* In .1 !\ ili’ l ;„n, \ . 1 1 1 1 > inn..* il on 1 1i..t -ideof the vi Ik at whUi they appear. \\ v.-rthele** V \ .v 

Him di \ <,b juii- l! at liny am i:-; .-mi. d mr lii :e in the trau-paivut ib'id which 'urruimd- the yJk from 

which lln\ j > i « >i\ iij, l>; lit \ d tb-.t tl. v h, nn.r* bl oh.d in 1 lii - tlni l ami do not take any direct part in the 

foiinatiou ol tin* 'mbrvo; ami aliii'nmh lie app .ir- to 1i.lv * a jes lik'd th m . - tin r.piv- entat i vc- ol tin I’uikin- 

jcan \.-inic, be -i , in to h ivc doiih‘u.d w 1 1 * tiier 1 1 1 • — boilv pla\- the imp* rta.ni part w hit'll Iu*? iacti attributed 
to if in the hi'di i annual-. At th ■ -.»me lime h-'cclkb .bbniioit to * lie* i«u L ol the constancy ot thc-c vr-icles 
in tts, l.itiftu and , \ t th .■*»•/ a 1 - nu-rnihg i*«m> »dci ation. \‘t Kv-ui. who .lit. rward- siw the w-icles in 

l.i/mnu //-■ (Wim.m Aiih. \ii. 1Mb, p. il.l.j), Ihoeedil tin i r piv-cnce an ahuornud condition. The late 

1 )r. .1 . it i 1 1 ), how - wi.sh i he m in / inns hd t If obi ( Aim d- and Al.ur. ot Nat. 1 1 i* t . « I line ! MG), and l" . Mi i.i.ku 
in the .•:::» of / .tt/nyiitt u (M ir «.M w\* Aicii. IM'v p. I); and although Ym.r tailed In notice them in 
Actf. (///, lie appear- to ha\e • ceii them m and In- ivm.ok- (Aim. dc.- St*. Nat. * •' ’ seric, tom. vi. 1S4G) 

as to I lu ir di* appeal in^ in 1 he < Ibiinn n. eoineide w ith t ho c ol \ ' \ Hi m lii* n. 

Ill t he Sudibrmh /tinht % Nuimim \n \ app ar.- to have oh- r\ i d *«i l.a-t olK* ot the \t'-ich- ill It rjtpt ** ['*dw(lt'(hii t 

although lie i\ f t> to it as a lit (lew-ieh* ‘of air ” p.iraltd bom the \ elk (Aim. dcr» Sc. Nat. o ,,u ‘ slju*, turn. v. 
IS lf7, p. 14:i). 

Ill the A( •‘jdmlo //.-» f.itinrffifinnh /hula one ve-iilo at 1 m ! h. - been noticed in several uvnera. It has been 
renuii ked b\ <li \ i ai- r \(. ; - in 7>/*< do ntnutf',^ (Ann. d.c- Sc. N.it. 1S4^), by hovi.v iu Mod'ndoria mnr/nurata , 
Cardimrt ^yy ntu I'tn’iUtt p*ditttUht % and Std< n ptll.’tCftht (m Koii'd- \ ct eii-kajc--j\k;uh miens 1‘drhaiull. 
Deceinb. JSI.s, .md Mi'i.i.i-.u's Aicbiv, ISIS. p. o.il). ami more recently by Kim-u in l ain and Anodonta 
(I)e S permato/oormn introitu in C)\ ula. Kdiii^-bi'rLT, 4to, LsoU). Iu Modiofurhi and l hid the ves-icle is re- 
moved from the yelk on a jKiliclc, iu (ta-tiTopoda, and thi- Ki-nru has iiiiM'alled “ il Mir'rapyft ; while 
iu Vurdiuw, Pitivlla, Sulfti ami 1'vrrdo the xc-iclcs re-t on the Mirlacc of the yelk. Jjoykn, who meutioiisi 
that the germinal VL*-icle ilsclf disappear^ in these iiiollii-ks before the cs^trs quit the ovary, has well remarked 
that the body seen on the suilate of the yelk in the fecundated eirg before .segmentation, cannot therefore be the 
Purkinjean vesicle itself ns siipjiosed by nrMtittrihii.aiid he ingeniously inquires whether it may not be its nucleus. 

In the Annelida, as in Mullusca , one, and in some instances two, vesicles have been seen. Kollikkk observed 

2 H 2 
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At thirty-seven minutes the chamber hail bc^im to form, and several moving sper- 
matozoa were in it. The spherical bodies made their appearance on the surface of 
the yelk : and when first noticed they were closely applied to it, and were surrounded 
by a small irregular heap of granules. Some of the spermatozoa remained in motion 
l h 22'". and I have subsequently seen them alive in the chamber for a longer period. 

At 1 h 30 m the two bodies (littered somewhat in character, and one was before the 
other: the anterior or grunulous one appeared to have a distinct membrane, and to 


one in the eggs v ( Exrtjmn (Erstnlii, which ho at first looked upon us tho embryo eell (in Kinige Worte zur 
Kntwickolungsireschiohto von Eunirc. Nachworte von A. Koli.ikkh in Zurich, Nauenhcrg, ls-HJ, note). 
Qi'athefao.fs also bus noticed one ill lErmvllu (Aim. iKs Sciences Nut. .‘1 seiie, tom. \. 1S4S, p. 177. pi. 3. 
fig. xv. xviii.h und more recently Van* Hem nrv bus seen und figured one in the eggs of u Cc-tnid worm, 
E'.'him i’l'ithrLun vnriuhile (Mem. de PAcad. de Biuwlles, tom. \xv. p. (IS, pi. 3. fig. lo. IS.jO). Thus the 
existence in muuv Iim rtebratu of at lea*t one d- tached spherical hotly on the surface of the fecundated \clk, 
before segmentali- m, moui< to point to the enneluMon that these bodies have some iui])oitant signification with 
reference to the future embryo. Qi .v : kkk m.i s who has uccntly directed attc ntion to the fart of their 
ore urn rice, properly remark*, that their presence at this plage of development of the egg i - much mm- general 
than it hi? hitherto been supposed. 

Tht-e ho.Iks have lain seen etpially in the VciKbrata as in the Invcrtehrata. In the Vcrtcbiata t hi v appear 
to have been tir-t noticed, hut entirely misunderstood, by Hr. Maui in Rxkuy in the Rabbit. Although repeat- 
edly seen and figured by him ( Philosophic d Transactions, 1 >4U, p. u3S Plates XXIV. XXV. and XXVI., 
tigs. 1 > 0 , lvJ, 1>7 and lf*3, *JUi>. ‘JOn. *_M HI, *21*2). imagining that the germinal vehicle dues nut <li*nppi ar before, 
but only change* i t-s form, la conns udarged, and takes the place of the \clk, subsequent to fecund. itinn, he 
conceived that the*e spherical bodi» * were the n main* of the yelk, or, as hr term* it. suhstum c" (p. uHN), 
which he suppu-ed had undergone dissolution and disappeared. Profe^ur Bi-rnorr hnwevir, having noticed 
tl t . *e budi» * in tl.e v gg of the Rabbit ( Mi I i.i it*- Arrliiv, lsll.p. 14. tab. 1 . tig. (>), «lir« eted paitieul.ir at ten- 
tiun to them i Kut w irkelung*gr*chiei.te d» * Kanineheii-Kir*, 4to. 184*2, tab. ‘2. tig. 17 /*, fig-. Ill, *20), and 
believed tm m to play an important p ut in the segmentation of the yelk. Subsequently to thi*. the-e > j 1 1 u rieal 
bodies wer* al-u noticed by Bis'iion in the egg of the Dog (Futu it kelungsgi sehiehtc de** I lumh-Kie*, 4to. 
1^4.“,, tab. 1. jigs. Jl F li>, 13, ID; and afterwards Pui cjii.t, who had noticed a -ingle yi mcIc, as bt fore 
d. in t • M-uhwa, gave aho o/r* nuhj in the igg of tin* Rabbit, which lie has equally regarded as a de- 
scendant of tin'* germinal wdeie (Thf-urie positive de l'Oi illation -pontanee et de la Fecundation di - Main- 
mifiRs, Paris, v\.,. 1M7, pi. Id. tig. !Jj. More recently Profcs*nr Rim iioj-f has noticed, ;e- in the Rabbit and 
Dog. t a o of tie -e *j ‘helical b«dii s in the e gg of the (ininca Pig ( Kiit\vick<*lungsgc*cliichtc d» * Mrcr*ch\vi in- 
ch en- , 4«o l^.VJ, tab. 1. tig-. 5,fjj,und 1 have aDo found two in the eggot the Frog (Philosophical Tiansactions, 
l^diJ, p. li 4 7 i It is thus c\idt.nt that the appearance of certain spin rieal bodies on the suilaec of the yelk, 
betwi i n it ami the zona ].< llmidu *ub-cqui.iit to fecundation, and alter the yelk has become contracted and 
'■eases tiii tie- • nt.’iv /one, and b< fun* any subdivision of the yelk i* c.oiniiienced, i* a general and perhaps 

■ji.iv ot f urr* i**-* • in the t* euiifl.ited egg both of vrrtcbrutcd and iuxerlcbrated aiiimaD, but ot the signilica- 

tiou hi th» s {; l,f - v«tv cliflcruit opinion^ arc entertained. 

Dr. Ri-i 1 1 f 1 1 g in hi' inn.-!; n r lit wfiik r^n the (riiiiica Pig, state-5 that he formerly hilievtd these: bodies to 
piny an imp .Hunt part m the M gire utation of the \elk, and that the view he then held has been adopted by 
Luv,,.v; while F. Mi ni mi c .ueeivc^ tliatthesi: vesicles determine the direction of the segmentation of the 
velk. Uaiiik! , on tl.e other hand, regard* the«e vesicles hut as accidental occurrences, and of no organic or 
dev* 1 jj.nn. ntrd imp atancc fKiin ii-mnV Archive*-, 1S4S, p. 187). a view in which he is supported by Di-.sou, in 
some observation* on ^r„irr(is (Mi'i.i.i-ids Archiv, 1(S4S, p. 511), and to which Professor Risen ohk himself 
•tates he is now somewhat inclined, although he properly remarks that the regularity of the appearance of 
these vesicles at a definite stage of development of the egg is not favourable to such ail opinion (loo. cii, p. Ilf). 
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'»« granulated throughout; the other, or nucleated body, was clear, and had a distinct 
granular nucleus oil one side. The changes proceeded more rapidly in one of the 
eggs, but the bodies were the same in all. 

At l h la"' the two bodies were passing in a straight line from the centre to the 
circumference of the chamber. The spermatic particles were fading away and 
becoming granulous. 

At two hours the nucleated one began to change; its nucleus dividing into two 
granular masses, each of these having a bright spot in its centre. The same change 
took place in the corresponding body in each egg. Towards the end of the third 
hour the two masses subdivided, so that four granular masses were present at the centre 
of the nucleated cell •, and in each a bright central spot became very distinct. 

The anterior or granular spherical body was still present, and bad passed outwards, 
followed by the nucleated one, to about midway between the central canal and the 
margin of tin; chamber above the yelk; the same transference took plant 1 in all. 

Shortly after the completion of the third hour, it was noticed that the rate ot 
moving towards the margin of the chamber became more rapid, and that the bodies 
bad reached the margin in a direct line with the centre of the yelk surface, one being 
still at a short distance before the other. When, on viewing the egg laterally, the 
line of trail »it corresponds to the' line of sight, the change of place is not readily per- 
ceived, except the bodies go out of focus; but if their course is at right angles to 
1 he line of vision, then the movement is most marked and interesting. When the 
granular or foremost vesicle has arrived at the margin of the chamber, this space 
becomes further enlarged by a depression in the centre, marking the commencement 
of the cleavage of the yelk : granular remnants of the spermatozoa were still recog- 
nizable in the chamber. 

At : J 1 ' It)'" the four granular masses in the interior of the nucleated bod\ still 
cohered together, and seemed to be agaie subdividing. At this time the little heap 
of granules, which originally escaped with the spherical bodies from the central 
canal and remained at its margins, gradually enlarges into a number ot small trans- 
parent vesicles, in which at lirsl no nuclei are visible; in some of the eggs six or 
eight, of these are to he recognized. In consequence of the transparency of these 
cells, they are not seen unless the eggs aie examined in the way recommended : but 
during the observation, some attain a third of the size of the spherical bodies. Tlie^e 
vesicles usually remain in the vicinity of the central canal from which they came. 

About .‘i 1 * 17'" the first division of the yelk is indicated l»v two clefts which 
appear at the margins of the canal, and sinking into the substance of the yelk, 
gradually extend outwards. As the cleft is produced, l have constantly observed 
tin; spherical bodies sink into it, and become for a time more or less |ost to 
view; but they do not pass into the substance of the yelk, for they are readily seen 
in the triangular furrow between the halves, either by means of a relleetor above the 
eirir, or when the cleavage lies in the line of vision hv the usual mode. When the 
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cleavage of the egg is at right angle* to the line of view the spherical bodies suddenly 
disappear, anil are seen again only when the crucial or second cleft is about to begin. 

I*nmy state, that in the egg" under observation, as well as in others examined both 
before and since. I found, with hut very rare exceptions, that both spherical bodies pass 
together to the same side of the velk in a line with the entrance of the canal, and 
one at a little distance behind the other: and that after the completion of the* cleavage 
of the yelk at right angles to the line of sight, the bodies make their appearance 
again at the spot where they disappeared, and never at any other part of the yelk. 

At the end of the fourth hour the lirst cleft was finished, and the yelk mass con- 
tracting at right angles to the cleft, and extending in its direction, the two bodies 
were again brought into view almost at the very spot at which they disappeared. 
The same wa* observed in each egg. Thi* transit, which may be regarded as an 
indisputable fact, will set aside the opinion that the bodies enter the yelk, and become 
the foundation of the nuclei of the diifcrcut parts into which the yelk splits. 

It mav here be mentioned, with reference to these bodies, that they occasionally 
» * ■ 

arc more or le^s completely detached for a time from the yelk mass during the forma- 
tion of the chamber. In some instances too, they a/i/imml to be absent, as they 
were not in the usual place, but I found them afterwards adhering temporarily to the 
inner surface of the vitelline mcnihinnc at the point with which they were in approxi- 
mation at the time of fecundation ; in this position they remained till after the lirst 
segmentation of the yelk was completed, and then being detached, apparently by the 
movement of tin.- yelk within its envelope, occupied their usual place in the first 
furrov -. Kggs. w ith 1 he exceptional condition above described, have always produced 
embr'os; so that whilst we doubt whether the spherical bodies are necessarily con- 
nected with the yelk-changes, we soe some analogy with the corresponding bodies 
observed in several of the molliisca, in which they are removed from the yelk during 
the time it i- undergoing the commotion of its first great divisions. In the ovum 
of the Rabbit and in that of the Dog ( Risciioik) they arc suspended in 

the fluid, quite free of the veil;, during the first divisions; they are also on one 
side o| the velk, usually in the cleft between the primary divisions of the mass; and 
thev continue to be -tvn at the same place, 'as in the Amphibia, until about the fourth 
or fill 1 1 subdivision, when they arc suddenly lost. 

At T* I when the -econd crucial division of the yelk was nearly completed, I 
found 1 1 1 ; rt the granulated or anterior spherical body floated in the fluid in the first 
formed furrow, and was ; t s vet unchanged in appearance, saving only that its contents 
seemed to be divided into two masses ; whilst the nucleated or posterior body had 
already undergone some change, since there appeared in its place a group of four 
distinct cells; these cells I am disposed to believe, in the absence of proof not yet 
obtained, were the progeny of the nucleated body that had disappeared. 

After this stage the tracing of the vesicles was more diflieult. The granulated or 
erior body, still unchanged, is seen at the same place when the yelk undergoes its 
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equatorial or third great subdivision: this cleavage begins on the side of the yelk 
opposite to that at which the granular body is seen. 

Alter the completion of (his equatorial division, the granular-like nucleated £><ly 
is suddenly lost, and I have been unable to trace it furl her. But I am not inclined 
to believe that these bodies are simply dissolved in the fluid surrounding the yelk in 
the Invertcbrata, according to the supposition of Van Bknkokn, Uatiikk. Qoatrk- 
kacks and others; supported as this view has been by Professor Bischoh- - *. who is 
inclined to think that such may be their ending in the Vertebrata. On the contrary, 
the regularity of their appearance at a given period, their presence at a particular 
part of the yelk, their special course on I he surface, and their disappearance at a given 
stage of the yelk-changes, furnish a presumption of their greater importance. 

Van Bknkdun'J- has already pointed out, notwithstanding’ his above-mentioned 
opinion, that it is on that side of the yelk of the Limn r at which these bodies appear, 
that the body of the animal is afterwards formed. Al-o J)(:.mortikk£ had previously 
believed that the spherical bodies gave origin to the head and foot of the future 
animal. Although I am unable, to -peeily the. exact part which these bodies take in 
the formation of the embryo, all my observations on the eggs of the Frog and Toad 
have proved to me that they are u-ualh, and perhaps imariably. at that part of the 
yelk at which the head of thccmhr\u is afterwards formed. Their isolation from the 
yelk for a time, during which it is in a very disturbed slate, and their constant, locali- 
zation, with their subsequent, disappearance in that part at which the head is after- 
wards to be developed, seem favourable to the conclusion (hat their function is as 
definite as their presence is certain. 

It has been supposed by F. Mi i.i.r.ii>\ lliat tin* spherical bodies determined in the 
Mollusca the line of the first cleavage of the yelk: and with this idea be named them 
the f/ircc/io/i vesicles. But my observations on the development of the embryo lead 
me. to believe, (bat, though the transit of these bodies is usually in the same line us 
the fust cleft, the direction of the fissure is not. determined by them, bat is owing to 
some oilier cause. 

Witli the view of tracing the origin of these bodies, the egg of the Frog and Toad 
was examined from a period before (lie disappearance of the germinal vesicle to the 
time at which they appear on the yelk after fecundation; and for this purpose the 
eggs were hardened in rectified spirit and then dissected ; . * * * * 


# 


* Kiihvicla-lum^iw i-liiclilv i!<"$ M < r-rlnwinrm 11-. IS')-, p. li). 

|- Ann. iU’s Sci. \iit., imn :;v. ]>. 1 till . ;m i phiw L, Is It ; awl Mi'i.i i- •: - Aivliiv i'*>l IS11, p. 1S1. 

I Mem. dc I'Aciul. de Hriixi-lli's, turn. .x. p. I •'!(». § Win m\x\'~ Anliiv idr IMS. p. 1 

!l L'n ii* results obtainable from 1 1 1 i**- • n* 1 1 r\ arc not ppp.uvidlv eont.iineil in the MS. ikhc Ii«>< j!\-. Ii is how- 
ever well hiioviii to flu writer that Mr. X i wroai intended. had lii- life hem ^ i»s«r- ■ 1 m> employ those mean* 
ill learning llic tfrsf }nui ton of the splierie.il hodie- ; ami the eiivmn^Laiu e i- here in^uiicucil heeau-c the 
mode of investigation seems most judicious, and likely to he u-ciul to any one cii^n^od in prosecuting the 
inquiry.- -ti.V.K.J 
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On the production of the llod } / and Head of the Embryo from definite portions of 

the Velk. 

i4f> rated observations have demonstrated that in one part of the yelk the head, and 
in another the body and tail of the forthcoming being begin. This appointment of 
t he parts is farther indicated, very early, by conditions in the yelk cleavage-— condi- 
tions so constant that 1 am able to predicate soon after the completion of tin; hori- 
zontal cleft, or at the beginning of the fourth change, where the head, and where the 
tail of the future embryo will be placed. In support of this statement the changes 
in the egg undergoing segmentation must be referred to, but they will be traced, 
here, only to the point indicatory of the diagnosis to be made. 

To ascertain the correctness of the following statement it will be necessary to put 
the impregnated eggs, dark surface uppermost, in tube- cells, and to mark on these 
where the future head and body should be, according to tUe deduction from changes 
in the segmenting yelk. 

First change. — In eggs kept at a temperature of 60° Faiik.. the first change begins 
at about the end of four hours, and consists in a cleft that runs vertically round the 
egg. This cleft may be called a rial from its position, as it will afterwards appear, to 
the bodv of the future embrvo. It begins in the centre of the dark surface in a 
slight depression, so that in some instances t lit* canal may be almost detected : then 
suddenly a sulcus appears on each side of the depression, and quickly extends out- 
wards around the yelk, though it is deepest and most strongly marked above. In 
the egg of the Frog as in that of the Newt, the halves ate not always of equal size in 
this stage, but this disproportion is obviated in the second division. 

Second change. — Another cleft now surrounds the egg crossing the first at right 
angles, and this may be named crucial. An interval of about an hour elapses before 
its appearance, and its commencement is not seen at the same instant on each side of 
the axial line, but is perceived first at one side. After this, as alter tin* axial cleft, 
the pieces into which it divides the yelk are unequal in size; but these variations 
have in general but little influence on the result obtained by the segmentation. 

In M)ine ova there is such an unusual displacement of the segments as almost to 
prevent the identification of the parts in the. subsequent changes, the lines of the axial 
and crucial clefts being rendered very irregular by unequal increase of the sectional 
pieces on opposite sides of the first cleft. 'This irregularity l am inclined to think 
arises from unequal division of the yelk in the production of the first, cleft; and to it 
I attribute the partial horizontal movement of the yelk itself, which may be some- 
times recognized. 

Hut when the yt Ik has divided with perfect equality both axially and cruci.dly, the 
pieces on one side of the crucial line fin front say) always become larger than those 
on the other -ide (behind); and during this increase in size the anterior divisions 
project backwards over the posterior so as to cause a bending of the crucial sulcus, 
the convexity being forwards. 
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Third change . — In this a third nleft is formed horizontally around the egg, nearly 
midway between the tipper and under surfaces : this may he called from its position, 
the equatorial cleft. 

Fourth change. — About, two hours after the completion of the erucial cleft, a new 
series of changes is set up in the egg. The clefts no longer include the whole circum- 
ference of the egg, but are confined to the splitting of the larger into smaller pieces 
after a binary plan : and this process does not begin at once over the whole surface, 
hut appears first, in a given spot, and then pursues a definite course ; thus each of the 
two pieces seen from above on one side (behind) of the crucial cleft become subdi- 
vided, producing four segments on one side of that line, whilst there are only two on 
the other. When this subdivision is nearly completed, ami not till then, a correspond- 
ing change takes place in the two segments on the other side (in front) of the sulcus. 

When this stage of the segmentation of the yelk is arrived at, the position of the 
body ami head of the coming being ran be determined with certainty, so that it is 
not necessary to follow further tin! changes during segmentation. If the cell be 
marked opposite the first commencing post-crucial subdivisions, and then set aside 
fur ihe formation of the embryo, the trunk and tail of the developing being will be 
found to originate in this first-subdividing part behind the crucial sulcus, and the 
head to be produced in the part on the other side, or in front of the sulcus, in which 
the secondary segmental ion last appears. 


tin the tore* .i/ioih/i in r <>/ the firiu/arg ehj't <>f the }*■//> ici f h the at is of the future 

A m !u on. 

I have been long aware that the axisof the embryo was in tin 1 line of the first cleft 
of tin* \ elk. but m\ endeavour to show this was mu always satisfactory , in conse- 
quence of the (liiiieul; v of making the egg keep a given position, whilst it was free to 
move; but since I hv>e e.iipl *\*d (In* tub*’ cell i haw obtained the desired evidence 
wii h great * as*-. The 1 1 - ui'.s oi t lie follow mg doerx at ions will suppoi ( my statement. 

Ohs. I. I took an egg that had just divided Mr the first time, and placed it in a 
glass cell nnlv sullieii ntl\ large to contain it when the jelly was fully expanded, and 
filled the cell with water. I he doisal surface turned uppermost, as usual, couse- 
ipicntlv I had under my eye the whole sm face, and could watch the changes with the 
microscope. I marked the plate *»l glass supporting* the cell with a line parallel to 
the primary cleft of the yelk. ami indicated the | osition of tin- ends of the sulcus by 
other marks. The w hole was placed in a temperature ol lit) I'vmt. 

At. the time of the closing-in of the dorsal lamina*. I found the correspondence 
between the axis of tin* embryo and the line of the first cleft to lie exact. As I knew 
however that some movement would he excited. I made a draw ing ol the appeal anees. 
In Iwelve more hours the dorsal sulcus was nearly closed, and the embryo hud 
passed to the left of tin* line marked on the glass, viz. to about uu angle ol 30 . A 
second tlrawiug was made to remove doubts. 

J i 
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On the day after, the embryo had moved still further round. Finally, the embryo 
was perfected, like those of the same set that were left in mass in water. 

Ohs. *2. — Nine eggs were put into separate cells on Mart'll 1 1th, ami when segmen- 
tation bewail, the line of the first cleft was carefully marked on the glass in the manner 
before explained. One of the eggs was abortive. 

March K>. The dorsal sulcus was forming in three of the embryos exactly in the 
line of the cleft. 

March I t. In each of the eight instances the axis of the body is more or less pre- 
cisely in the line of the sulcus: thus in live it was in the exact line, in one about 
five degrees to the left, in another about three degrees to the left, and in the remain- 
ing one rather more to the left of the given line. 

Ohs. — Five eggs were placed in separate cells, and marked, as above directed, 
and then removed to a high temperature. 

March 2f>. The results obtained from these were confirmatory of the facts before 
stated, as the variation between the line and the axis of the beings was only slight; 
the axis of two being directed to the right, one to the left, and one perfectly coin- 
ciding. 

Although these observations have shown that the axis of the body of the future 

* - ft 

embryo corresponds primarily with the first cleft in the yelk, they point, out that, at 
times, tin* axis deviates to the left or right of that line. The cause of this deviation 


I may attribute to a change in the position of the yelk, for on March lit), 1 Salt, I 
observed that the entire yelk occasionally shifts its position during the progress of 
segmentation, in consequence probably of unsyminetrical division, in accordance 
with the explanation before given at page 210. 


On tin 1 power of the Spermatozoon to influence in artificial impregnation the direc- 
tion tf the first cleft of the Yelk. 

In connexion with the influence of the spermatozoon on the egg, I determined to 
try whether the artificial application of that body to different parts of the egg’s surface 
could affect the position of the first cleft of the yelk. 

Ohs. 1. — Several eggs were placed, March 21), in separate tube-cells, with each 
turned on its side so that both the dark and the white surface were exposed. Very 
recent spermatic fluid was then applied, by means of a pin’s head, to the lower part 
of the dark surface, and the cell was carefully marked close to the spot, to show where 
the egg was touched. 

The egg-, rotated in the usual way, so as to bring upwards the dark surface, and at 
the end of one hour and a half only two eggs were fecundated. In these the spherical 
vesicles had the usual position and appearance, and were directed outwards across the 
centre of the flat surface of the yelk to that side of the egg to which the spermatic 
fluid had been applied. After the formation of the primary cleft, the cells were 
marked and set aside for the production of the embryo. 



THE GROWTH OF TI1E EMBRYO IN THE FROG. 


243 


April 3. Each egg has formed an embryo, and in each instance with the head to 
the side of the egg touched. 

Obs. 2. — Four eggs were placed in separate cells as before, and only two became 
fruitful. 

In one the primary cleft was in the precise line of the spot touched, although the 
egg subsequently diverged to the left ; and the head corresponded to the part fecun- 
dated. In the other egg the cleft was about ten degrees to the left of the part im- 
pregnated, and the head was also turned to the part touched with the fluid. 

Obs. 3. — Four other eggs were taken, but two of them were sterile; and in the 
development of one the head deviated remarkably from the usual position. 

The first cleft in one (tf) was about six degrees to the right; and in the other (b) 
about five degrees to the left of the point touched. Noth formed embryos: in one 
(a) the bead was at the end of the cleft nearest the point touched, but in the other (b) 
at t be end furthest from the same point. The peculiarity in this last experiment I 
cannot explain ; possibly there might be some want of precision in conducting it. 

Similar experiments were repeated four other times, and the results showed that 
the first cleft of the yelk is in a line with t he; point of the egg artificially impregnated, 
and I bat the head of the young frog is turned towards the same point. Hut in this 
set, as in the other, the nascent being in the course of its development deviated to 
the right or the left of a line through the centre of the spot fecundated. 

In another set of experiments tin* spermatic fluid was applied to an unknown part 
of the egg. 

On taking my hist female frog (April 1 found the white part so dark in 

colour mot a very unusual change), that the usual black surface could not be well 
distinguished. Accordingly the eggs were put into separate cells, and the fluid was 
applied and the cell marked in the usual way, without a knowledge of what was the 
spot touched. 

Experiment I. Nix eggs were used: all were fecundated, and segmented in about 
three hours and a half in an atmosphere varying from <>1' to (» 1 Euiu. The follow- 
ing is the result : • 


The axis of the embryo was in one in a line with the part touched, in lour diverging 
slightlv to the left, and in one to the right of that line. The head was in four nearest 
to the spot fecundated, ami in two furthest from it. 

Experiment 2 with five eggs: all of these wen- fruitful. The axis coincided exactly 
with the impregnated point in three, and diverged slightly to the left in two eggs. 
The head was nearest the same point in four, and furthest from it in one embryo. 

Experiment 3. Five eggs were employed, and being fertilized, gave the following 
result. :— 

The axis coincided with the given point in one, and diverged more to the right or 
left in the other instances. The head was nearest the side to which the spermatic 
fluid was applied in four, and furthest from it in one. 

I *) 
mi I 
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From these and other experiments it results, that, when part of the blaek surface 
of the egg was certainly touched with the spermatic fluid, the head of the future 
embryo was turned towards it in ten eggs, and removed from it- in only one ; and 
that the axis of the embryo nearly coincided at first with the line of the point touched, 
though it afterwards deviated to the left or right of that line (most to the left), the 
distance not exceeding fifteen degrees. 

When however the part of the egg to which the spermatic fluid was applied was 
not known, the axis kept much the same position as before, but the head was far 


distant from the impregnated spot in four out of sixteen instances. 
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IX. An Introductory Memoir upon finalities, lit / Arthur (’avlkv, Estj. 

Here ived Ajjri! : 20, ■ -Uc;icl May 4, 1S.14. 

• . r rnK term Qualities is used to denote the enlire subject of rational and integral 
tiinntions, and of the ('((nations and loci to which these give rise; the word ‘quantie’ 
is an adjective, meaning of such a degree, but may be used substantively, the noun 
understood being (unless the contrary appear by the context) function ; so used the 
word admits of the plural ‘qualities.' 

The quantities or symbols to which the expression ‘degree’ refers, or (what is the 
same thing) in regard to which a function is considered as a qnantic, will be spoken 
ol as 1 tacients.’ A quantie may always be considered as being, in regard to its 
lacients. homogeneous, since to render it so. it is only necessary to introduce as a 
laeient unity, or some s\mhul which is to be ullimateU replaced by unity : and in the 
cases in which the tacients are considered as forming two or more distinct -els. the 
qnantic may, in like manner, be considered as homogeneous in icg'ard to each set 
separately. 

2. The expression ‘an equation.' used without explanation, is in be understood as 
meaning ihe equation obtained by putting any quantie equal to zero. 1 make no 
absolute distinction between the words ‘ degree" and 4 order' as applied to an equation 
or system of equations, but ( shall in general speak of the order rather than the 
degree. The equations of a system may be independent, or there may exist relations 
of connexion between the dilfereut equations of the svstem; the subject of a 
s\ stem of equation- so connect! d toget hei <s one of extreme complexity and diflicultv . 
It will be sutlicient to notice here, t hat in am system whatever of equations, assuming 
only that rhe equations are not more than suHieicut to determine the ratios of the 
lacients. and joining to the s\-tcm so mam linear equations between the lacients as 
will render the ratios ol the lacients determinate, the order of the s\«.tcm is the same 
thing as the order of »lu equation which determines anyone of these ratios; it is 
clear that for a single equation the order 'o determined is nothingelsr than the order 
of the equation. 

"t. \n equation or system of equations represents, or is icprcscntcd by a locus 
This assumes that the lacients depend upon quantities r, //, ... rhe coordinates of a 
point, in space; tin* entire scries of (mints the coordinates of which satisfy the equa- 
tion or system of equations, constitutes the locus. To avoid complexity, it is proper 
to take the lacients themselves as coordinates, or at all events to consider these 
lacients as linear functions of the coordinates: this being the ease, the order of the 
locus will be the order of the equation or system of equations. 
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4. I have spoken of t he coordinates of n point in space. I consider that there is an 
ideal space of any number of dimensions, but of course, in the ordinary acceptation 
of the word, space is of three dimensions ; however, the plane (the space of ordinary 
plane geometry) is a space of two dimensions, and we may consider the line as a 

space of one dimension. 1 do not, it should be observed, say that the only idea 

which can be formed of a space of two dimensions is the plane, or the only idea 

which can be formed of space of one dimension is the line; this is not the case. To 

avoid complexity, 1 will take the case of plane geometry rather than geometry of 
three dimensions; it will be unnecessary to speak of space, or of the number ol 
its dimensions or of the plane, since we are only concerned with space of two dimen- 
sions. viz. the plane: I say, then fme, simply that .i. jt, z arc the coordinates of a 
point (strictly speaking, it is the ratios of these quantities which are tlm coordinates, 
and the quantity's t. .y. ; themselves are indeterminate,/, c. they are only determi- 
nate to a common factor pri-s, so that in assuming that the coordinates of a point 
are a. o. y. we mean only that a : j/ : z=ec : fi : y. and we never as a result obtain 
j. //. ; = y, but only .» : o : but this being once understood, there is 

no objection to speaking of a. if. z as coordinates). Now the notions of coordinates 
and of a point are merely relative; we may, if we please, consider .» : // ; z as tin 
parameters of a curve containing two variable parameters; such curve becomes 
of course determinate when we assume ,r : // : z = « : f -i : y. and this very curve is 
nothing else than the point whose coordinates are n. ,i, y. or as we may for short- 
ness call it. the point («. o. yi. And if the coordinates (.«,//, z) are connected by an 
equation, then giving to these coordinates the entire system of values which satisfy 
the equation, the locus of the points corresponding to these values is tin* locus repre- 
senting or represented by the equation; this of course fixis the notion of a curve ol 
any order, and in particular the notion of a line as the curve of the first order. 

The theory includes as a very particular case, the ordinary theory of reciprocity in 
plane geometry ; we have only to say that the word ‘ point' shall mean ' line,’ and the 
word Mine shall mean 4 point.’ and that expressions properly or primarily applicable 
to a point and a line respectively shall be construed to apply to a line and a point 
respectively, and any Iheorem (assumed'of course to be a purely descriptive one; 
relating to points and lines will become a corresponding theorem relating to lines 
and points; and similarly with regard to curves of a higher order when the ideas of 
reciprocity applicable to these curves are properly developed. 

A quautic of the degrees mi, mi'., in the. sets ( c, //..), ( r', »/..) &.c. will for the 
most part be represented by a notation such as 

m »« ' 

where the mark *- may be considered as indicative of t»ie absolute generality of the 
quaufic; an\ such quantie may of course be considered as the sum of a series of 
terms i i/ 1 .., <Ac. of the proper degrees in the different sets respectively, each 
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ient ; these coe&Sintt may be (i* 


term multiplied by a coefficient 

of single letters or elements such as a, b, c.., ov tUse (^C- » 

and integral functions) of such elements ; this explains the ffleflRH 5 
‘ the elements of a quantic’; in the case where the coefficients are ttiBIB 
multiples of the elements, we may in general speak indifferently of the eleittCHtSf " 
of the coefficients. I have said that the coefficients may he numerical multiples of 
single letters or elements such as a, b, c.. By the appropriate numerical coefficient 
of a term x'u p I mean the coefficient of this term in the expansion of 

in in' 

(. 1 +//...) (a/ +//..)..) ; 

and 1 represent by the notation 

m in' 

(a, 

a quantic in which each term is multiplied as well by its appropriate numerical 
coefficient as by the literal coefficient or element which belongs to it in the set 
(</, />...) of literal coefficients or elements. On the other hand, I represent by the 
notation 

tn iu 

l b . . . If . • jf •< ) }! ••)••!» 

a quantic in which each term is multiplied only by the. literal coefficient or element 
which belong" 1 1 > it in the **i‘t (ft. /»...) of literal coefficients or elements. And a like 
distinction applies to the case where the coefficients are functions of the elements 
'*/. b, ...). 

»>. 1 consider now the quantic 

• • r 

iV'l t/'.'y. 1 '- 

and selecting any two facients of the same set. c. g. the faeients r, ?/, 1 remark that 
there is always an operation upon the elements, tantamount as regards the quantic 
to the operation . d,; vi/. if we differentiate with respect to each element, multiply 
by pioper functions of the elements and add, we obtain the same result as by differ- 
entiating with ()„ and multiplying by /. The simplest example will show this a- 
well as a formal proof: for instance, as regards :it/.i ~-\-h 1 // +•>(•//' (the numerical 
coefficients aretaken haphazard!, wcliave , Wccb tantamount to <d. : as regards 

n(v — n r//)( r — /•>//), we have — «(« -|-p)d„ +^‘0 . tantamount to and so in any 
other case. I represent by {«d„; the operation upon the. elements tantamount, to 
and 1 w rite down the series of operations 

pid„ i — .id,,. .. t e c), ! — e'd,, .. 

where .» , // are considered as being successively replaced by every permutation ot 
two different facients of the set ( 1 , //..) ; »',//' as successively replaced by every per- 
mutation of tiro different facients of the set (.<•', //..), and so on ; this I call an entire 
system, and I say that it is made up of partial systems corresponding to the different 
facicnt sets respectively ; it is clear from the definition that the quantic is reduced to 
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zero by each of the operations of the entire system. Now, besides the quant ie 
itself, there are a variety of other funetions whieli are reduced to zero by each of the 
operations of the entire system: any such function is said to be a covariant of the 
quantic. and in the particular case in which it contains only the elements, an inva- 
riant. (It would be allowable to define as a covariant t/ittunf tun / set or sets, a func- 
tion which is reduced to zero by each of the operations of the corresponding partial 
sy-tem or systems, but this is a point upon which it. is not at present necessary to 
dwell. ) 

7 . The definition of a covariant may however be generalized in two directions: 
we may instead of a single quantic consider two or more qualities ; the operations 
- i 3 , although represented by means of the same symbols .1.1/, have, as regards the 
dilferent qualities, different meanings, and we may form the sum where the 

summation refers to the dilferent qualities: we have only to consider in place of the 
s\stem before spoken of. the system 

~ 1 d ; ; — id . .. ii; t'D, — t'D,. .. <N:c. iXc.. 

and we obtain the definition of a covariant of two or more qualities. 

A nain. we may consider in connexion with each set of facients any nnmlirr of 
new set-, the facients in any one of these new sets corresponding each to each with 
those of the m initial set: and we may admit these new sets into the eovariant. 
This Hives rise to a sum Si id !, where the summation refers to the entire series of 
corresponding sets. We have in place of the system spoken of in the original defi- 
nition. to consider the system 

'to — S' id,). .. 1 id, — S' id |. .. \r. \r., 
or if we an dealing w ith two or more qualities, then the system 

— Si , d ! . . . / _ — Si .1 d, /, . . \.c, «N:r., 


and uv obtain the unii , i ali/ed definition of a covariant. 

A eovariant has been defined simply as a function reduc'd to zero by each oi 
t he opi radons of me entire system. lint in dealing with given qu. oilier, we may 
without loss of gem rulity consider the cosariant as ;i function of the like lorm with 
the quantic. /. c. a s being a rational and integral function homogeneous in regard to 
the different srl> separately, and as being also a rational and integral function of the 
elements. In particular in the ease w here the coellicients aic meic numerieal multi- 
ples of th<; elements, tin* covmiaiit is to he considered as a rational and integral 
fund ion homoui neoiis in regard to the different sets separately, and abo homoge- 
neous in regai d to the coefficients or elements. And the term ‘ eovariant ’ includes, 
as alie.idy remarked. * invariant.’ 

If is proper to remark, that if the same quantic lx: represented by means of differ- 
ent sets of i leincnts, then the symbols {.if),,} which correspond to these different forms 
of the same qaantie are mere transformations of each othei, /. r. they become in 
virtue of the n hit ions hetweeu the different sets of elements identical. 
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1). Wliat. precedes is a return to and generalization of the method employed in the 
first part of the memoir published in the Cambridge and Dublin Mathematical 
Journal, Old Series, t.. iv., and New Series, t. i., under the title “ On Linear Trans- 
formations,” and Crbli.k, t. xxx., under the title “ Memoire sur les Ilyperdetermi- 
nants,” and which I shall refer to as my original memoir. 1 there consider in fact 
the invariants of a quantic 

(*Xr„ y. 

linear in regard to // sets eaeli of them of m facients, and I represent the coefficients 
of a term .r r // A v,.. by rst.. There is no difficulty in seeing that «, |3, being any two 
ditferent numbers out of the series 1, the operation {.r ri d^} is identical with the 

operation 

where the summations refer to .v, which pass respectively from I to ///, both inclu- 
sive; ami the condition that a function, assumed to be an invariant, /. e. to contain 
only the coefficients, may be reduced to zero bv the operation \ r.d,/- — , is of 
course simply the condition that such function may be reduced to zero by the opera 
lion ' t I : tlie condition in <|ucstiou is therefore the same thing as the equation 

,1 \ 

22.. I n-sf..,,. i« = 0 

of my original memoir. 

h). Hut the definition in the present memoir includes also the method made use of 
in the second part of m\ original memoir. This method is substantially as follows : 
consider for simplicity a quantic l’~ 

containing only the single set (>.//..). and let l*,. I ... be what the qimntie bt comes 
when the set ( i, «/..) is succcssi\ ely replaced by the sets j.i,. j I t_. // ..), ... the 
number of these new sets being equal to or greater than the nuniher of faeients in 
the set. Suppose that A, li, ( .. are any of the determinants 

■» n 
d.. D. 3, 


then forming the derivative 




where //, y, /•.. are any positive integers, the function so obtained is a covariant in- 
volving the sets (.r,, (.i\„ //.....) &e. ; and if after the dillercntiations we replace 

these sets by the original set ( c, //..), we have a covariant involving only the original 


MDC.CCMV. 
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>et Ur, //..) ami of course tin* coefficients of tin; <] uantic*. It is in fact easy to slum’ 
that any such derivative is a covariant according to the definition given in this Me- 
moir. Ilut to do this some preliminary explanations are necessary. 

11. I consider any two operations 1*, Q, involving each or either of them differen- 
tiations in respect of variables contained in the other of them. It is required to 
investigate the e fleet of the operation I*. Q. where the operation Q is to be in the first 
place performed upon some operand 12, and the operation 1* is then to he performed 
on the operand UJ12. Suppose that 1* involves the differentiations d,„ d A .. in respect 
of variables a, b.. contained in Q and 12. we must as usual in the operation P replace 
d.. .. by c* +3 . ? +5 . .. where the unaccentuated symbols operate only upon 12, 
and the accentuated symbols operate only upon Q. Suppose that. P is expanded in 
ascending powers of the symbols d„ d,... viz. in the form P+P, + Pj+ &c., we have 
first to find the \alues of P.Q. P.Q, ice., by actually performing upon Q ;is operand 
the diHereutiatious c ... S... The symbols PQ, P,Q. P Q. \r. will then contain only 
the dillcrentiations c) . d,,.. which operate upon 12. and the meaning of the exptessiou 
being once understood, we may write 

P.Q=PQ + P ; Q + P.Q+ \c. 


In particular if P be a linear function of d„, cb... we have to replace P by P-fP. 
where P, is the same function of d„. cb.. that P is of tb„ cb,.., and it is therefore clear 
that we have in this ease 

P.(i-PQ+P(Qi, 


where on the right-hand side in the term PQ the differentiations d.„ d,,. .. are con- 
sidered as not in anywise affecting the symbol Q, while in the term P(Q) these differ- 
entiations. or what is the same thing, the operation P, is considered to be. performed 
upon Q as operand. 

Again, if Q be a linear function of //, b. r... then P.Q=0, P l Q=(), »fcc., and there- 
fore P.Q = PQ-f-P y ; and I shall in this case also (and consequently whenever 
P,y = o, P,tj = (». X.c.) write 

p.Q=py+P(Qj, 

whereon the right-hand side in the term PQ the differentiations d„. D,,.. are considered 
as not in anywise allecting the symbol y, while the term P(Q) is in each case what 
has been in the first instance represented by' P,Q. 

We have in like manner, if Q be a linear function of d,„ d 4 , d,..., or if P be a linear 
function of a. b, c..., 

y.p=yp+y(P); 

and from the two equations (since obviously PQ=QP) we derive 

p.y-Q.p=P(Q)-y(P), 

which is the form in which the equations are most frequently useful. 
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1 2. I return to the expression 

and I suppose that after the differentiations the sets (.r„ ?/, ..), (.c., //*..), Ac. are replaced 
by the original set (.r, //..). To show that the result is a covariant, we must prove 
that it is reduced to zero by an operation 23 = 

{.rdj— ,rd„. 

It is easy to see that the change of the sets (.r,, (r,, //*..), &c. into the original set 

(r, if..) may be deferred until after the operation Q, provided that <c)„ is replaced by 
i ,B„ + or if we please by >S.rd y ; we must therefore write 23= {.cd.J — JS.tc),,. 

Now in the equation 

A.D—D.A=A(Q)— 23(A), 

where, as before, A(23) denotes the result of the operation A performed upon Q as 
operand, and similarly Q(A) the result of the operation Q performed upon A as 
operand, we see first that A(D) is a determinant two of the lines of which are iden- 
tical, it is therefore equal to zero; and next, since D does not involve any differ- 
entiations affecting A, that D(A) is also equal to zero. lienee A.Q — Q.A = t) or 
A and Q are convertible. I Jut in like manner D is convertible with 15. C, Ac., and 
consequently D is convertible with AHC.. Now Q't l ...=0. lienee 

d.ah c..r,r. 

or A IM ..1,1 .. is ji eovariant, the proposition which was t« > be proved. 

i:». I pass to a theorem which leads to another method of finding the covariants 
of a quantic. For this purpose l consider the qunntic 


( r // . . J i', //..)..). 

the coefficients of which are mere numerical multiples of the elements [a. h. : and 
in connexion with this quantic I consider the linear functions -j-y//.., i d-f-jf//.., 
which treating ('i, r.'..). Ac. as coefficients, may be represented in the form 

( ' l. //..), d, . . 

we may from the quantie (which for convenience I call L ) form an operative (juantic 

»» 1 

(* r,'..)..) 

(I call this quantic O), the coefficients of which are mere numerical multiples of 
d„, d 4 , <).... and which is such that 

«!' = (', J7-.JF_.i-- .}.e', // .7)' .. 

/. e. a product of powers of the linear functions. And it is to be. remarked that as 
regards the quantic (r) and its covariants or other derivatives, the symbols d,„ <3,,, d f .. 
are to he considered as elements with respect to which we may differentiate, Ac. 
The quantic Ogives rise to the symbols \^()^, Ac. analogous to the symbols Ac. 

formed from the quantic U. Suppose now that d> is any quantic containing as well 

2 k 2 
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the coefficients as all or any of the sets of 0. Then {.rd,} being a linetir function of 
a. b , c.. the variables to which the differentiations in <I> relate, we have 


<I>. { . 1 3, } = d> ^ .r3„ } -f <P( 1 rB y } ). 


Again, - being a linear function of the clitferentiations with respect to the variables 
3... 3,., 3... in ‘P, we have 


i *B S \ . <P = - ^B f } ‘I> 4- ; ^B 4 } ( d>) . 

And these equations serve to show the meaning of the notations ( P({.rd 9 } ) and {j;B # } (<!>). 
and there exists between these symbols the singular equation 

0({.rB.; ; )=^B 4 H t P). 


14. The general demonstration of this equation presents no real difficulty, but to 
avoid the necessity of fixing upon a notation to distinguish the coefficients of the 
different terms and for the sake of simplicity, I shall merely exhibit by an example 
the principle of such general demonstration. Consider the quantic 

l ’ = H i '+ .’l b i 2 1 / 'An / ' -f- </i/ s . 

this givis 0=i , B.+g^B',-j-^‘"B, -f-cB ( , ; 

or if. for greater clearness. B„. 3 . B . B , are rej>rcsented by «, /3, y, o, then 

ami we have •. <3 > = .”//3.,-|--f3 i -|-f/3,. 

and ;^B/ = .‘ta3 ; -f - 33. +y3,. 

Now considering ‘P as a function of 3.. 3,,, B . 3.,, or what is the same thing, of «, yJ. y. h. 
we may write 

‘P( • /B, J ) = ‘P( Abf/.-\-'h ; 


and if in the expression of ‘P we write «-|-B, t . -3-1-3,,. y+B,., g+ 3., for «, p, y, f > (where 
only the symbols 3,.. 3.,. 3.. 3., are to be considered its affecting a, b, r, <1 its contained 
in the opeiand Abu-\-'2t j+^/yt, and reject the lirst term or term independent of 
3.. 3,. 3,. 3,. in the expansion, we have the required value of ‘P({./3y}). This value is 

(3,<P 3,4-3,‘P B,4-B <I> B, )( Abu-]^2r^-\- ily ) ; 

s 

or perforiniiur the differentiations B„, Bj, 3,, B, y . the viiluc is 

( :i «3 ; + 2,33., -f yB j ‘P, 
i. c. we have ‘PC {.i3 v } } — [rid, ,} ( ( P). 

l.'>. Suppose now that ‘P is a covariant of W, then the operation ‘P performed upon 
any covaiiunt of U gives rise to a covariant of the system 

m rn' 

(*J f, ft ■ ■ > !/ ■•)••)> 

(r, //..), (£', r, \.\x\ #/..), &C. 

To prove this it is to be in the first instance noticed, that as regards (£, n ?/..), &c. 
we have (jB y }=^B t , &c. Hence considering { rB v }, &e. as referring to the quantic U, 
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the operation 2{.rd/ — jd, will he equivalent to >?d f — .rd y , and therefore every 

eovariuut of the system must, he ret I need to zero hy each of the operations 

£)={ 

This being the case, we have 

equations which it is obvious may be replaced by 

d>.Q=d>Q+d>({.id y }), 

and consequently (in virtue of the theorem) by 

Q.<I>=Q<b+^ { (<I>) 
a».D=<I>Q+{^ f }(<!>) : 

and we have therefore Q.‘I> — l I>.T3= — ( [^. > — ig). p<l>); 

01, since <I> is a eovariant of 0, we have Q.d>=:<I>.Q. And since every eovariuut of 
the system is reduced to zero by t lit* operation 13, and therefore by the operation 
d>.Q, s| U *|i eovariant will also be reduced to zero by the operation Q. ( I\ or what is 
the same thine:, the eovariuut operated on by <I>, is reduced to zero by the operation D 
and is therefore a eovariant, i.r. <l> operating upon a eovariant gives a eovariant. 
id. hi the case of a quuutic such as I = 


J, 

we may instead of the new sets t_ : . employ the sets (//. — r). (//'. — Ac. 

'I'he operative (plant ie 0 is in this case defined by the equation 0l’ = O. and if <I> be. 
as before, tiny emaiiaut ol 0. then <I» operating upon a co\ariaul of l’ will give a 
eovariant of H. TIu. proof is marly tie* same as in tlie preceding case; we have 
instead of the e<piati<m d>t{iD y | ) = .I- 1 d 5 1 the analogous equation 

‘hi»o, — ic>. ( ; (d>). 

where on the left-hand side {»;).. ■> refets to l’, hut on the right-hand side {.rd„} refers 
to 0, and instead of D~! id..! — .rD, we have simply rd,, > — <d,. 

17. I pass next to the quant ic 

( • \ < • //)'"• 

which 1 shall in general consider under the form 

(./, />..//, a \x, 

btit sometimes under the form 

(//, h..M , //I 

the former notation denoting, it will he remembered. 


«.r’ n + "7 m" +"7Ari/— ‘ +<///". 
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and the latter notation 

<i.i "• -f bjk "• " \if . . -f- b\vi/" ~' -j- a'y. 

But in partii'ular eases the coefficients will be represented all of them bv unacceu- 
tuated letters, thus (a, b. r. //)' will he used to denote ii.r*4-5A.i7/+ae.i7/*+f/y J , 
ami (</. c, d%t, if) 1 will be used to denote nv'-\-b.ri/-\-c.u/--\-i/i/\ and so in all 
similar eases. 

Applying the general methods to the quant ic 

(<*, l>..b', u'X r. //)"•, 

we see that 1 i/d, ] =ud.,-\-2bd +/nli'd, l . 

lccb,..-|-u'd i , ; 

in fact, with these meanings of the symbols the quantie is reduced to zero by each of 
the operation 1 ' \pd, //3,. {*3, • — -*3 . ; lienee according to the definition anv function 
which i* reduced to zero by each of the last-mentioned operations is a eovariant of 
the quantie. But in accordance with a preceding remark, the eovariant may be con- 
sidered as a rational and integral function, separately homogeneous in regard to the 
faeients ( i. y) and the eoellieients ( <■/. b..b\ </'). If instead of the single set ( i, //) 
the eovariant contains the sets (j yy, A:c., then it must be reduced to zero 
by each of the operations yd. — N//3,, ,.i3„; — N.j 3, (where N//3,=//,3, .. ), 

but 1 shall principally attend to the case in which the eovariant contains only the 
set I i .1/ j. 

Suppose, for shortness, that the quantie is represented by l ’.and let l’,, l’.,.. be 
what V becomes when the set (r, //) is successively replaced by the sets (.«,, //,). 

I i .. //.), A:e. Suppose moreover that 12=3. 3,. — 3, 3„ «Jce., then the function 

T2'l.V27i'..r i ir i ... 

in which, alter the differentiations. tlie new sets ( i „ //,), (.i i/,).. may be replaced by 
the original >et (<.//) — . will be a covariant of the quantie Ik And if the number 
of ditferentiations be such as to make the faeients disappear, c. if the sum of all the 
indices p, i/.. ot the terms 12, <Ne. which contain the symbolic number J, the sum of 
all the indices p, /•, &e. of the terms which contain the symbolic number 2, and so 
on. be severally equal to the degree of the quantie, we have an invariant. The 
operative quantie (-) becomes in the case under consideration 

0=(d„., — d ±d„y.r ,//)"*, 

the signs being alternately positive and negative; in fact it is easy to verify that this 
expression gives identically fc)l’=0, and any eovariant of (-) operating on a covariant 
of U gives rise to a eovariant of 
1 S. But t lie quantie 

(", b..b\ u' J t, //)’“, 

considered as decomposable into linear factors, /. e. as expressible in the form 

a(.v— ui/)(r— ($!/).., 
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gives rise to a fresh scries of results. We have in this case 

{.r^} = — («+, '3.. +(3^+ .. ; 

in fact with these meanings of the symbols the quantic is reduced to zero by each 
of the operations {.rd„|— .rd„, {//d,} — i/b, t and we have consequently the definition of 
the eovariant of a quantic considered as expressed in t he form a(.v—cei/)(.r — /3y).. 
And it. will lie remembered that these and the former values of the symbols and 

are, when the same quantic is considered as represented under the two forms 
(u, h, .//, a'jf.r, //)"' ami ti(.v — «i/)(.r — ft //).., identical. 

10. t’onsider now the expression 

(i°{ r • — «//) , (.v—ftt/) A ..(a—fty\..), 

where the sum of the indices /. of all the simple factors which contain «, the sum 
of t lie indices /•,/>... of all the simple factors which contain ft, See. are respectively 
equal to the index 0 of the eoellicicnt a. Thu index (’ and the indices />, See. may he 
considered as arbitrary, nevcithelc-s within such limits as will give positive values 
(() inclusive) for the indices /, /,-. ... 

The expression in question is reduced to zero by each of the operations fd.„ 

i /ft — ; and this i> of course also the ease with the expressions obtained by inter- 
changing in any manner the roots u, o, y.., and therefore with the expression 

<i"l( i —fti/) 1 1 — 0//V , ..f'z — 

where i dcuolcs a summation with respect to all the different permutations of the 

routs i . . . 

Thu fimeiion so obtained (which is of course a rational function of u. />..//. it') will 
lie a eovariant. and if we suppose y,—nn)~ 2S/i, where .N /> denotes the sum of all the 
indices jt of the different terms (■-/— ft)', vvc., then the covariant will he of the order 
v, (/. r. of the degree in the faeients r, //). and of the degree i 1 in the coefficient-. 

2(>. In connexion with this covariant 

i —■h/V..(u— 3 V'..) 

of the order,'/, and of the degree ?> in the cocfiicients. of the quantic l — 


consider the eovariant 


of a quantic V: 


<t( ( '///)(! —/■>// I ... 


V(I2 ,, ..)V.V...\ . 


i < \ I . // 1 


in which, after the differentiations, the sets (r,, .#/,), ( r, . arc replaced by the 

original set (.r, //). The last- mentioned covariant will he of the order — d) -f-o.. 
and will be of the degree in in the coefficients; and in particular if g=£\ i. c. if V be 
a quantic of the order <>, then the covariant will lie of the order (/> and of flic degree 
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tn in the coefficients. Ilence to a covariant of the degree 0 in the coefficients, of a 
quant ie of the order m, there corresponds a co variant of the degree m in the coeffi- 
cients. of a quantic of the order i>; the two covariants in question being each of 
them of the same order it,. And it is proper to notice, that if we hud commenced 
with the covariant of the quantic V, a reverse process would have led to the covariant. 
of the quantic U. We may, therefore, say that the covariants of a given order and 
of the degree & in the coefficients, of a quantic of the order ///, correspond each to 
each with the covariants of the same order and of the degree tn in the coefficients, of a 
quantic of the order <h ami in particular the invariants of the degree 0 of a quantic of 
the order m , correspond each to each with the invariants of the degree m of a quantic 
of the order 0. This is the law of reciprocity demonstrated l>v M. IIkkmitk, bv a 
method which (I am inclined to think) is substantially identical with that here made 
use of. although presented in a very diffident form: tin* discovery of the law, con- 
sidered as a law relating to the number of invariants, is due to Mr. Sylvkstkk. The 
precise meaning of the law, in the last-mentioned point of view, requires some expla- 
nation. Suppose that we know ali the really independent invariants of a quantic of 
the order ///. the law gives the number of invariants of the degree m of a quantic of 
the order it 'it is convenient to assume O^m), viz. of the invariants of the degree in 
question, which are linearly independent, or asyzygetic, /’. e. such that there do not 
exist any merely numerical multiples of these invatiunts having the sum zero. but. the 
invariants in question may and in general will be connected inter ve and with the 
other invariants ol the quantic to which they belong In non-linear equations; and 
iti particular the system of invariants of the degree ni will comprise all the invariant:- 
of that degree (if any) which are rational and integral functions of the invariants of 
lower degrees. Thu like observations apply to the system of covariants of a given 
order ami of the degree m in the coefficients, of a quantic of the order 0. 

21. Thu number of the really independent covariants of a quantic ( t $ ». y )" is pre- 
cisely ecptal to the order m of the quantic. /. c. any covariant is a function (generally 
an irrational lunctiou only expressible a- the root of an equation) of any /// indepen- 
dent covariants, and in like manner (hi*. number of really independent invariants is 
m — 2: we may, if we please, take in — 2 really independent invariants as part of the 
system of the in independent covariants; the quantic itself may be taken as one of 
tin: other two covariants, and any other covariant as the other of the two covariants ; 
we ruav therefore sav that every covariant is a function (generally an irrational 
function only expressible as the root of an equation; of /// — 2 invariants, of the 
quantic itself and of a given covariant. 

22. Consider any covariant of the quantic 

(a, />..//, j/) m , 

and let this be of the order //., and of the degree 0 in the coefficients. It is very 
easily shown that mO—t* is necessarily even. In particular in the case of tin invariant 
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(/. e. when f*=0) mO is necessarily even*; so that a quantic of an odd order admits 
only of invariants of an even degree. But there is an important distinction between 
the cases of mO — jt a evenly even and oddly even. In the former ease the covariant 
remains unaltered by the substitution of (//, . 1 ), («', b\ .. b, a) for {x,y), (a, b , .. b\ a') ; 
in the latter ease the effect, of the substitution is to change the sign of the covariant. 
The covariant mav in the former case be called a symmetric covariant, and in the 
latter ease a skew covariant. It may be noticed in passing, that the simplest skew 
invariant is M. I Ikrmitk’s invariant of the IHtli degree of. a quantic of the 5th order. 

2.’L There is another very simple condition which is satisfied by every covariant of 
the quantic 

(a, b..b ' , //)”’■* 

viz. if we consider the faeients (r, //) as being respectively of tbc weights and 

tlx* coefficients («, b..b\ a') as being respectively of the weights — -A/m, — 

..^/<« — 1, i ///, then the weight of each term of the covariant will be zero. This is the 
most elegant statement of the law. but to avoid negative quantities, the statement 
may be modified as follows: — if tlx* faeients (.c. //) are considered as being of the 
weights 1. 0 respectively, and tlx* coefficients (it, //..//, o') ;is being of the weights 
0. I . . /// — 1. m respectively, then the weight of each term of the covariant will be 

2 1. 'riu* preceding laws as to the form of a covariant have been stated hereby 
wax of anticipation, principally for the sake of the remark, that they so far define the 
form of a covariant as to render it in very many eases practicable with a moderate 
amount of labour to complete t lie investigations by means of the operations . — .id„ 

and ( //d, t — //d,. I 11 fact, for finding the covariants of a given order, and of a given 

degree in the coefficients, we may form the most general function of the proper order 
ami degree in the coefficients, satisfying the prescribed conditions as to symmetry and 
weight: sm*h function, if reduced to zero by one of the operations in question, will, 
on account of the symmetry, be reduced to zero by the other of the operations in 
question ; it is therefore only necessary to effect upon it, e.g. the operation .it).,;- — .ic) y , 
and to determine if possible the indeterminate coefficients in such manner as to 
render the result identically zero: of course when this cannot be done there is not 
any covariant of the form in question. It is moreover proper to remark, as regards 
invariants, that, if an invariant lx* expanded in a series of ascending powers of the 
first, coefficient //, and the first term of the expansion is known, all the remaining 
terms can be at once deduced by men* differentiations. There is one very important, 
ease in which the value of such liist teim (/. e. the \alue of the invariant when a is 
put equal to 0) can be deduced from the corresponding invariant of a quantic of tlx* 


* 1 may remark that it \va* only M. Hkkmiif’s impoitaiit discovery of an invariant of the degree 18 of a 
quantic of the order 5, which removed an erroneous impression which 1 had been under from the commence- 
ment of the subject, that mfl was uf necessity evenly even. 


MDCCCL1 V. 


L 
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next interior order: the ease in question is that of the diseriminunt. (or function 
which equated to zero expresses the equality of a pair of roots) ; for hy Joacuimsthai/s 
theorem, if in the discriminant of the quantie (u, h..b\ tt'\.i, i/)"‘ we write </=(), the 
result contains fr as a factor, and divested of this factor is precisely the discriminant 
of the quantie of the order m — ! obtained from the given quantic hy writing u—i) 
and throwing out the factor i : this is in practice a very convenient, method for the 
calculation of the discriminants of qualities of successive orders. It is also to he 
notieed as regards covariants, that when the first or last coefficient of any covariant 
\i.r. the coefficient of the highest power of either of the faeients) is known, all the 
other coefficient ** can he deduced bv mere different iat ions. 


I’osTscuii'r added October 7th. IS.Vl. — I have, since the preceding memoir was 

written, found with respect to the covariants of a quantie (*\t,j/)", that a function 

of unv order and decree in the coefficients satisfying the necessary condition as to 

weight, and such that it is reduced to zero by one of the operations <.rd, / — 

— //B,. will of necessity be reduced to zero by the other of the two operations, 

i. t. it will be a covariant ; and I have been thereby led to the discovery of the law 

» » 

for the number of asyzygetie eovariauts of a given order and degree ill the coefficients . 
from this law I deduce as a corollary, the law of reciprocity of MM. Sylvkstkk and 
IIkumitk. 1 hope to return to the subject in a subsequent memoir. 
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X. On the Functions and Structure of the Itnstelfuni of Listera ovata. 
lit/ J. D. Hooker, M.D., F.U.S. tSc. 
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^rv attention having 1 been directed by the Hov. Professor IIenm.ow, to a remarkable 
irritability of the rostclluin in a coiniiioii English orehideous plant, the Listen! oratu, 
I have, taken the earliest opportunity of following up his observations on the living 
plant, and of dissecting the organ in question ; an account of the anatomy and 
functions of which 1 have now the honour of laying before the Royal Society. 

The rostellum of Listen t oratu is a broad, blunt, tongue-shaped organ, terminating 
the column, and projecting forwards, below the anther, and above the stigma. 
Soon after the 11 owe r opens, if the rostellum be touched or irritated, two white 
viscid masses are instantaueous'y protruded. — one from each side of the apex ; these 
coalesce and form a considerable gland-like body, which attaches itself at once to the 
bases ol the pollen-masses, and usually continues firmly to adhere to the apex of the 
rostellum also. 


Such arc the elfeets of artificial irritation: and a careful iti'pcctiou of a great 
numhci of ilowcr , » pro\es, that in a '•late of nature this glandular secretion secures 
the impregnation of tin* plant, by freeing the pollcu-mass<-s from the anther-case, and 
retaining them on the rostellum. where they break up, and the granules falling over 
tin* edges of the latter become applied to the stigmatie surface. 

The form and position of the labellum seems also to be of considerable importance 
in this operation. 'Phis organ is attache.! to the base, of the column by a rather 
liar-row claw, beyond which it is bent upwards, so that its anterior surface is brought 
immediately in front of the rostellum. Soon after the Mower opens, a visj-id fluid 
is secreted along the mesial line of the labellum, which retains the pollen-masses 
when these have accidentally become detached from the anther-case previous to the 
emission of the viscous masses from the rostellum. In some flowers I also found 
that the viscous masses had hceu projected with such force from the apex of the 
rostellum, that they had carried the pollen-masses with themselves heyond that 
organ, and had alighted on the viscid surface of the labellum. where they wore re- 
tained by their bases, whilst their apices were brought into contact with the stigma. 

The structure of the rostellum in Li stern oratu is extremely curious, and, as far as 


I am aware, quite unique in the Order, though it is highly probable that a similar 
organization will be found in allied species and genera. From its earliest appearance 
in the young bud (as a simple transversely elongated cellular ridge) to its fully-fonncd 
condition, it undergoes no morphological change of any consequence; its development 


2 l 2 
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being uniform till it acquires it* broad tongue-shaped form in the mature flower, when 
it is about -.,\ f th of an inch in length and breadth. In this state it is rather concave 
upon the upper surface, slightly raised along the mesial line, and with somewhat 
upturned edges and apex. The margins are tolerably thick, and the apex presents 
a broad central point, with a shallow sinus on either side of it. The substance is 
extremely soft, white, semi-transparent and pulpy. Both upper and under surfaces 
are matked with 30 to 40 delicate parallel stria*, which along the mesial line are 
straight, while those on either side of it converge towards the apex of the rostellum, the 
marginal ones being conformable in direction with the outline of that organ. Towards 
the very apex, these parallel lines are crossed by a few transverse bars (indicating 
their cellular origin), and at the base they rest upon, or gradually pass into, a papillose 
cellular tissue, which is continuous with the surface of the column. Two darker 
areola* are observable at the termination of the rostellum. occupying the shallow sinus 
on each -ide the apex ; and these indicate the points from which the viscous masses 
are ejected through the rupture of the tissue of the cavities containing them. 

After the discharge of its viscous contents, the rostellum collapses considerably, 
its apex and margins become deflexed, and the pollen granules are allowed to fall 
over on the stigma. 

A transverse section of the rostellum shows that it is wholly formed of continuous 
longitudinal parallel loculi, corresponding in number with the stria: on the surface ; 
these are separated by septa of excessive tenuity and transparency, but of considerable 
Hrmne.'s. and these, as well as the walls of the: loculi, present no traces of areolation 
or cellular .structure, except towards the apex and base of the rostellum. The loculi 
are many times longer than broad, and are much less in width than in depth, their 
diameter between the two surface* of the rostellum being about 1^ time* greater 
than that between the septa, whence the appearance presented by a transverse section 
of the whole organ is that of a galvanic tiough of 30 to 10 cell*. 

Owing to the exceedingly pulpy and transparent character of the rostellum, its 
irritability, and the viscous nature of it* content*, I wa* wholly unable to understand 
its structme in the living plant, and had recourse to specimens preserved in spirits 
three years ago by Professor IIbnslow. 

On opening the loculi, each was found to contain a very elongated club-shaped 
bodv, conformable in shape to that of the loculus (who*e form might hence be deduced 
from that of its contents). These bodies, which are the viscous secretion of the 
rostellum in a hardened state, were very much flattened laterally, gradually narrowed 
upwards into slender points, with somewhat swollen tips, slightly curved and obliquely 
truncated at the base. Their bases, or rather those of the loculi which contained 
them, rested upon the loose cellular tissue of the column, which was distended with 
fluid, chlorophyll and acicular raphides. 

In their youngest condition these club-shaped bodies are more opaque, and appear 
covered with hexagonal areola: (an indication of their cellular origin), and are com- 
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posed of a grumous fluid full of minute transparent chlorophyll-globules of various 
dimensions. As they advance to maturity, the cell-walls disappear, and the whole 
tissue appears more uniformly grumous ; on its first discharge from the rostellum. 
it presents the appearance of a glairy fluid, charged with transparent granules, acicular 
raphides, and traces of an hexagonal cellular tissue or rete. 

The expulsion of the contents of the loculi is no doubt the natural effect of the 
distension of the latter, which causes the rupture of the apex of the rostellum at 
two points. Whether the simultaneous discharge of all the loculi is wholly a 
mechanical, or in part, a vital action, may possibly be doubtful ; if the latter, it may 
present some analogy to the simultaneous protrusion of the tubes from all the pollen- 
grains forming the pollen-mass of J.sctc//ia.s Curassavica, first indicated by Mr. Brown. 
In one instance, however, I succeeded in causing the contents of each loculus to be 
voided separately in vermiform masses, by compressing an immature fresh rostellum 
in water. 

Soon alter its emission the viscous mass hardens, becomes reddened, and usually 
adheres very firmly to the apex of the rostellum. It is tint acted upon by iodine 
beyond being faintly browned. 

'flu* membrane of which the walls of the loculi are composed is excessively thin 
and transparent, and presents a beautiful appearance, under the microscope ; each line 
marking the position of the septa being bordered with a band, which is composed 
of excessively line, straight, oblique or wavy stria*, which are placed at right angles 
to the septa. 

The position and function of this glandular secretion naturally reeall tin* theory 
once proposed to explain the impregnation of Orcftit/etr. which assumes that ope- 
ration to take place in many speeies of the Order through the glands at the base 
of the pollen-masses ; ( therefore sought diligently for any facts that might coun- 
tenance such a supposition in /Jsftm. hut ui vain. I was miahlc to detect pollen- 
tubes in the glandular body at any period; and 1 repeatedly spread tin 1 pollen 
over the viscous matter wlum under the microscope, hut without any effect ; on the 
other hand, those pollen-grains that were placed on the stigma emitted hoyaux 
abundantly. 

in a morphological point of \iew, the exact nature of this complicated and highly 
organized rostellum is not very evident : hut it. may be remarked, that its position 
would suggest a theoretical relation with the two undeveloped stigmata of the natural 
order, whose position may he supposed to coincide with that, of each half of the 
rostellum. The blending of the different suppressed organs forming the column of 
Usfrra is, however, so complete, t hat in the present state of our knowledge it is 
perhaps safer to regard this curious organization of the rostellum as an accessory 
stigmatic organ, or appendage to the stigma, such as those which occur in various 
natural families of plants, and more or less directly facilitate the ollice of im- 
pregnation. 
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The relation of these glands to those whieh congenitally connect the pollen- 
masses of so many genera of Onhideiv (either directly, or indirectly by means of the 
caudicula) is on the other hand very evident, and the structural passage between 
them may he traced through those genera in which each pollen-mass has a separate 
gland developed at its base, in a fovea of the rostellum. Another modification of 
structure in the rostellum occurs in certain genera allied to Li, stem, in whieh that 
organ is described as becoming divided into two arms, through the absorption or 
falling away of the intervening substance. 

In all these cases the special function of the rostellum appears to be the same, 

anil they alford beautiful instances of a great variety of modifications of structure in 

one organ, being all adapted to the performance of one very simple function, namely 

the retention of the pollen-masses. With regard to the degree of complexity presented 

by the several modifications alluded to. it would appear, that, taking fAstera nvuta as 

an extreme ease, a very simple form of pollen here accompanies a very complex 

organization of rostellum, whereas in some I’amleiv which have eight polliniu attached 

to a strap-shaped caudicula, and that again fixed congenitally by an externally 

developed viscid gland to the rostellum, the latter is a mere cellular protuberance. 

between these remarkably contrasted forms there are very numerous and evidently 

• * » 

intermediate grades anil modifications of structure, besides a great many which 
have not hitherto been reduced to any theoretical law of comparative development. 

, Though I have given here the results of a long and very careful examination of 
I Astern , I consider the subject as far from exhausted. Professor IIknnlow has hud 
the kindness to overlook my dissections and drawings, which will I trust be found 
tolerabh faithful, but there are many minute points in this species which yet require 
to be carefully investigated, whilst an examination of its allies would doubtless throw 
much light upon the structure and functions of the many curious forms of the column 
m ( )fi/in/ilea‘. 
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PLATK 


I. 


Fig. 1. Flower of List era ovata with the perianth removed, before the protrusion of 
the gland, a, termination of eohiinii; b, anther-case; r, pollen-masses: 
d, rostellnm ; c, stigma; J\ base of the labelliim. 

Figs. 2 and .3. Vertical sections of two other llowers of List nut ovata, tig. 2 before, 
ami fig. .3 after, the protrusion of the gland, which is shown at <t of tig. 3. 
The other letters indicate the same organs as in tig. I. 

Fig. 4. Rostellnm seen from above; (a) the discoloured spots where the glandular 
masses are protruded. 

Fig.r>. Vertical section of anterior portion of column, through the rostellnm ('/). 
showing one loculus and its contents (/)), and stigma (c). 

Fig. 0. Transverse section of rostellum. a, loculi: b, their contents in s/tn a* 
coagulated by alcohol. 

Fig. 7- Half the rostellum with the striated wall remo\ed. a, the contents of the 
loculi fas coagulated by alcohol) ; b , the broken septa of the loculi. 

Fig. H. Yei\ highly magnified view of the loculi, showing the band of transverse 
stria* l a) bordering the lines indicating the position of the septa. 

Fig. !). Contents of the loculi. 

Fig. 10. I pper portion of one of the same, in a very immature state, showing the 
areolation of its stirlace. 


Fig. II. Very highly magnified view of the substance of the gland on its fn-st 
expulsion. 

Fig. 12. Pollen-grains 
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The following investigations on the immediate principles which constitute the 
evacuations of Man ami animals were undertaken with the view of endeavouring' — 
1st. To determine some of the modifications which the uuabsorbed part of food 
undergoes in the alimentary canal. 

2nd. To obtain an insight into the nature of the secretions vielded bv the glands 
and mucous membrane of the colon and rectum. 

;ird. To extend our pathological knowledge, and afford new means of diagnosis, 
by applying a method of analysis to healthy human evacuations, thus affording to 
physicians and pathologists an opportunity of examining these matters in a morbid 
state. 

I ha«l proposed, in the first instance, to confine my researches to healthy human 
evacuations, but having detected a method of analysis which enabled me to obtain 
several of their immediate principles in the pure state, I was induced to continue 
the investigation with reference to the castings of various carnivorous, herbivorous. 
and grunirornus animals. The eastings «:•' the Tiger, Leopard. Dog. Crocodile, and 
lion were first examined. Then those of the Dog (fed upon bread). Ilorse. Sheep, 
Wild Hoar. Elephant, and Monkey; and. lastly, the castings of Fowls. 


1. Of the Healthy Unman Evacuations. 

The results obtained from the study of the nature and composition of healthy 
liuman evacuations, together with the method of investigation employed, have been 
condensed into a synoptic table annexed to the present communication. 

It is superfluous to dwell upon the odour, colour and consistence ot human heces; 
their reaction is constantly alkaline, and they yield but a very weak extract to di- 
stilled water. This alkaline reaction is common to the castings of every animal, and 
is very probably owing to the presence of ainmoniaco-magncsian phosphates, the 
only strongly alkaline immediate principle which I have obtained from excrements, 
and which, being soluble, though sparingly, in hot water, is the cause of their alka- 
line nature. 

mdcccliv. 2 M 
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When boiled in alcohol, human ficees yield an abundant extract, and if small 
quantities of alcohol be used at a time, and the extract rapidly filtered through a 
rough, clean cloth, nothing remains on the filter but a brown mass, devoid of smell, 
insoluble in ether, and yielding to boiling water nothing but ummoniuco-mugncsian 
phosphates, which can be obtained crystallized by slow evaporation. 

It was found necessary to operate each time on the whole evacuation, which was 
treated with boiling alcohol of specific gravity Sl."» : upwards of fifty human evacua- 
tions were examined, about a pint and a half of alcohol being required for each 
operation: the fa'ees were previously’ mixed with a little water, to facilitate the 
action of the alcohol when their consistence was too solid. This alcoholic extract 
\ww\ w vevv distinct smell of the matter examined, and a strong acid reaction, showing 
that one or more acid principles exist as constituents of human evacuations. The 
alcoholic solution was >ct aside for twenty-four hours, when an abundant deposit 
was found at the bottom of the beaker; the fluid was decanted, and the deposit 
collected upon a filter. The alcoholic solution still possessed an acid reaction ; it 
had a slightly viscous consistence, and a dark olive-brown colour. 'I'll is fluid was 
treated by a variety of processes, which yielded no satisfactory result, until milk of 
lime having been milled, with the view of precipitating the fatty acids it might con 
tain, as I had done on a previous occasion to obtain the fatty acids of the blood*, a 
distinct precipitate occurred of a yellowish -brown colour, subsiding after a few 
minutes, and leaving a clear brown straw-coloured fluid ; this precipitate was col- 
lected, after an hour or two. upon a filter. It had a viscous nature and a yellowish- 
brown colour. The filtrate was set aside, and the lime precipitate left to dry upon 
filtering-paper. When the excess of moisture had thus been removed, and the 
precipitate obtained had become comparatively dry, it was tiansferred to a small 
glass phial, and agitated with ether: in some instances I used boiling ether, but 
soon found it was unnecessary, so that cold ether was generally employed. The 
contents of the phial were next filtered, and a clear yellow ethereal solution thus 
obtained. The lime precipitate was then washed with ether, anil the entire solu- 
tion finally allowed to evaporate spontaneously’. After a period varying from 
one to three days, the fluid was found to contain a quantity of beautiful silky cry- 
stals, collected in masses or tufts adhering to the sides and bottom of the beaker, 
gradually increasing in size and numbers, and throwing out in every direction 
extremely fine and light ramifications. The mother-liquid having been decanted, 
and the substance placed upon filtering-paper, the crystals were found to be so line 
and delicate as to be crushed by the mere weight of the fluid contained between 
them, so that, when dry, their crystalline structure had nearly disappeared, the sub- 
stance having assumed the appearance of light flattened brittle scales. The crystals 
thus obtained are far from pure, being mixed with an oily yellow matter, which 

* Kechcrchc-* -ur la Nature des Graisscs qui sc trouvent dans le Sang. Bibliuthcquc Univcrscllc de 
Gunt-ie. 
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proves most difficult to remove. By redissolving them, however, in ether, ;md 
allowing the solution to evaporate spontaneously, the substance may be obtained 
comparatively pure, though not always colourless. I have obtained a nearly colour- 
less solution by filtering the fluid through very finely divided animal charcoal. The 
crystals obtained from this second solution were generally very much larger than in 
the previous case, especially when a little alcohol had been added to the ether. These 
crystals, when viewed under the microscope, were seen to consist of ncicular four- 
sided prisms; they were collected upon a filter, dried and preserved. 

This constituent of human evacuations, which 1 propose to call r.irrrtinr, was 
detected in every case of healthy human fieees examined ; it can be obtained very 
easily by the above process, even from a small sample of excreted matter, and 
recognized at once by the silky and very light nature of the tufts. 

It is very soluble in ether or hot alcohol, but sparingly so in cold alcohol, and does 
not precipitate or crystallize on cooling; its solution in ether and in alcohol has a 
decided though weak alkaline reaction; it is insoluble in water, both cold and hot. 

When suspended in boiling water, exerctine fuses into a yellow resinous mass 
lloating on the lluid. If dissolved in this state in ether, it again crystallizes when 
the solution is sufficiently concentrated. When treated with water containing any 
of the mineral acids, no decomposition ensues, even if the fluid he evaporated nearly 
to dryness; nothing i>- obtained but the above resinous mass, which again yields 
crystals of cxeretine when dissolved in ether; excretine does not therefore, appa- 
rent Iv combine with mineral acids. When heated upon a platina knife, the crystals 
first fuse, evolving a peculiar aromatic smell ; 1 hey afterwards burn with a slight 
flame, disappearing very rapidly, and leaving a brown stain, which, on the further 
application of heat, is completely removed, and no inorganic residue is left behind. 
The fusing-point of excretine was constantly found to ho between fl.V and ini' 
< Vntigrudc. 

If exeretiue be hoik'd lor several hours in a solution ot potash, no saponification 
takes place; the fused crystals float on the fluid, and if dissolved in ether, the sub- 
stance can again he obtained crystallized. 

The elementary quantitative analysis of excretine and the products of its decom- 
position will constitute the subject of ;i future inquiry. With respect to its qualita- 
tive composition, I have detected sulphur as one of its constituents, by calcining a 
sample of well crystallized and perfectly white excretine with a mixture of carbonate 
of soda ami potash previously ascertained to contain no sulphuric acid. The cal- 
cined mass having been dissolved in water acidulated with pure nitric acid, the 
addition of chloride of barium caused a distinct precipitate. 1 have also ascertained, 
by the method of Wjli, and Yaurkxtkaim*, that excretine contains a small quantity of 
nitrogen. 

I have not yet investigated the products of decomposition of excretine, hut if 
nitric acid be added to a hot solution of this substance in alcohol, a brisk action 
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ensues, nitrons acid fumes are evolved, and by concentrating the fluid on the water- 
bath, another substance is obtained, under the form of beautiful colourless crystals 
shooting from one side of the capsule to the other, and presently filling up the whole 
space the fluid occupied. This substance has a strong acid reaction, and is very 
soluble in water: it attracts rapidly moisture from the atmosphere and deliquesces. 
However, although it may be interesting in a chemical point of view, as it is not a 
constituent of excrements, I shall not dwell any longer for the present upon its pro- 
perties. 

It was a matter of considerable importance to ascertain in what form exeretine 
exists as a constituent of human fieces, and if this substance is one of their imme- 
diate principles. I have scarcely any doubt as to the greater proportion of exeretine 
existing in the free state as a constituent of excrements, and therefore constituting, 
in that form, one of their immediate principles, as in several cases I have observed 
exeretine ervstallize direetlv in the alcoholic extract of fieces before the addition of 

ft ft 

lime. Moreover, although the lime precipitate generally yields, besides this sub- 
stance, an organic acid which I have found to be margaric acid, it is hardly possible 
to suppose that lime could have the property of so rapidly decomposing a combina- 
tion of margaric acid with exeretine, should such a compound really exist. I have 
aUo ascertained by direct experiment, that if lime be added to a solution of margaric 
acid and exeretine in alcohol, both are precipitated, the margaric acid combining 
with the lime, and the exeretine adhering mechanically to the precipitate formed. 
It may consequently be assumed that the greater proportion, if not the whole of the 
exeretine contained in human fieces, exists in the uncombined state, or as one of 
their immediate principles. 

Nothing positive is yet known in regard to the mode of formation of exeretine in 
the human body. It may, however, be surmised that it is dependent in some degree 
on the nature of the alimentation ; at least I have noticed an excess of exeretine 
when a considerable amount of beef had been taken, and, on the other hand, a 
smaller amount than usual of that substance was obtained in a case of diarrhoea 
attended with loss of appetite. Age anti temperament do not appear to modify the 
production of exeretine. 

In order to determine the source or mode of formation of exeretine in the human 
body, and complete its physiological history, it will be necessary to ascertain — 

1st. Whether it exists in animal food or muscular tissue. 

2nd. In what part of the intestines it is first to be detected. 

ttrd. Whether it can be found in any other part of the human body. 

4th. Whether it exists in the castings of animals. 

1st. With the view of ascertaining whether animal food or muscular tissue con- 
tained exeretine, a sample of fresh beef, free from fat, was carefully minced, and 
treated with boiling alcohol; a colourless extract was obtained, which being filtered 
through calico, anil allowed to stand for some hours, yielded but a very scanty 
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deposit. Milk of lime produced in this extract a white precipitate, which was 
collected upon a filter and treated with ether. After twenty-four hours this ether 
gave by spontaneous evaporation small round translucid musses adhering to the 
sides and bottom of the beaker, which, when examined under the microscope, were 
found to consist of round groups of crystals radiating from a centre, and so densely 
crowded that they could not be distinctly seen unless previously crushed. Small 
dark specks were mixed here and there with the crystals, but no globules of oil were 
perceptible, although the evaporation of the ether was nearly complete. When 
pressed between folds of filtering-paper, the substance left, an oily stain ; if heated 
on a platina knife, it immediately fused, and burnt with a gentle flame, evolving 
a smell of burnt fat. No inorganic residue remained on the platina knife after 
incineration. The crystals polarized light readily and beautifully; when allowed 
to dry upon the slip of glass placed under the microscope, they completely lost 
their distinct structure. No further examination of this substance was attempted, 
but the characters above-mentioned are sufficient to show, that though in some 
respects not unlike excretine it differs from that ‘•ubstanco by its fatty nature, and 
may safely be considered as stem-ini', which it was natural t<* find in the sample of 
beef examined. 

2nd. The difficulty of obtaining the contents of the human small intestines in the 
healthy state is so great, that I have not yet been able to ascertain satisfactorily 
whether excretine be present or not in that, part of the alimentary canal; 1 could not 
however succeed in obtaining if from the contents of the small intestines of a man 
who had died from disease of the heart. In thi- ease the alcoholic extract had a 
pale brown colour and an alkaline reaction ; milk of lime added to it gave a preci- 
pitate of a light yellow colour, which on being treated with ether, yielded after four 
days a white amorphous deposit, but no crystals of excretine could be detected. 

,'Ird. With a view of ascertaining whether excretine was to be found in other parts 
of the body, the: parenchyma of the human spleen was next examined. The first 
spleen which came under my notice was that of a patient, of St. George's Hospital 
who had died from fever; it was uppaicutly healthy; about a quarter of the organ 
was washed, minced, and boiled with alcohol; the extract, yielded on cooling but a 
scanty deposit. I/nne-water having been added, a precipitate was formed, which 
was collected upon a filter, and subsequently treated with ether, the solution yielding 
after two days by spontaneous evaporation a number of shining crystals, which, 
when examined under the microscope, presented the exact appearance of chole- 
sterine. Two other samples of the tissue of the spleen were examined ; the first 
was obtained in a ease where death had occurred from an obstruction ol the pyloric 
orifice of the stomach ; the second was extracted from the body ot an old woman 
who laid died from ascites, accompanied by malignant disease ot the ovaries and 
uterus ; this spleen was congested, very friable, and coarsely granulated. In both 
cases I obtained the same crystalline substance as in my first experiment. It was 
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found to have the following properties. When obtained directly from its solution 
in ether, the crystals consist of large, rectangular plates, which, when viewed with 
the naked eye, floating in the mother-liquor, have the appearance of light shining 
crystals with a pearly or silky lustre. When collected upon a filter, they rapidly 
lose their shining nature, which is not the case with cholcsterinc. Like cholc- 
sterine, however, they are insoluble, or very sparingly soluble in cold alcohol, but 
dissolve readily in hot alcohol, from whence the substance again crystallizes on 
cooling. The crystals thus obtained still possess the same silky shilling lustre as in 
the previous case, but when subjected to the microscope are found to have lost their 
rectangular shape, and to have assumed various irregular forms, resembling flies or 
butterflies with extended wings ; they still polarize light, very readily. If a few of 
them be dissolved in a comparatively large amount of alcohol, the substance assumes, 
on crystallizing, remarkably curious and beautiful forms. Its alcoholic solution has 
a slightly alkaline reaction; its fusing-point is very high, above 100’ Centigrade. 

The substance just described cannot possibly be mistaken for cxcretine, and 1 
should be inclined to consider it as a new immediate principle, unless further inves- 
tigation should show its complete analogy with cholcsterinc. It must at all events 
act an important part in the functions of the spleen, from its having been ascertained 
to exist as one of the immediate principles of this organ in every case, where the 
spleen was subjected to examination. 

Among the intestinal secretions, I have only examined bile (oxen’s bile), which 
yielded no excretiue, but only cholcsterinc, from which circumstance it may be 
inferred that the method employed for obtaining cxcretine may also be made use of 
with advantage to extract cholcsterinc from its solutions. Indeed, bile contains so 
small a quantity of cholcsterinc, that this principle cannot easily be obtained by the 
usual method, except by operating upon a very large quantity of fluid. 

Kxcretine was not detected in healthy human urine treated bv the same method; 
the lime precipitate, carefully washed with water in order to separate every trace 
of urea, yielded no perceptible extract to ether. 

lilood, human bile, the cerebral and osseous tissue, pancreatic juice, saliva, gastric 
juice, &e., have not yet been examined in order to ascertain whether they contain 
cxcretine. If further experiment shows that this substance can be obtained in no 
other case than in that of the intestinal evacuations, its formation must evidently 
result from a metamorphosis or decomposition owing to the action of the solid 
ingesta upon the intestinal secretions. 

From the singular circumstance that cxcretine contains sulphur, it is not unlikely 
that the formation of this immediate principle may depend upon a decomposition of 
taurine, the only sulphuretted compound which, with the exception perhaps of a 
very small quantity of cystine, can be obtained from the intestinal secretions. 
Another and very important conclusion resulting from the presence of sulphur in 
cxcretine, is, that sulphur is thus eliminated from the body without undergoing 
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oxidation. The sulphur contained in the body is therefore evidently not all oxi- 
dized, and it is not impossible that a large proportion of the sulphur existing in the 
organic compounds of the body may by this means be eliminated from the animal 
economy. 

The precipitate obtained by the addition of milk of lime to the alcoholic extract 
of human evacuations having been thoroughly washed with ether in order to Sepa- 
rate the whole of the cxcretine, still generally yields to water or alcohol, when treated 
with hydrochloric acid, a fatty substance having an acid reaction. The characters 
of this substance, evidently an important constituent of the human evacuations, are 
precisely those of margarie acid ; by combining with the lime added to the alcoholic 
extract, it is precipitated along with the cxcretine and colouring matter. To obtain 
it, two methods may be employed : — 1st. The lime precipitate, deprived of its exere- 
tine, is mixed with alcohol, and heated oil the water-bath with hydrochloric acid 
until the whole is dissolved. The acid fluid, on cooling, deposits a mass of crystals, 
which are collected upon a filler; the filtrate containing the colouring matter, 
which is set free: hv the action of the acid, has now assumed a dark red appearance. 
2nd. The lime precipitate, deprived of its cxcretine, is suspended in water and decom- 
posed by hydrochloric acid, with the aid of a gentle heat. By this means it is con- 
verted into chloride of calcium, and the insoluble fatty acid being set free is found 
floating in the liquid. Thus obtained, it lias a dirty red colour, and no crystalline 
appearance; it is next collected upon a filter, and dissolved in hot alcohol: still it 
does not crystallize on cooling; hut if a small quantity of water be added to the 
solution until a muddincss he induced, and heal again applied, the alcohol on cooling 
will deposit a crystalline substance identical with that obtained by the former process. 
If an excess of water be added, with the application of beat, this same substance is 
deposited in an amorphous form, but maybe again obtained crystallized by the same 
process. 

The fatty acid obtained from the lime precipitate was found to have the following 
properties: — It is soluble in ether ami in hot alcohol, but insoluble in cold alcohol; 
its solution has a distinct acid reaction. When dissolved in hot alcohol, it does not 
precipitate or crystallize on cooling. It is entirely insoluble in water, and precipitated 
if water be added to its alcoholic solution : by heating the mixture the precipitate 
redissolves, and crystallizes on cooling. In its crystalline state it is colourless, has 
a light consistence and a pearly lustre; the crystals cannot, he distinguished by the 
naked eye, but when examined with a microscope, they exhibit the peculiar structure 
of margarie acid ; some have an arborescent appearance, while others consist of 
round masses of crystals radiating from the centre, their peripheral extremities being 
curved in a peculiar manner, and bearing a striking resemblance to margarie acid. 
If exposed for some time to the air, suspended in water, or in a mixture of water and 
alcohol, their structure becomes indistinct. When heated upon a plntina knife they 
fuse, evolve a peculiar smell and thick fumes which burn with a (lame, and a 
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dark stain, is left on the previously polished platina ; this stain finally disappears, 
leaving no residue. They were found to he capable of combining with hydrated 
oxide of lead, the compound being insoluble in ether. The salt of lead, previously 
washed with ether in order to remove the oleatc of lead, should any be present, and 
then decomposed by sulphuric acid, yielded to the ether an acid solution, which, 
after being thoroughly washed with water in order to separate the free sulphuric acid, 
and then evaporated spontaneously, deposited a colourless crystalline substance. 
This substance was dried under the air-pump over sulphuric acid, then fused on the 
water-bath and introduced into a capillary tube, when on cooling it again assumed 
the crystalline state. Its fusing-point was found to be .V2" Centigrade, a temperature 
inferior, it is true, to that of GO required for the fusion of margaric acid; the ditler- 
enee I believe to be owing to a trace of oleic acid, which remained mixed with 
the rrvstals. The small quantity of the substance left after the above manipulation, 
prevented me from having recourse to repeated crystallizations, the only process by 
which the fatty acids can be obtained perfectly pure. 

The characters of the fatty acid which I have just described so completely agree 
with those of margaric acid, that no doubt remains in my mind as to the complete 
identity of the two substances*. 

As an additional proof of its presence, a sample of pure margaric acid, which I 
happened to have prepared on a previous occasion, was dissolved in hot alcohol and 
lime-water added to the solution, a compound of lime and margaric acid preci- 
pitated and was collected upon a filter ; the precipitate, suspended in alcohol, was 
decomposed and dissolved by hydrochloric acid, aided by the application of heat, 
and on cooling, the tnargatie acid was obtained crystallized. I afterwards ascertained 
that margaric acid was endowed with the singular property of crystallizing from its 
solution in alcohol, when the liquid is heated with just enough water to make it become 
turbid when cold. This circumstance is also a proof that the above fatty acid obtained 
from human evacuations is not stearic acid, as a sample of pure stearic acid treated 
by the same process could not be made to crystallize. The solution retained its 
muddy appearance, the addition of a large amount of water causing an amorphous 
indi.Ntiuct precipitate. 

It is not possible to state whether a small quantity of the margaric acid obtained 
by the above process does not exist in the form of a compound as a constituent of 
human fames, but from the very acid reaction of the alcoholic extract of excre- 
ment", it appears most probable that the whole of this fatty acid exists in the free 
state in human lames as one of their immediate principles. I hope, at all events, to 
have proved satisfactorily that margaric acid is to be found, though not constantly, 
in the human fames; and from the circumstance of my never having detected mar- 
garine as one of their constituents, I may be allowed to conclude that a process similar 

* According to Lkhma.vn, margaric acid lias occasionally been detected in solid excrements by means of 
the micrufccope.-- Physiological Chemistry, vi. p. 108 . 
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to saponification takes place in the intestinal canal, together with the further 
decomposition of the soap into its a cid and base. Accoiding to L. hity\no, tin. 
above saponification occurs in the duodenum by the action <>t the panel eutic join. 
which converts the neutral fats of the food into an emulsion or Stilte fit to bt 
absorbed by the lacteals. If it lx; considered, moreover, that blood contains free 
fatty acids, a circumstance first shown by Lecanc, and which I have hud myself 
an opportunity of verifying in Messrs. Wuirrz and Vbroeil’s laboratory at Paris, 
perhaps we are entitled to admit that the saponification arising from the actiof) 
of the pancreatic juice upon the neutral fats of food, and the decomposition of the 
soap, both take place in the duodenum, the excess of free fatty acid which escapes 
absorption being carried through the intestinal canal, and expelled with the evacua- 
tions. If ;i powerful free acid were found to exist in the blood, if might be sup- 
posed that the fatty matters saponified by the pancreatic juice are absorbed, the 
soap decomposed in the circulation, and the excess of free acid which could not he 
assimilated, conveyed into the intestines by the intestinal secretions; but as the 
blood contains no powerful free acid, being, on the contrary, constantly alkaline, 
this theory cannot he maintained. 

I have not vet been able to ascertain with anv degree of certaintv whether stearic 
acid be present or not in human evacuations; bi^ if it be considered that margaric 
acid is habitually found in them, and sometimes even in large quantities, although 
tiie fats contained in the mutton and beef taken as food were nearly pure stearine, 
and if the transformation of stearic acid into margaric acid must take place some- 
where in the body, human fat consisting mainly of margarine, are we not entitled to 
conclude that t his stearine is convetied into margaric acid during its passage 
through the intestinal canal 

The third substance present, in human rvcremcuts, which may he obtained from 
the lime precipitate, is the colouring inalrr. It this precipitate, deprived of its 
exrretine, be dissolved in alcohol with hydrochloric acid, a dark port-wine-coloured 
solution is produced, which on cooling - deposits margaric acid : the lilt rate contains 
the colouring matter five from this acid. By adding water to the solution, and 
concentrating it. on the water bath, the colouring matter separates in the form of 
flakes floating on the lluid, and Icaxing a nearly colourless mother-liquor. The 
substance is now collected on a filter, dissolved with hot ether, and the solution 
washed with water in order to remove the last traces of hydrochloric acid. The 
ethereal solution, mixed wif.i water and allowed to evaporate spontaneously, deposits 
the colouring matter in the form of a dark brown or black amorphous substance, 
exactly similar to the colouring matter extracted by I)r. Vkkdkii. from the blood, 
and to that, which Dr. IIaiu.kv has lately obtained from urine, with which it appears 
identical. 

I have already alluded more than once to a precipitate or deposit occurring in the 
alcoholic extract of healthy human evacuations, which appears to be of a very com- 


MDCCCL.1V. 



274 


HR. MARCET OX THE IMMEDIATE PRINCIPLES OF 


plex nature. If the above alcoholic extract after having stood for twenty-four hours 
he decanted, and the precipitate collected at the bottom of the beaker thrown upon a 
filter, the deposit presents an olive-brown appearance, a strongly acid reaction, and 
the betid smell peculiar to faeces. When viewed under the microscope, it appears to 
consist principally of small oily globules, of a yellow-green colour, having a strong 
refracting power, and mixed sometimes with crystals of excretine accompanied by a 
yellow amorphous deposit. This deposit invariably occurred in every healthy human 
Alienation that I examined. After a few hours, it had assumed a gelatinous con- 
sistence ; if it was then boiled with alcohol in a capsule or a glass flask as long as 
it yielded anything to that fluid, and finally filtered through white calico, a substance 
was left behind, insoluble in boiling alcohol. This substance, when heated upon a 
platiua knife, first fuses, then burns with a flame evolving an oik smell, and leaves a 
residue of white ashes. The alcoholic filtrate from the above substance, after having 
been allowed to stand for twenty-four hours, yielded a deposit which fell to the 
bottom of the beaker; the whole was next thrown upon a filter, thoroughly washed 
with cold alcohol, and the washings together with the filtrate concentrated on the 
water-bath. The solid substance remaining on the filter was then washed with 
ether and yielded an ethereal solution of a yellow colour and very acid. The residue 
was of a light yellow colour, and^vhen viewed under the microscope, appeared to 
consist of an amorphous mass free from globules ; dried on filtering-paper, it became 
nearly colourless and of a light friable nature. When heated on a platina knife, it 
first fused and assumed a dark colour, emitting a smell of burning oil ; it afterwards 
burnt with a bright fuliginous flame, and finally left a residue of porous white ashes, 
consisting of phosphate of potash. It did not dissolve in boiling water, but fused 
and floated on the surface ; it was also insoluble in cold alcohol, and when suspended 
in that liquid sunk very slowly to the bottom, appearing to have nearly the same 
specific gravity. It is soluble in boiling alcohol, and on cooling is again preci- 
pitated. It is very sparingly soluble in cold ether, but becomes more so when heat 
is applied. 

I have not yet sufficiently examined the properties of this substance to In; able to 
determine whether it is a pure immediate principle; indeed, from my having failed 
in my endeavours to obtain it crystallized, it might be regarded as a mixture of 
several principles. The above-mentioned properties, however, arc distinctly defined, 
and under all these circumstances, I am inclined to consider it as a combination of 
phosphate of potash and a purely organic: substance. 

The ethereal extract obtained from the above substance deposits by spontaneous 
evaporation a crystalline matter, which has not yet been obtained in sufficient quan- 
tity to admit of its being examined. 

The clear cold alcoholic solution obtained from the olive-coloured acid deposit, or 
the filtrate from the substance just, described, having been evaporated down on the 
water-bath, yielded a deep olive-coloured oil, quite fluid when warm, and emitting 
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the smell peculiar to fresh evacuations. With the view of obtaining it pure, I first 
dissolve it in ether, in order to remove a solid granular substance of a light consist- 
ence, insoluble in ether and in cold alcohol, but dissolving readily in hot, and 
forming a solution which yields, when concentrated, a number of round globules. 
These when heated upon the platina knife, fuse, and then burn, evolving a smell of 
burnt meat, and leaving behind a residue diilicult to incinerate; but not having 
succeeded in obtaining this substance in a crystallized state, I cannot say more at 
present as to its properties. The oil deprived of the above granular substance, and 
dissolved in ether, was mixed with alcohol, and subsequently lime-water was added ; 
the mixture was then heated upon the water-bath, until a heavy precipitate, consisting 
of a compound of this oil with lime, had been deposited. This precipitate was 
collected upon a filter, thoroughly washed with hot and cold alcohol, and the filtrate 
set aside. The insoluble salt of lime obtained was now decomposed with sulphuric 
acid, and treated with ether, in order to separate its organic constituent. The 
ethereal solution was then well washed with water, to get rid of the sulphuric acid 
it. contained, and when evaporated down on the water-bath, yielded a pure fatty 
substance having a constant fusing-point. This substance, dried over sulphuric acid 
at. the temperature of the atmosphere, is solid, but fuses invariably between 25° and 
20 Centigrade, showing it to exist in a pure state. W hen heated on a platina 
spatula, it. first, fuses, evolving a smell somewhat resembling that of exeretine ; it 
next takes lire ami burns with a bright tlamc, which disappears as soon as the 
platina foil is removed from the lamp; a black stain remains, which, by further 
application of heat, is completely removed. When boiled with a solution of caustic 
potash, tin* substance does not dissolve, but floats on the surface of the liquid. It 
is insoluble in water, but very soluble in ether, sparingly so in cold alcohol, but 
dissolving readily in hot. and not precipitating on cooling. Its solution possesses a 
marked acid reaction. 

It. is not easv to determine whether this chemical compound, which I propose to 
name /C.nn'fo/rir ucii/, is, or is not an immediate principle of human ticces. lam 
inclined to believe that it. exists in them as an acid salt, the base being exeretine, or 
a substance whose properties exactly resemble those of exeretine, except that it fuses 
apparently at a lower temperature. This base is obtained in the filtrate from the 
precipitate which occurred when milk of lime was used to purity excretoleic acid. 

I have several times found flic filtrate, after twenty-four hours, full of a crystalline 
mass, which, viewed under the microscope, resembled exeretine, possessing the same 
properties of solubility in alcohol, other. &e., but fusing at a lower temperature, 
between 70“ and SO', very probably because I had not obtained it in a perfectly 
pure state. When this substance was not found crystallized in the alcoholic filtrate, 
it. was obtained by evaporating the solution to dryness and taking up the residue 
with ether, when it crystallized by spontaneous evaporation. 

We have already seen that the addition of milk of lime to the clear cold alcoholic 

2 N 2 
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extract ot* la.* res luul caused the formation of the precipitate which has been described 
as composed of iwcretine, murgurie acid, colouring mutter, and lime. The lilt rate 
from tliis. precipitate having been concentrated on the water-bath, a scanty amor- 
phous deposit occurred floating, in the solution, which, when viewed under the 
microscope, showed no crystalline structure. The concentrated tluid allowed to 
stand for several days, yielded no crystals, hut merely an amorphous residue. By 
ill-tilling it with water in a small retort, a few drops of sulphuric acid having 
previously been added, I obtained a colourless acid tluid. having a strong smell, 
resembling that of butyric acid, which 1 at first considered to be owing to the 
presence of that substance; but on treating this tluid with lime or baryta, I failed 
to obtain any crystallized salt, showing that butyric acid was not present, and 
consequently it cannot be considered as a constituent of human evacuations. The 
alcoholic extract concentrated on the water-bath was also treated with ether; the 
ethereal -olution obtained, decanted and allowed to evaporate spontaneously, ) ’.elded 


on several occasion- crystals of exeretine. 


From the above investigations, I mav conclude that human evacuations in the 
healthy condition contain : 

1st. A new organic immediate principle, having a crystalline structure and an 
alkaline reaction, which I propose calling K.rcreline. 

•2nd. A substance possessing the characters of margarie acid, which, though not 
constantly present in human evacuations, is generally found as one of its 
constituents. 

3rd. A colouring matter analogous to that of blood. 

4th. A pure olive-coloured fatty acid, which I propose to call Jucrrtoleic acid. 

;>th. Volatile fatty acid-, free, however, from butyric acid. 


I -hall now endeavour to relate as briefly as possible the circumstances and results 
which attended the examination of the castings of various animals, the method of 
analysis which I employed being similar to that already followed for the investigation 
of human evacuations. 


2. ( ' 'listings of Curnirorous minimal. s. 

1st. Costings of the Tiger.— -Newly- passed Tiger’s excrements, obtained from the 
Zoological Gardens in small lumps, were of a pale colour, had a peculiar nauseous 
smell, and an alkaline reaction. Having previously been washed with a small 
quantity of water, they were boiled with alcohol, and yielded a pale-coloured alco- 
holic extract. The solution, left undisturbed for twenty-four hours, gave no deposit, 
its reaction was slightly acid ; milk of lime added to the extract produced a nearly 
white precipitate, which, after having been dried upon filtering-paper, was treated 
with ether, both hot and cold, until nothing more could be separated from it. The 
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ethereal solution, allowed to evaporate spontaneously, was, after three days, found 
to contain a quantity of shining- crystals, polarizing light under the microscope, and 
mixed with traces of a ml amorphous deposit. The crystalline mass, dried first upon 
bibulous paper and then under the air-pump, assumed the form of slightly brick- 
coloured translucent scales. When heated upon a platina knife, they first fused, 
emitting the peculiar smell of the tiger's den, and when allowed to cool exhibited 
a yellow waxy appearance, reflecting light, powerfully under the micro-cope, but 
without any crystalline structure. They burnt with a bright flame, leaving traces 
of a white inorganic residue, probably from their not being quite pure, and hardly 
any black stain. 

The above substance is insoluble or very sparingly soluble in cold alcohol, but 
dissolved readily in that fluid when boiling. Jly concentrating the alcoholic solution 
on the water-bath, arborescent, crystals were obtained which dissolved in cold ether, 
but not so readily as excretine, and again crystallized if the solution was allowed to 
evaporate spontaneously. These crystals are very similar to tlio-c obtained from the 
alcoholic solution, but appear to lose their structure more rapidly as the ether 
evaporates than they do when produced from the evaporation of alcohol. 

I am not disposed to consider the above substance, which appears to exist in tile 
eastings of all the carnivorous animals I have hud ail opportunity of examining, as 
identical with human excretine. which it resembles, however, in many of its proper- 
ties. It appears to differ from it. first, by the shape of its crystals : secondly, by the 
smell it emits when burnt ; thirdly, by a much less degree of solubility in alcohol and 
ether. 

The filtrate from the lime precipitate was concentrated upon the water bath, whei. 
a whitish-pink sediment was deposited, which, when examined under the microscope, 
was found entirely composed of small round crystalline masses radiating Irani a 
centre. The crystal-, collected on a filter and dried, burnt on the piatiua knile with 
a bright fuliginous flame, and left a white residue*, consisting ot lime. This -alt «>S 
lime was found to he soluble, though not very readdy, in nlroled ; on adding a lew- 
drops of waiter to the solution it. turned milky, and on cooiing the whole in.i-s 
instantly crystallized. The addition of sulphuric acid immediately brought out a 
strong smell of butyric acid ; the salt, obtained from this alcoholic ex’rnrt was there- 
fore evidently bufj/rtifc of /hue. It could not he the lactate, although ;l- crystalline 
form is similar, as the lactate is exceedingly soluble in water, and can only he made- 
to crystallize in a very concentrated solution, contrary to what took place with the 
substance obtained from the Tiger, which begins crystallizing long be Sore the solution 
has attained a high degree of concentration. 

I was not able to ascertain whether butyric acid exists in the free state, or com- 
bined with a base, as an immediate principle of the eastings of the Tiger. It is 
probable, considering the slight degree of acid reaction shown by the alcoholic 
extract, that this acid occurs in the form of a salt. 
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2nd. Castings of a Dog fed upon meat . — Fresh eastings from a Dog, fed in my 
laboratory for several months upon meat alone, were next examined. They laid an 
alkaline reaction and a dark brown colour. When washed with a little water 
and boiled with alcohol, they yielded an alcoholic solution, of a red colour when 
seen by reflected light and possessed of a slightly acid reaction. Put aside in a beaker 
for twenty-four hours, very little or no deposit occurred. The extract was mixed 
with lime-water, which caused the formation of a very light yellow precipitate. I 
treated it with ether, as in the previous cases, and allowed the ethereal solution to 
evaporate spontaneously. After four days, a shining crystalline deposit was observed 
floating in the Ihpiid. which exactly resembled the substance obtained under similar 
circumstances from the castings of the Tiger. The filtrate from the lime precipitate 
having been concentrated on the water-bath, was soon observed to be full of crystals 
floating in tin* fluid in the form of white masses. When viewed with the microscope, 
they were found to be elongated prisms irregularly grouped in large masses. Heated 
upon a platina knife, they burnt with a flame, and left an ashy residue composed 
of lime. When a drop of sulphuric acid was added to some of the crystals dried 
on filtering-paper, and heat subsequently applied, a distinct smell of rancid butter, 
peculiar to butyric acid, was evolved, showing them to be butyrate of lime. After 
some days, the solution of the salt in alcohol, previously filtered through animal 
charcoal to remove the colouring matter, yielded by spontaneous concentration a 
number of perfectly white globular masses of crystals about the size of a large pin’s 
bead, which, when dried upon filtering-paper, assumed a beautiful silky appearance. 
In conclusion, the castings of dogs fed upon meat contain butyric acid, but whether 
it be in the form of a free acid or of a salt, I have not vet satisfactorilv ascertained. 

Crocodile's J\ icrements. — During a visit to the Zoological Gardens, I had an 
opportunity of obtaining from the crocodile’s cage a small quantity of the fresh 
castings of this animal. They had a peculiar foetid smell, and when dried could be 
easily pounded into a white powder, some of which, treated with nitric acid and 
ammonia, failed to denote the; presence, of uric acid. The pounded mass, after 
having been converted into a paste with a few drops of distilled water, and then 
boiled with alcohol in a glass flask, was thrown upon a calico filter. The filtrate 
having been a few hours afterwards mixed with lime, a yellow precipitate was thus 
produced ; this precipitate was subsequently filtered and boiled with ether. The 
filtered ether, left to spontaneous evaporation for a day ami a night, yielded a large 
quantity of broad silky crystals floating in the liquor, which when viewed through a 
microscope, were found to have exactly the form of vholesterinc. Heated upon a 
platina knife, the substance fused and burned with a brilliant flame, like cholc- 
sterine. h aving no residue. It had also a light consistence and the pearly lustre of 
cholesterine, was insoluble in water and in cold alcohol, but soluble in hot alcohol. 
From the above results, there is every reason to believe that this substance is cholc- 
sterine: this immediate principle of the bile is known, moreover, to exist generally 
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in the* casting’s of hibernating animals. I am not, however, aware whether it has 
been as yet extracted from those of the Crocodile. 

The occurrence of eholesterine in the excrements of the Crocodile, and not in 
those of the Hoa or any other animal which I have examined, is a phenomenon 
worthy of notice. It may he concluded from it, that a portion only of the bile 
secreted by the Crocodile is modified or absorbed during digestion, and the rest 
eliminated with the casting. 

Hoa . — I treated the castings of the Boa in the same way as those of the Croco- 
dile, but without finding eholesterine. It has already been observed that the above 
method was applied to the examination of bile, and that eholesterine was obtained ; 
so that had any eholesterine been present in these castings, it coidd not have escaped 
observation. 

Leopard. — The castings of the Leopard were also examined; the lime precipitate in 
the alcoholic extract having hern treated with ether, and the ether allowed to evaporate 
spontaneously, yielded a mass of light colourless crystals, readily reflecting light, and 
resembling those obtained in similar circumstances from the. Dog and Tiger, but not 
mixed with the red amorphous substance. 

In conclusion, the castings of the carnivorous mammalia appear to contain the 
peculiar light crystalline substance, differing in its properties from excretine, and 
obtained from the ethereal extract of the lime precipitate above described. I have 
constantly failed lo detect cxcretino as a constituent of these castings. 

The excrements of the carnivorous mammalia also contain butyric acid, or some 
of its salts, while in no case have I been able to obtain this substance from 
human lames, where it was thought to exist. There is probably, therefore, some 
cliemieal change going on in (be intestines of these animals different. 1'iom what 
occurs in the human alimentary canal, and the butvric aei.l. unless it he seneted 
from the mucous membrane of the intestii.es. must result from some change which 
the animal food undergoes in t lit* intestine during the process of dig< .*tion. It is not 
impossible that some of the sugar elaborated by the liver may be converted into 
butyric acid in the circulation and eliminated through the intestines. 

'fhe fames of the Crocodile and Hoa materially differ from each other, the former 
containing eholesterine. but no uric ae.id, and the latter being nearly entirely com- 
posed of urates, but containing no eholesterine. Tin* rule applied to hibernating 
animals meets here with an exception; furl her investigation is therefore necessary 
before any positive and general law can be arrived at. 


Of the ( 'a stings of Herhirorous A aiinals . 

'flu* castings of the Horse, Sheep , Dog Jed upon bread. Wild Hoar, Klephaat , and 
Monhej/ were next examined : in no ease could I succeed in detecting the presence 
of exeretinc or of butyric acid as one of their constituents. 
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The following are the peculiarities which the examination of those excrements 
presented : — 

Castings of the Horse. — Horse’s excrements, boiled with alcohol, yielded but a 
very scanty deposit on cooling; but the solution, mixed with milk of lime, gave a 
yellow precipitate of a light homogeneous nature. 'Flic ethereal extract from this 
precipitate, evaporated spontaneously for twenty-four hours, left a yellow residue 
viewed under the microscope as drops of oil; but not a trace of exeretine could he 
detected. The filtrate from the lime precipitate, concentrated on the water-bath, 
did not yield any butyrate of lime. 

Castings of tin Sfuep. — Newly-passed castings of the Sheep, washed with a little 
alcohol and boiled in that liquid, gave a deep green extract, in which milk of . lime 
product d a very abundant green precipitate, the liquid remaining yellow. Thi pre- 
cipitate. collected on a filter and treated with ether, yielded a dirty dark green 
solution, which, allowed to evaporate spontaneously, deposited after twenty-four 
hours a green mass, observed under the microscope to consist of an amorphous and 
a crystalline substance. The latter, though not distinctly defined, possessed a yellow 
colour, refracted light very readily, and polarized. No substance resembling exere- 
tine wa'' obtained. From the dillieidfy of separating the above crystalline substance 
from the green amorphous matter, the investigations on this part of the subject are 
neeessn l i iy i m perfect . 

The filtrate from the lime precipitate did not yield any butyrate wlieu cou- 
rt lit rated. 

Casfiags of a Dngj'til upon hreait. — The castings of a Hog led for about a month 
upon nothing but bread gave a very pale alcoholic extract, yielding but a slight 
deposit on cooling. The precipitate produced by the addition of lime to this extract 
wa- of a yellow colour, and when treated with ether, prismatic crystals were obtained 
by its spontaneous evaporation, usually grouped three or four together, meeting at one 
extremity and diverging at the other. Some groups had a less defined character, 
and resembled leaves converging at one of their extremities; they polarized light 
beautifully. These same crystals were obtained in one instance from the castings 
of a dog fed upon meat, of which they are probably merely a modification. 

Castings of the Hoar. — Fiores from the Wild Hoar were procured fresh from the 
Zoological Hardens, the animal being fed upon biscuit and cabbages, fhese cast- 
ings occurred in the form of green masses, having an alkaline reaction. When 
washed with a little water and boiled in alcohol, they yielded a dark green solution. 
An abundant deposit occurred on cooling, from which the fluid was decanted. Milk 
of lime added to the solution produced a yellow precipitate, as in the previous eases. 
It was treated with other, which was allowed to evaporate spontaneously. After a 
week a green deposit was obtained, composed of an amorphous green oil and arbo- 
rescent crystals, readily polarizing light; they had not, however, the peculiar 
look of exeretine, and did not crystallize in tufts like that substance. The filtrate 
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from the lime precipitate, concentrated on the water-bath, left a green residue 
having an oily consistence. Ether being added, dissolved this green substance, 
which was again deposited by spontaneous evaporation, without assuming a crystal- 
line form. No butyric acid was therefore present. 

Castings of the Elephant . — I obtained from the Zoological Gardens a sample of the. 
castings of an Elephant fed with cabbage, hay, oats, and chaff; they occurred in large 
masses, their consistence resembling that of horses’ excrement. When washed with a 
little water and boiled in alcohol, they afforded an alcoholic extract, which on cool- 
ing yielded an olive-coloured deposit. The precipitate obtained by adding lime to 
the alcoholic solution decanted from the deposit, was of a yellow-brown colour. It 
was treated with ether, which, alter having stood undisturbed for three days, yielded 
a bulky deposit, presenting no distinct structure when viewed under the microscope. 
The examination of these eastings presented the following peculiarities, which 1 
must, t£tt omit noticing. The ether with which the lime precipitate had been boiled 
having been decanted, deposited, on cooling, a white gelatinous substance, insoluble 
in cold ether and in alcohol, hut which dissolved immediately on the addition of a 


few drops of hydrochloric acid to the alcohol, and the application of a gentle heat; 
it again solidified on cooling, giving the whole lluid a semi-solid appearance. Ex- 
amined with the microscope.it appeared composed of amorphous transparent masses. 
Pressed between folds of bibulous paper, it. assumed a pure pearly aspect, very similar 


margarie 


If heated, it fuses very readily, emitting scarcely any' 


perceptible smell, burning with a slight blue flame, and leaving behind a black stain. 


which, by the furl In r application of heat, completely disappeared, nothing 


remaining 


on the spatula. 

From the preceding experiments, it appears probable that the substance I have 
just ih scribed is a pure constituent of the Elephant's eastings. 

( 'a.\/iin/s of the Mnuluif. I treated will* boiling alcohol a sample of the eastings 
of the Monkey, obtained from the Zoological Gardens, but could not detect the pre- 


sence of cxerctine as one of their constituents. The lime precipitate obtained troui 
the Chimpanzee's excrements, treated with ether, and the ether lelt to evaporate 
spontaneously, yielded crystals polarizing under the. microscope, and very much 
resembling in structure those obtained by the same process from the Tiger. 


•1. Castings of (Iranivorutts . lai/nafs. 

The only eastings of grani\orous animals I had an opportunity of examining 
were those of fowls fed with oats. In this case also I could obtain no cxcretinc. 
The eastings boiled with alcohol left an insoluble, mass entirely composed of oat- 
busks ; the yellow alcoholic solution, mixed with milk of lime, deposited a yellow 
precipitate, which yielded to ether a faint yellow solution. Alter spontaneous eva- 
poration for two clays, the ether was observed to deposit an amorphous yellow sedi- 
ment, which, viewed under the microscope, was found to consist ol a muss of 
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transparent globules, resembling exactly those obtained by the same process from 
the castings of the Horse. No crystals were deposited by t ho ethereal solution. 

My investigations upon the chemical constituents of the castings of animals show, 
therefore, — 

1st. That they contain no excretine, thus differing very materially from human 
evacuations. 

2nd. That the castings of carnivorous mammalia contain, — (1) a peculiar crystal- 
line organic substance obtained by the same process as excretine; (2) huh/ric acid, 
existing probably in the form of a salt, as one of their constituents. 

,‘trd. That the castings of the Crocodile yield chnlcsta inc. 

4th. That the castings of herbivorous animals contain no excretine and no butyric 
acid, and do not yield the crystalline substance obtained bom those of carnivorous 
animals, except perhaps in the case of the Monkey. 
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Synoptic Tabic of the Immediate Principles of Human Evacuations in the 

ITeulthy State. 


Substance insoluble in 
alcohol, confuting of arn- 
moniacn-m«'igncsi:iiiphos- 
phate, other inorganic 
salts, organic fibres, and 
other parts of food which 
have escaped absorption. 


Substance soluble in 
boiling alcoholic extract, 
but ‘-uh~idm\»* as soon a** 
the iluid has hecoinc cold.<^ 
Win'll I'ulh-cli-d uj ion a 
tilt ci ami boiled in alco- 
hol, it \ a UU 


A substance insolu- 
ble in boilin'? alcohol. 


A substance soluble 
in boiling? alcohol, but 
precipitating? on cool- J 
in", which, wliur 
washed with ether, 
yields 


Substance -nluhh m 
hot alcoholic r\‘i;»'t re- j 
m. linin': ch-« .l\ i d in tlu 
fluid win 11 cold. Tin- 
solution is treated with 
l -milk oi lime. 


A substance soluble 

in boiiin" alcxind, and 
not -ub-idinur in the 
cold -i .lotion. K\a- 
j i. i iii'd to divi. 
md tn at mI with cold 
i. thvr, it \ a Ids 


A purenon-crystallizablc 
sub-tance, soluble in hot 
alcohol, but precipitating 1 
in the solution when 
cold , net yet sufficiently 
examined to rank as an 
immediate principle. 

A substance soluble in 
tthcr, and crystallizing 
bv spontaneous evapora- 
tion. 

An olive - coloured 
acid Mih-tfincc, soluble 
in (flier and in lid alco- 
hol. but not precipi- 
tated in tin cold -uhtMoii.J 
Found by tin* addition of 
unlit of lime, \\iih the 
application of la.it, to 
i nji-istof two suh-tancc- 5 , 

\ i/. 

A Yellow cubstaiu e in- 
soluble incthi r.andp.ii llv 
f.-lubl c in water. 


1*1 1 eipitutc cbtMi.cd 
l.\ tic* add.!. on of 
mdiv v > ! lnnc to the 
.d* » f hoi 'C sol u* u .11 . 


Filtrate from lime 
precipitate conn n- ^ 
t rated to a -ci-mllunl 

CUI1S istclKV. 


C A first substance pre- 
cipitated by the lime, 
w hich decomposed with 
sulphuric acid, yields to 
hot ether the pure imme- 
diate principle, i'Jxcrr- 
folri*' arid. 

A "second substance, 
di--i lived in tin* hot ill- 
tr.it i* from the above lime 
pr» cipltule, being /wvre- 
nr a body closely 
allied to it. 


The pn oipitnt ■* treatn 
with ether, and the liho-^y 
J ■» I M»hlt mu < v.ipd.i'.i il 
spontaneously, ) ii Ids 


l:'sf rrthir. 

j A > 

Ulithcr 


A yellow oily matter, 
i to undi scribed. 


Frcci] it ale, fr«. e from 
<\Clvll!iC, ih.'.solxifl 111 
.dev 111.] « •!* di CoJUpi d III 

watir bv bydii 'chioi a* 
•leal, \iclds 

Treated with < flier, 
often \hlds excrctinc. 

("omi nt rated filtrate, 
fiee from evict inc, de- 
composed with sulphmic 
acid and di -lilk d, does not 
yiild .in) butyric acid. 


~ Miifyriric arid (not eon- 
; -t.intly pii sent). 

| C .U-tirinrj matter of ex- 
l_ereiULiits. 
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XII. On the Effect of the Pr essnre of the Atmosphere on the Mean Level of the Ocean. 
By Captain Sir Jambs Clark Ross, II. N., D.C.L . , F.R.S. Sfc. 


Received June 13, — Read June 15, 1854. 


In September 1818 Her Majesty’s ships Lnterprize and Investigator entered the 
harbour of Port Leopold, in latitude 7 1 ° N. and longitude *)l° W., for the purpose of 
establishing there a depot, of provisions, and of extending, in boats, the examination 
ot the north, south, and west coasts of North ^Somerset, in search of the missing expe- 
dition under the command of Sir John Franklin. No sooner, however, were the 
ships anchored, than a heavy pack of ice was driven down upon, and completely closed 
the harbour's mouth, and this effectually preventing their egress, they were compelled 
there to pass the winter of ISIS - It). 

It was during that period that the series of observations, which I have now the 
honour of submitting to the consideration of the Royal Society, on the e fleet of the 
pressure of the atmosphere on the level of the ocean, was obtained, and as it was 
made under peculiarly favourable circumstances, which I shall presently point out, 
1 have nodoubt it will contribute to throw some light on the movements of the tides, 
and on some of the causes of their apparent; irregularities, not only in the Polar 
regions, but also along our own coasts, which have not hitherto been detected, or 
have not received that attention their importance demands. 

It. originated in the following circumstances: -Soon after the harbour had been 
completely frozen over, a very heavy pressure from the main pack forced the newlv- 
formed sheet of ice, which covered the bay, far up towards its head, earning the 
ships with it into ‘•ueh shallow water that at low spring-tides their keels sometimes 
rested on the c round. 

It. is well known that from many causes great differences in the rise or fall of the 
tides occur in nearly all latitudes, and as any extraordinary depression, in our case, 
might, seriously injure the ships with so great a weight of ire attached to their sides, 
the movements of the tides necessarily became to me an object of great anxiety and 
of careful observation, in order, if possible, to ascertain the amount of irregularities 
to which they were liable in this particular locality, and to investigate the cause. 

The first few (lavs’ observations evidenced much larger differences in the elevation 
or depression of successive high or low waters than could be accounted for by any of 
the generally received causes of disturbance ; and 1 was at once, led to connect, them 
with the changes of pressure of the atmosphere, from perceiving that high water was 
not so high, and that low water was lower, on the days that the pressure of the atmo- 
sphere was greater, and that, high water was too high, and low water not so low as 
it ought to have been, on the days of smaller atmospheric pressure. 

The observations during September and October were limited to the register of 



high and low wateJfhmt various causes of disturbance so frequently masked the 
effects of the pressure of the atmosphere, that the four observations on each day were 
not sufficient to determine the amount of effect of its variations: and also, owing to 
the semidiurnal inequality and other causes of derangement, the usual mode of deter- 
minimr the level, bv taking the mean between successive high and low waters, was 
found inadequate to the detection of small quantities arising from variation of pres- 
sure. I therefore adopted a different system of observation from any that has here- 
tofore been practised, in order to determine the mean level of the ocean on each day. 

I began by instituting simultaneous observations of the height of the tide and of 
the mercury in the barometer at every quarter of an hour throughout the day and 
night, and from these I found that the mean level of the ocean for each day could be 
determined with a great degree of accuracy, and that the variation in the daily 
mean level and in the mean pressure of the atmosphere, as indicated by the baro- 
meter, followed each other in a very remarkable manner, but in an inverse ratio, 
which could only be accurately obtained by a much more extended series of obser- 
vations. 

Hut the fatigue of making a long-continued series of observations of this nature, at 
every quarter of an hour, during the inclemency of an arctic winter, was greater than 
I could expect the officers to endure who had thenceforward to continue the observa- 
tions which I had begun. Hourly observations were at length determined on. Those 
which I had previously made having been several times interrupted by the necessity of 
moving the -hips into deeper water, could not be brought, into strict comparison 
with each other without such a complication of corrections to he applied to each 
set as wotdd have greatly and use lessly extended this communication ; they have, 
therefore, not been employed, and the conclusions which have been arrived at. are 
entirely derived from the observations contained in the following tables. 

The peculiar advantages of our position at Port Leopold, to which I have before 
alluded, for making tidal observations were, — 

1st. In the great width of the entrance of the harbour admitting the free ingress 
and egress of the waters, combined with the large field of ice which covered the 
whole extent of the hay, containing more than ten square miles of surface, and com- 
pletely subduing those undulations of the water, which in other places render tidal 
observations uncertain. * 


2nd. In the steady movement of this immense platform of ice, rising anil falling 
with such singular regularity and precision as to admit the reading off the marks of 
the. tide-pole with the greatest exactness, even to the tenth of an inch ; although such 
minuteness \\a«, not always attempted, the nearest quarter of an inch being’ generally 
deemed sufficient. 


3rd. The shallowness of the water, and the evenness and solidity of the clay bottom 
admitting the fixture of the tide-pole with immoveable firmness. 

■1th. The whole surface of the ocean in the neighbourhood being, for the greater 
part of the time, covered by a sheet of ice, preventing those irregularities which occur 
in other localities from the violence of the wind raising or depressing the ocean in 
as many different degrees as it varies either in strength or direction. 
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The ships were not. finally placed in their winter position 
October, when the operation of fixing the tide-pole engaged our first attention. 

A hole, 2 feet square, was cut through the icy platform, a s tiong f olc, neat y 
40 feet long, passed through it, and driven firmly down several feet into the chi} , and 
fixed by heavy iron weights, which also rested on the clay and prevented any move- 
ment of the pole. It was placed in about 21 feet depth ot water at the time of mean 
level of the sea, and by the end of the month was considered, and afterwards proved 
to have been so perfectly immoveable, that we began the regular series of observations 
on the 1st of November. 

Another tide- pole was in like manner fixed through a hole in the ice close to the 
Investigator, for the sake of reference and comparison. Hourly observations of the 
tide and the barometer were made by the officers ami petty officers of that ship, exactly 
corrcspondi ng with those made by the officers of the Enterprise, throughout the whole 
of the nine following months, to the end of July, and they proved of great value in 
many instances, where very large ami apparently unaccountable irreguktrities ot the 
tides occurred, and which otherwise might have been attributed to inaccuracy of 
observation, or of registry, or of the shifting of the tide-pole, had they not also been 
observed in every case, at exactly the same time and precisely to the same amount 
at both the tide-poles. 

The reduction of the, double series of observations, however, would have so greatly 
increased the labour of propaiing this paper as well as its length, that the Investi- 
gator's observations have, for the present, been only used for comparison in several 
eases of um < rtuinty above alluded to, and for the purpose of reiixing the tide-pole of 
the Kntrrprixc when it was lifted by the ice on the IHth of December. 1 5 ut the whole 
of the observations of both the ships arc preserved in the proper office at the Admi- 
ralty, and may at any time, be referred to for any purposes of further investigation. 

The hourly observations which were commenced on the 1st of November, were 
* 

continued uninterruptedly until the morning of the lSlh of December, when the tide- 
pole having been frozen to the iindcrpurt of the ice was drawn out ot the ground as 
the title rose, ami thus made the first break in the series, alter forty-seven complete 
days. The amount of displacement of the pole was easily determined by comparison 
with that of the Investigator, but several days elapsed before it. could be satisfac- 
torily fixed at. the same point in which it originally stood. 

Subsequent observations serve, to show that from this time to the middle of July 
there was a progressive elevation of the mean level of the ocean, and, although ol 
small amount, the difference from month to month was sufficiently evident to rentier 
subdivisions of t lit* series desirable, in order that the individual observations ol each 
separate division should be strictly comparable with the others; so that, this early' 
interruption is the less to be. regretted. 

The method of observation was as follows: — At the. exact hour of mean time the 
heights of the tide and of the mercury' in the barometer were, taken; the former by 
the quarter-master, and tin; latter by the officer of the watch, who immediately entered 
both the observations in the meteorological journal, from which the following tables 
were constructed. 



Table I. — Showing the bright of flu* sea, and the corresponding height of the 
mercury in the barometer, for every hour, during the month ot November I HtH, at 


Port Leopold. 
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Table I. — November 1818 . (Continued.) 



No\ ember 2,1. 

No\ ember 20. 

N member 27. 

! November 2S. 

! Notember 20. 

NmcmbtM- 10. 

Hour. 










j 






1 



Tiilty 

11 .mi’ii. 

lule. 

Ihirmn. 

Ti.lf- ! 

Huroiu. 

Tile. 

lbimiii. 

Title. ■ Ibimiu. 

Title, j 

Itiiruin. 

V.M. 

ft. 

ill. 

inches. 

ft. 

111. 

inches. 

ft. 

in. 

inches. 

ft. 

in. 

inches. 

ft. 

in. inches. 

ft. 

in. ’ 

indies. 

1 

21 

On 

JjH.lnS 

22 

10 

20000 

22 

tit) 

20 -Mil 

1 22 

t'.l 

20-822 

22 

•HI 20-7<H 

22 

l <1 

20* S 10 


JO 

S-0 

2001 1 

21 

2 0 

20*010 

21 

SO 

20S.11 

. 21 

ll-o 

20-S21 

22 

In 20-7<»<; 

22 

2-.1 

20'S.1 4 

i 

1!) 

7*0 

jo-nso 

20 

1 0 

20010 

20 

♦HI 

20S 10 

20 

lit* 

20 700 

2l 

15-3 20- 7* IS 

211 

141-41 

20-S3 1 

4 

1 S 

7 0 

•JO SOI 

10 

00 

20 011 

10 

30 

20-047 

10 

110 

20-701 

•Jtl 

0-0 20 712 

21 

2.1 

20'S.Ki 


IS 

20 

2n*>so 

IS 

.TO 

.tOOij 

IS 

,10 

20-838 

IS 

S-0 

20-810 

10 

/•.-> -*!l-717 

20 

In 

1 

20- SOI 

fi 

IS 

1 ;» 

jnsos 

is 

10 

.10 On 2 

IS 

HI 

20-S47 

IS 

2*1 

20-S2I 

IS 

0*» 20710 

10 

III 

J0-S00 

7 

10 

10 

J0S72 

IS 

s 0 

in on 

IS 

.10 

20 -S1t5 

17 

11-3 

20-821 

IS 

1-0 20*001 

IS 

70 

20S02 

,s 

JO 

(1 .1 

20 s; i 

20 

n 0 

;;o t*tn; 

10 

10 

20 -MO 

IS 

.In 

20-821 

IS 

.1*1 20 001 

IS 

In 

20-Sli!* 

n 

21 

In 

20-S73 

21 

.in 

20 010 

20 

7-0 

20-S27 

10 

0-0 

20 K2.1 

10 

In 20-I5S1 

IS 

11-3 

J0S7J 

10 

21 

;iu 

20-S**2 

•>., 

10 

i*'.i iite 

22 

In 

20 S2.1 

21 

Hi 

2SI-M 1 

20 

S O 20 OS.1 

20 

HI 

20-SS7 

11 

J1 

20 

20-s.is 

21 

0 ;» 

20 0.11 

2.1 

1.1 

20-S22 

22 

7 0 

JO- 7 SO 

21 

1*1-3; 21H5S 1 

21 

TO 

20 001 

Nuo i 

21 

lo 

20 S7S 

21 

70 

200 10 

21 

1-0 

207*3 

21 

0 0 

20-77.1 

21 

;,-** 20/*is 

22 

t;-o 

2001*1 

l 

2.1 

10-0 

•Jn-Min 

| 

7,0 

2001 7 

21 

nil 

2U-7M 

21 

In 

20-701 

21 

H) 20*72*1 

21 

0*1 

20011 

o 

22 

]o o 

2n-Mi7 

211 

•Ml 

20 021 

2.1 

11 0 

20-SO0 

21 

HI 

•->!»• 7.*i » 

21 

I*, .1 20-7111 

21 

2.1 

JO-OOli 

1 

21 

7’n 


22 

07, 

2002 1 

2.1 

OO 

20-soS 

21 

.10 

- , !>-7.'w 

21 

In 20-721 

21 

27, 

JO-012 

1 

•Jo 

1 o 

■jo-sm 

21 

27* 

20017 

22 

1 0 

20 -st i.l 

22 

.1-.1 

20*713 

■j:; 

1*» 20-72S 

21 

7-0 

20020 

;» 

U» 

;.o 

JOsM 

20 

In 

20 012 

20 

o 0 

20 *21 

21 

.1-0 


22 

,1-0 jo-7.12 

22 

<: n 

20 028 

(i 

in 

1 O . 

20 M» 1 

10 

i 

200 In 

10 

.1 0 

20 sj»; 

20 

1-41 

20 7.11 

2*1 

1*1-3 20-701 

21 

7*1 

20-017 

7 

in 

4 o 

20-001 

10 

•Jo 

20-Oln 

10 

0 0 

20-SI 1 

10 

.1 0 

20 7 In 

10 

11*1 20-701 

•JO 

3-.1 

20 011 

s 

20 

o*n 

20 OoiJ 

in 

s-0 

20-007 

10 

02 

20*40 

10 

2.1 

20738 

10 

2*1 20-7 7S 

10 

7n 

2004.1 

0 

•Jo 

11 n 

Jo 012 

•JO 

.1 0 

20001 

10 

o-o 


10 

on 

71!* 

10 

2 0 20-SO1 

10 

.1*1 

200 17 

|o 

21 

i o r» 

20 O Jii 

21 

0-0 

20S02 

20 

s-0 

•josh; 

20 

2-3 

20-71*1 

10 

10** 20 SOI 

10 

1; 0 

20-0.1 7 

11 

22 

ti n 

■jO’OJS 

22 

to 

20- SO 7 

21 

O-o 

20 s.17 

21 

HI 

21* 7**n 

•Jtl 

S-0 20 s 1,1 

2** 

1 -.1 

20-037 

V i.«;h 

22 

7n 

2002s 

22 

On 

20-830 

2.1 

1-0 

20 s.17 

22 

OO 

20 tJl*s 

21 

0 0 20-S21 

20 

In-;, 

200*!2 

M ,ri . 

21 

no 

JOSM 

21 

10 

20 0.1*5 

21 

On , 

20S.1O 

20 

ih; 

->!l-77:t 

i.« 

1.1 20 711 

21 

1-1 

200*11 








Deeember 

1818. 







ll.o.l. 

L>» 

»JLT 1. 

Dm in 

lit r 2. 

December .1. 

December 1. 

\ DeCelubel* .1 

December 0. 

I. 

1.-. 

li in, Ml. 

Ti.lf. 

Il.ii mu. 

Tub’. • 

li.irmn. 

rule. . 

I >.!!•, III. 

lu!e. Ibiinm. 

'1 if If. 

Ibirnm. 

* M. 


,'i. 

1 1 U ' 1 1 1 

ft 

] 11 . 

11, l Ilf-. 

ft. 

m. 

inches. 

tr. 

in. 

iiiflies. 

fi. 

in. j in*! ■« s. 

It. 

hi. 

inches. 

1 

21 

7*o 

20 o:,o 

J,» 

1 1 7» 

20 0 1 0 

Jo 

1.1 

20 Os.1 

10 

lo 0 

20**0 

10 

On 20‘S 13 

IS 

KMI 

21* sir, 

• i 

21 

112 

20-! l»o 

21 

7*0 

joom 

21 

0*0 

20 071 

2*1 

1-.1 

20 s.10 

10 

f."> ai+ii 

IS 

7 .1 

jos*;** 

i*i 

21 

11 o 

20-07* 

21 

1 1 0 

200.12 

21 

Oti 

20 007 

20 

11 0 

20 -m; 1 

10 

1*1,1 20-sill 

IS 

inn 

20 s; 7 

i 

21 

»; o 

200SO 

2 ! 

0 0 

20 O.is 

21 

lo 0 

20 on; 

21 

o-o 

20*8(53 

2il 

0 0 20 SOI 

10 

«•■** 

20 mi; 


20 

n n 

20 007 

21 

2 0 

20 0.11 

21 

0 0 

20 Ois 

21 

s-o , 

20-SI57 

21 

0 0 20 S**S 

2*1 

1*1 

20 010 

i; 

l:» 

110 

:;o ih»2 

2o 

7 .* 

20 017 

21 

In 

20*01.1 

21 

ltl-o 1 

20*800 

21 

2!» 7!»7 

21 

H* 

20 011 

t 

in 

1 o 

;;n (Min 

1* 

1 0 . 1 

2*» 001 

20 

On 

20 0.11 

21 

Sn 

20 S7U 

21 

7 ** 20 700 

21 

on 

2001; 1 

> 

l- 

o 

;.*» l »;2 

1: 

J-o 

-jo 07.1 

20 

2 .1 

20-0.1.1 

20 

10.1 

20-si; 1 

21 

0** 20 7s l 

22 

*1 .1 

20-01*2 


H 

ion 

2 • 071 

10 

1, 0 

JO 070 

10 

7 0 

20*011 

20 

.1-0 . 

20 M51 

21 

1.1 2!i-7S 1 

21 

Kin 

20 or, 7 

in 

In 

<; o 

20 0.1 s 

10 

27, 

20-0S0 

10 

HI 

20 01 1 

2*» 

0,1 

20-s;,o 

2*1 

S 0 20 / s*l 

21 

o-o 

20 070 

11 

20 

0 .1 

■Jo-On 7 

10 

lo-;, 

;;n nnj 

10 

tfo 

20*0.11 

* 111 

I On 

20S10 

2*1 

1-n 20-772 

2*1 

0*1 

20 00.1 

\ .... 

21 

"•II 

20*0.12 

2o 

lo 0 

:;n tils 

20 

1 .1 

20 017 

20 

0 0 

20*20 

10 

11** 20 770 

20 

0.1 

1CHMI7 

1 

• i i 

lo;, 

■jOOn.'i 

21 

1 

ion it 

21 

0.1 

20-0.10 

21* 

*; 0 

20-sjt; 

10 

0 .1 20-7.1** 

10 

15-0 

KM»2L 

-> 


no 

JO 0.11 

22 

lo 0 

:;«• nil 

22 

On 

21* 0.10 

21 

10 

20-SKI 

2<» 

0.1 207.1S 

10 

17, 

10**10 


21 

i ;» 

20 OnO 

21 

On 

.10-010 

22 

On 

20 040 

22 

00 

20SJ2 

2*1 

0-<» 2!* 771 

10 

N-0 

10*11.1 

1 

21 

lor* 

* 20 0 In 

21 

so 

.10*1.11 

2.1 

HI 

20*0 10 

22 

«l a «l 

20 s.17 

21 

In 2077S 

20 

27, 

.10-03.1 

> 


j ;> 

JO 007 

2:; 

n'.’i 

10 037 

2.1 

1-0 

20-0.10 

22 

1 i-.i 

20-S2 1 

22 

2 *> 20-7SS 

2** 

1*1.1 

! ioo*;i 

1 i 

"2 


20 01 1 

22 

0 0 

.10 *1.1.1 

2.1 

1-0 

20 010 

2.1 

2-0 

20-821 

22 

S-*l 207S0 

21 

S7i 

1 If H 170 

7 

•j 1 

2'.”, 

20*012 

21 

IIO 

.10 01s 

22 

11 (I 

20 020 

22 

o-o 

20-82 1 

22 

1*1.1 20-70.1 

22 

«■*» 

1 10* 17s 

> 

2o 

»; .1 

20 !H»7 

21 

0 0 

Ionia 

21 

7*> 

20-0.11 

22 

10 

20 S21 

22 

7n, 20SII 

22 

K-3 

10 0SI 

0 

in 

n o 

200U2 

20 

•JO 

' 10 00s 

20 

0 0 

2001 1 

: 21 

.1 0 

20s2b 

22 

0 0 J0700 

■ J-J 

3 0 

1<H»‘*7 

* lo 

i:> 

s 0 

20-010 

10 

0 0 

: .10011 

10 

11 0 

20-S0I 

20 

.1-0 

2JI-S22 

21 

2.1 20K*)1 

21 

0 0 

10-00(5 

1 i 

20 

or, 

20 0*12 

10 

S-0 

20 00.1 

10 

00 

20 SOS 

10 

S .1 

20-S22 

2*1 

2.1 20S1S 

2*1 

loti! 1*1 <10 1 

:■ i ■ 1 

:• 20 

o 

, 20 001 

10 

100 

10010 

10 

.1 0 

20 KOI 

• 10 

.1*1 

20 S11 

10 

In; 20S22 

10 

00 

; 1*1-111 

! 

21 

i n 

20 0.17 

21 

12 

.10-002 

21 

1.1 

20 OIS 

. 21 

1-1 

20S 1.1 

2*1 

1*1 0. 20702 

20 

N-l j 10 **01 



ATMOS 1*11 KRK ON TIIK RlfcArt urbu w. 


Table I. — December 1848. (Continued.) 


I December 7. ;l December X. || December !>. Ij Dceriubcr 10. ' j December 11. " Dceember Id. 

Hour. 11 ' ! .. 



Tirlr. Ilarom. 

Tide. 

lliimm. 

Title. 

Hurom. 

Tide. 

Hamm. 

! Tide. 1 

Hamm. 

Tide. | 

Himmi. 

A.M. 

ft. 

ill. ■ inrlirs. 

. I*. 

in. 

inches. 

ft. 

in. 

inches. 

: ft. 

in. 

inches. 

'ft- 

i 

m. 1 

inches. 

: ft. 

in. 

inches. 

1 

IS 

90 30-122 

1 19 

1-0 

30*03 1 

20 

loo 

29* 73S 

21 

90 

au «2« 

22 

go 

29*909 

23 

1-3 

29S70 

2 

IS 

2 *o • ao-i u 

. IS 

on 

30*001 

19 

00 

29*743 

20 

1-0 

29*819 

21 

2*0. 

29 910 

22 

4-0 

29*883 

3 

IS 

1-0 .•!(>■ Ml 

! 17 

110 

30 030 

IS 

1-3 

29*715 

. 18 

9 0 

29*85 4 

19 

s-n 

29914 

21 

0 0 

29 89 1 

i 

IS 

on ;m-i.ii 

; 17 

110 

;to-oi;i 

17 

93 

29 751 

17 

9-0 

29*850 

IS 

5 0 

*l-X!Ni 

19 

0 0 

29*901 

a 

19 

l-o, an - mu 

i 

IS 

so 

30 033 i, 

1 

17 

11-0 

29*753 

17 

.‘1-5 , 

29-S73 

n 

3*5 

29*917 

IS 

2U 

29-888 

o 

-II 

i o : ;io-i tr* 

19 

7*3 

;jo-o;« j! 

is 

S*3 

29-755 

1 17 

70 ‘ 

2i»-SS7 

i 

10 

115 

29-912 

17 

2*0 

29-888 

7 

21 

5 o 30-117 

21 

0-3 

30 010 

20 

2 0 

29-758 

! IS 

3-0 | 

29*891 

17 

s-n 

29 911 

17 

1 5 

29-893 

S 

2'J 

:i-o :io-i:t» 

22 

3 -3 

20-0S7 1 

21 

10-0 

29-733 

20 

5*5 ' 

29-895 

19 

l-o 

29-901 

IS 

0-0 

29-890 

9 

22 

9*o ! 30-132 

23 

2*3 

29-900 , 

23 

0*0 

29*750 

22 

3 0 

2!HMM) 

20 

10-5 

29-8157 

' 19 

9 5 

2JISSS 

10 

22 

0 *o j an \ A > 

23 

.1,, 

29*933 ’ 

21 

l-o 

20-75 1 

. 23 

110 

29 911 

23 

0-3 

29-800 

21 

9 5 


ii 

21 

i l-o ' an iao 

23 

K-3 

29-921 i 

21 

9-0 

29-751 

21 

10 0' 

29-912 

24 

4*0 

29-5405 

23 

s-o 

29-78? 

Noon 

21 

o o 30123 

22 

0*3 

29 911 

21 

3-0 

29*7 45 

2i 

11-5' 

29-91 1 

25 

4 0 

211-MH 

25 

0 0 

29*889 

i 

20 

20 ;ioi2( 

21 

1 0-0 

29-899 | 

23 

11-0 

29*755 

21 

3 0 

29 917 

25 

3*0 

29*858 

25 

3-5 

29*880 

<2 

19 

50 30117 

20 

73 

29*881 

21 

100 

29 70S 

23 

0-0 ' 

29-92 4 

24 

20 

29*802 

25 

0-3 

29*895 

3 

19 

2*0 30-113 

19 

10 0 

29 S30 i 

20 

0-0 

20-755 

21 

10 

1 

29 92S 

22 

10*5 


. 21 

2 0 

29*891 

i 

19 

3 o ' an 1 13 

Ml 

3 0 

1 

29*819 ; 

19 

00 

20-7110 

20 

2*0 ' 

29-921 

21 

Ml 

29*809 

22 

7*5 

29-S9S 

5 

20 

no anui 

19 

3-0 

29 S20 ! 

1!) 

Ml 

29*78 1 

IS 

1 1-0 : 

29-927 

19 

t; n 

29-802 

20 

10-0 

29-903 

<; 

20 

ion ;;o-in9 

20 

1-0 

29 Si 1 

19 

3o 

29 7 SO 

IS 

1-0 

29*938 

IS 

7*n 

29*807 

19 

(«) 

2!i-9ol 

7 

21 

S3 an ins 

20 

111) 

29*803 

19 

in 0 

29*782 

IS 

s 0 

29*910 

IS 

3 n 

29-802 

IS 

5-0 

29*900 

s 

22 

33 an- 1 nii 

22 

l-o 

29*792 . 

20 

105 

20-70.1 

1 19 

7-0 

29 900 

IS 

10 5 , 

29*802 

IS 

1 0 

29-909 

9 

22 

SO 30 09!) 

22 

100 

*1-710 

22 

2-3 

29 795 

20 

loo 

2!) 920 

19 

11-n' 

29-809 

is 

7 0 

29-908 

in 

22 

0 O ao-1193 

23 

1*0 

29-728 : 

23 

00 

29793 

22 

0 5 

29*92 4 

21 

in 

29 8/4 

20 

Ml 

20 900 

11 

2\ 

s o an os3 

23 

o o 

29 72S i 

23 

3-3 

29-S03 

22 

115' 

29-929 

22 

5-n 

29 807 

21 

3 0 

29-910 

Midmirhi 

20 

; 0 30-079 

22 

2 0 

29-733 

22 

|IHI 

29-822 

23 

0 0 

29-908 

23 

1 5 . 

i 

29-SOS 

22 

S-0 

29*930 

Mr, ill .. 

20 

77 30-121 

20 

11-9 

29*! M»3 

21 

2 0 

20 ;ot» 

20 

10*0 

29 905 

20 

11 n 

29*879 

20 

11-0 

29-SS7 


I >ri , f‘Mlln , t 13. 

1 i riii 

i., |* l 4. 

1 

• <-• in 

hi 1- 15. 

1 tei cMihri l*» 

1 

i 11. Ill I 1 7- 

- 

1 ircr'iihei- 18. 

Hour. 



















fide. Imkuii. 

r.i!«\ 

i >.ti i mi 

1 »il-- 

i'.li'nlil. 

Ti.l.-- 

Han. in. 

I'i 

dr. 

Htiroi-i. 




\ . M 

ft. 

ill. IM Id '. 

n. 

III. 

till ) 1 1 ■>. 

11. 

1 . 1 . 

in-in’s. 

ft. 

in 

mi In ■*. 

it . 

111 . 

I'M fl'-s. 




1 

22 

MO 29911 

'*2 

7*o 

20 

21 

10 3 

20 73ti 

20 

11 O 

29 7«»2 

1 9 

M n 

2!) SCO 

I iilr.Mti 

r ftn/Ctl 

2 

o* » 

Inn 29 !Hn 

■23 

o 3 

2!) N43 

22 

7 0 

29 72(i 

21 

8 5 

29 709 

20 

s-n 

29 912 

in 1 1 1 

(hr 

m r. and 

•» 

■I 

21 

11-0 29 913 

)•! 

9 3 

20 825 

*'2 

0 

29 ; 1 S 

22 

3 0 

20-770 

21 

5 0 

29 953 

Mir, 

1 \\ * * 1 1 til. 1 1'iiiu, 

1 

2o 

7 3 29.911 

21 

too 

29 S23 

f-j 

ii .» 

20 721 

22 

5 0 

29*7 7S 

21 

11 «) 

29 905 

Ode 

.9;.. m: 

4 iln l IC**. 

j 

19 

(HI 29 921 ! 

20 

i; 3 

29 S03 

21 

7 5 

29 717 

*;•» 

1 O 

29 7 ss 

21 

in •) 

1*9 901 




0 

17 

110 2h*9 > 5 

19 

1 3 

29-SOS 

20 

7 0 

2!* 715 

21 

l-o 

20 st»2 

21 

0 n 

29-9GS 




7 

17 

SO 29 911 

IS 

3 O 

29 SOS 

19 

0 0 

;io 

20 

<; 0 


21 

In 

-M» ; is j 




s 

17 

3 n 29 S99 

17 

11 o 

29 SOS 

is 

lo 0 

29 * 

19 

5 0 

2!) sns 

20 

0 n 

20 995 




9 

is 

0 0 29S9I 

Is 

3 0 

29 7l*3 

IS 

9 0 

2!* 705 

19 

2-5 

29 805 

1!) 

11 5 

30-nlu 




in 

•JO 

3 0 *29 S 7 S 

13 

1*0 

29-7 S3 

19 

1 0 

29 710 

1!) 

0 0 

29 S 03 

1 9 

Ci 0 

30 028 




II 

■i-# 

2 0 29 s73 

21 

l o 

29 770 

20 

1-0 

29710 

19 

0 0 

29 si 2 

19 

5 5 

;;o 013 




Noon 

23 

In 3 29-S73 

• M 

9 O 

29-771 

21 

3 0 

29 707 

20 

5 5 

29 S27 

1!) 

s 0 

30 0 . 1 O 




1 

25 

1(1 29*880 

21 

3 0 

20 702 

-/-> 

11 0 

29 097 

21 

0*o 

29-8 15 

Jn 

1 0 

;ioo75 




2 

25 

3 0 29-895 

23 

1 o 

20 s*23 

21 

1 0 

29 7 (, 5 

22 

9 O 

29 SIS 

21 

2-0 

30 091 




3 

25 

0 (1 *29 h7S 

2.i 

1 0 

29-S02 

21 

in 0 

*29700 

23 

8-5 

29-819 

22 

1-2 

30 MO 




1 

23 

1 1 0 29-S72 

21 

S 0 

2'9-SOO 

21 

s 0 

29 092 

21 

0 5 

29 S5s 

22 

s-5 

an 101 




,1 

22 

3 3 29 S90 

23 

7 0 

2:i 7S l 

21 

2 0 

29 711 

23 

1 1 0 

2!)-859 

23 

I 0 

30- III 





20 

11*0. 29 sS!» 

22 

On 

29 771 

■rj 

0 5 

29*719 

23 

2-5 

29 873 

22 

10*5 

30 120 




7 

20 

3*0 29 SS3 

20 

7 o 

20 700 

21 

s 0 

29-731 

22 

3 0 


22 

1*1 

30 120 




s 

is 

0-0 i 29S/9 

i 

19 

3 it 

. 29*758 • 

20 

3 0 

29 727 

21 

2.» 

29-SS3 

21 

7 0 

30128 




9 

IS 

7 o ! 

IS 

9-0 

29 701 

19 

3 3 

297 42 

20 

0 n 

29-902 

20 

7 0 

30-130 

i 



in 

19 

1 0 j 29 S33 

IS 

11 0 

29 713 

19 

2 0 

29 7 10 

1!) 

1 0 

29 90S 

19 

s n 

30-1 IS 




11 

20 

i i 2'i.si; 

19 

SO 

29- 739 

1 9 

3 0 

29 7 10 

19 

0 0 

29 922 

1!) 

2-n 

30 1 IO 




Midnii^lil 

21 

s-nj 29-S27 

20 

9-0 

29-730 : 

19 

11 0 

29- 7 42 

19 

3 5 

29 930 

IS 

11-n 

30 111 




Mean ...i 

2\ 

1 o| 2D-SS7 

21 

at; 

29-790 ,, 

21 

1 

29*7 IS 

21 

2 1 

29*837 | 

20 

10 7 

30-052 

| 





292 


Sill JAMES C. ROSS ON THE EFFECT OF THE PRESSURE OF THE 


Explanation of Tables A. ami B. which follow : — 

From the preceding Tables, the arithmetic mean of the hourly observations of the 
height of the sea for each day is taken as the mean level of the ocean for that day, 
and the mean of the hourly observed heights of the barometer as the corresponding 
mean pressure of the atmosphere; these mean levels, and corresponding mean pres- 
sures, are brought together in the following Table A., arranged in the order of the 
days of observation. 

In Table B.. commencing with the day of greatest, mean pressure, they are arranged 
in the order of the mean heights of the barometer, with the corresponding mean 
levels, without regard to the dates of observation, for the purpose of showing the 
dependence the latter have on the former. 

In the diagram of curves which is formed from Table A., the abscissae represent 
the days of the month, from the 1st of November to the end of December 1S-18; 
the ordinates in the upper half of the diagram the observed mean level of the ocean, 
and in the lower half the corresponding mean height of the barometer on each day 
during that period. 
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20 

11-2 

! 29-937 


21. 

21 

0 2 

2BSB0 


25. 

21 

0 0 

29**9 


2 a: 

21 

IB 

2B- BBO 


27. 

21 

0.1 

29*30 


2S. 

20 

INI 

297 73 


29. 

21 

1.1 

29 733 


:;o. 

21 

11 

29-903 

1 )er. 

I. 

21 

l 9, 

, 2BB.17 


•j 

21 

1-2 

BO-002 


b! 

21 

1.1 

2B BB> 


i. 

21 

i •*! 

| 29*13 


r>. 

20 

lO-fi 

29792 


o 1 

20 

«*1 

BO INI! 



20 

7*7 1 

BO- 121 


s 

20 

1 1 9 

29-903 


9. 

21 

20 

, 2B 7<»(» 


10. 

20 

loti 

1 

29*901 


11. 

20 

no! 

29*79 


12. 

JO 

no 

2B-KN7 


ib. 

21 

l-O; 

29**7 


1 1. 

21 

bo ; 

29790 


i;». 

21 

H 

2B-71S 


10. 

21 

i 

21’ 

29*37 


17. 

20 

lo-7 j 

BO 0.12 


Table B. 




■ 


True 

level. 

Remarks. 


inches. 

ft. 

in. 

inches. 

ft. 

in. 


incites. 

Nov. 0. 

BO-270 

20 

H-I 

+'••21 

21 

KM 

1 Barom 

.BO-227 

Nov. IB. 

BO-225 

20 

fit 

+4-IU 

20 11-01 

\ 

ft. in. 

Nov. 15. 

:tttlHj 

20 

10 7 

+ 111 

21 

2-81 ! 

J Level 

.20 8-4 

Nov. 5. 

BO- IBS 

20 

9-7 

|- 

1 

Correction .. 

. + 1*06 

Nov. 7. 

B0-12B 

20 

9-2 

| 

31 9 1 








i 

Corrected level.. 

.21 1*06 

Deo. 7. 

BO- 121 

20 

7-7 

Mean ... 

21 

l-Ofij 



Nov. 1. 

30*101 1 20 

9-9 


— 




Nov. 12. 

BOOfil 

20 

117 






Dec. 17. 

30*052 

20 

107 






Nov. 14. 

BO-017 

20 

11-2 






Dec. 2. 

30 * 002 

21 

1-2 






Dec. 0. 

BO-OOl 

20 

81 






Nov. 10. 

29 957 

21 

10 

1 




Dec. 1. 

29-!U7 

21 

1-9 

i 




Nov. 22. 

2+033 

21 

* 3 

; 




I >ec. B. 

2B-BBS 

21 

1 5 

i 




Nov. 2B. 

2!HW7 

20 

112 

i 




No\. 20. 

2JH*.’«i 

21 

IB 

j 




Dec. 10. 

2B-B05 

20 

10 0 

j 




Nu\. BO. 

29-BOB 

21 

M 

i 

i 




Dec. S. 

2B-B0B 

20 

U-9 

i 




Nov. 21. 

29*90 

21 

O-J 

! 




N.»v 11. 

2BSB 1 

20 

10-0 

; 




Ni.v. 2.1. 

2B-SSB 

21 

0-0 






Dec. 12. 

2B-SS7 

20 

11-0 






i 




i 


indies. 

Dee. IB. 

'J B SS7 

21 

1-0 

. 


llarom 

,..29-*fi7 

Die. 11. 

2!IS7!» : 

20 

110 




ft. in. 

Nov. 21 

29*17 

20 

9-S 



T.rvrl 

.21 0-lfi 

1 Ire. 1 

2B-MB 

21 

1 B 





Dec. 10. 

2BSB7 , 

21 

2 1 



j 


No\. 27. 

29*30 ' 

21 

0-5 


■ 



1 Ire. «» 

29792 

20 

lofi 1 


i 



Dee. 11. 

2B 7 BO 

21 

B 0 


! 



Nm. IS. 

2! I/Ml 

21 

12 





\nv. 2s 

29 77B 

■JO 

IMS 





J Ire. 9. 

2B-700 

21 

2-0 





Nov. 10 

2!i 7 .IB • 

21 

0-7 





V.v. * 

2B 7.10 

21 

01 





Nnv. IB 

2B-75B 

21 

o 2 





Nov. 2! i. 

29733 . 

i 

21 

1 .1 





Nov. 17. 

29/2' 

21 

21 





Dec. 1.1 

29 71 s 

21 

»-5 





Nm. B. 

29 700 

21 

o 1 





Nov. 20. 

2B-70B 

21 

0,1 




niches. 

Nov. 2. 

29 fi*3 : 

21 

1 1 

J-.1B 

21 

i *; 

1 [t. 1101.1. 

2< e.1,19 







1 

ft. in. 

Nov . 1 

29 0 IB 

21 

B .1 

--B05 

J1 

o j;, 

r i.n.i 

.21 .11 

N'.iv . B 

29 .1.1 1 

21 

n •! 

7 02 

Jl 

1 2* 

j (‘ill flVlilMI ... 

- H7 


Mrsm .. IMIS'I -M l'_’l 


■(><> t 'urrecinl lr\d..2l I2B 


M* .iii .21 12 


The result of these forty-seven days of hourly observations gives lor the metin 
height of the barometer inehes, ;ut(l the mark of the mean level ol the ocean 

21 feet 0’21 ineli. 

In order to avoid the olivets of accidental irregularities, the means ol the three 
days of greatest and of least pressure are taken to compare with the mean level ot 
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the ocean on the corresponding days, and from the difference of the pressures and 
the difference of the levels to determine the relation of each to the other. 


inches. 


The mean of thru? days' greatest pressure was 30* 22 7 Of corresponding level ... . , 

The mean of three days* lca.-t pressure \va< . . 2|)\)f>‘) Of corresponding level 


ft. in. 
20 S*4 


i difference. 


1 difference. 


Thus a difference of pressure equal to ‘GG8 of an inch in the barometer, produces 
a difference of 0 inches in the mean level of the ocean, from which we can of course 
readily compute the exact relation of cause and effect. Tims the difference of level, 
9 inches, divided by the difference of pressure 0GG8 of an inch, equals IG* IG7. The 
effect, therefore, of the pressure of the atmosphere on the level of the ocean is KP-1G7 
times greater than the effect it. produces cm the mercury in the barometer, or very 
nearly in the inverse ratio of the specific gravity of the two bodies; that of the sea- 
water being 1'0’JG, and that of mercury l.T.iGG. or as I to 13*22 I. 

This remarkable coincidence of the results must, however, in this ca>c be con- 
sidered in a great measure accidental, for if instead of the three days’ greatest and 
least pressure we were to take seven days of each, from which a better result might, 
he expected, we find, instead of the ratio being as I to I.T-1G7, it would by these 
means become as 1 to 12\>G2: and if we take the mean of twelve highest and twelve 
lowest barometers, the ratio would be still further reduced as 1 to 1 1 ‘GO; but these 
differences in the result are rhietlv caused bv the evident irregularities of the mean 
level on the 9th and 20th of November, occasioned by a heavy gale of wind, in each 
case of two days’ continuance. This circumstance, although accounted for in this 
particular instance, seems to indicate the necessity of multiplying observations of this 
nature before exact results can he determined. 

1 may here remark, that the effect produced appears from these observations to lie 
strictly uniform in ils progression from the greatest to the least pressure. Jiy com- 
bining: t In: mean of the three days’ observations of next areal or and three davs of less 
pressure with that nearest to the mean pressure for the whole period, we find the 
result corresponds nearly with the mean pressure, and the ratio between the ex- 
treme'* almost equal ; thus, on December 1 1, the mean pressure was 29*879, differing 
very little from the mean of the whole period; and the three days’ observations above 
and below combined with it, give a mean of 29*807, the corresponding mean level 
of the seven flays being 21 ft. 0*10 in., which so closely approaches that of the whole 
period, that they may he deemed identical, and would tend to show that the effect 
from the greatest to the mean pressure, and from the mean to the least pressure, is in 
strict progtession. It is not possible, however, from so limited a number of obser- 
vations, to determine this point with certainty, or to attempt any intermediate infer- 


Wc have, from these observations, been able to deduce results which plainly 
point to the law which governs the effect of the pressure of the atmosphere on the 
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mean level of the ocean, and may be encouraged to pursue the investigation through 
a more extended series of observations, in order that we may at length arrive at the 
most aeeurate conclusion that the observed facts may justify. 

For all practical purposes, it may in the mean time be well to assume, what the 
preceding observations seem to indicate, that the ocean is a water barometer on a 
vast scale of magnificence, and that the level of its surface is disturbed by every 
variation of atmospheric pressure, inversely as the mercury in the barometer, and 
exactly in the ratio of the relative specific gravities of the water and the mercury. 
And as all observations of the tides, before they can be safely employed to investigate 
the laws by which they are governed, should in the first place be corrected for the 
large and hitherto mysterious irregularities which the variations in the pressure of 
the atmosphere produce, the following formula may be used to determine the correc- 
tion c to be applied to all observations of the height of the tide, or the mean level of 
the ocean deduced from them, to reduce them to the mean pressure of the atmosphere. 

(1) s = (Ji — |^)D. or (2) L=/.+(l5 — /i)!), 
positive when d is greater than li, and negative when less. 

In which II denotes the mean pressure of the atmosphere. 

L the correct he ight of the tide or mean level of the ocean. 

1) the relative specific gravity of sea- water and mercury. 

'/. the observed height, of the tide or observed level of the ocean. 

I'i the corresponding height of the barometer. 

And if we assume 15 -2P S7-I inches, the mean of the preceiling observations; 
L— 21 ft. 0*21 inch, the mean of the preceding observations; and 1)=I.T221, we 
can readily compute the correction r. to be applied to any observed tide, having the 
corresponding height of the barometer. For example, on the 15 rd November the 
mean barometer for the day was ,-J 2!Kio 1 inches, and the corresponding mean level 
of the sea/. --2 1 If. S\‘» inches; then 15 — /ixD— — <*'t)2. which applied to /.— 21 ft. 

I •.‘{Sf inch ; and on the 1 lit li November the mean barometer was p b<)'22,'> inches, and 
the corresponding observed level — 20 ft. tv 1 inches ; again. » > — d x D— + 1M> I added 
to / ==20 ft. I I MM inches. 


On these two days the observed level of the ocean di lie red no less than I J inches, 
but by the application of the correction found by the above formula, the observed 
level in each day is brought to agree with the true mean level to little more than 
I inch. I may further observe, that much greater irregularities arc to be hereafter 
noticed in the more extensive series of observations which followed this, and by the 
same formula are capable of being reduced to an equally near accordance with the 
mean level, as deduced from the whole of the observations. 

Thus it is evident that one of the many causes of the apparent, irregularities of 
the tales (and at Port, Leopold certainly the greatest, of all; is clearly traceable to a 
well-established and invariable law. 
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Postscript. 

When this paper was drawn up some years ago I was ignorant of the researches of 
M. Dai'ssy on the same subject, or the confirmation of his discovery by Sir John 
Lubbock, whose valuable treatise on the Tides having been long out of print is, 
unfortunately, too little known to naval officers. Dr. Whkwell directed my atten- 
tion to it when I mentioned to him the result of my deductions from the observations 
at Port Leopold, and although the investigations of these eminent philosophers relate 
only to the effect of the pressure of the atmosphere on the height of high water, and 
differ widely in their results, owing to the localities in which the observations were 
made being unfavourable for the detection of the universal law which governs the 
amount of apparent irregularities, I have extracted from Sir John Lubbock’s work 
a paragraph which clearly shows the exact state of the question previous to my 
investigations. lie says. p. -IS, “M. Daussy has ascertained that at Brest the height 
of the high water varies inversely as the height of the barometer, and that the British 
Channel there rises more than 8 inches for a fall of about half an inch in the baro- 
meter. I have found that at Liverpool a fall of a tenth of an inch in tin? barometer 
corresponds to a rise in the ltiver Mersey of about an inch, and that at the London 
Docks a fall of one-tenth of an inch in the barometer corresponds to a rise in the 
River Thames of about seven-tenths of an inch. So that with a low barometer the 
tides may be expected to be high, and vice versa arteris paribus." 

Thus M. Daussy found the height of high water to be affected 

At Brest in the ratio of 1 : 1G 

Sir John Lubbock at Liverpool . . . 1:10 

And at London 1 : 7 

The results of their investigations at these three places differed so much from each 
other, that their practical application became limited to the correction of the height 
of high water at the places where the observations were made. 

The result of the deductions from the observations at Port Leopold is, I have no 
doubt, of more universal application in all harbours where the ocean has free ingress 
and egress, as a comparison with the extensive series of tidal observations made at 
New Zealand, Cape Horn and the Falkland Islands, during my voyage to the Antarctic 
!Seas in 1839 to 1813, tends to show. But the subject is well worthy of investigation 
in other localities, as doubtless a different ratio will be found to obtain in proportion 
as the ingrdss of the waters of the ocean is free, or obstructed by narrow channels 
or sand-banks. 

J. C. R. 


Aston- Abbott's House, Aylesbury , 
November G, 1854. 
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XIII. On. the frequent occurrence of Indigo in Human Urine, and on its Chemical , 
Physiological, and Pathological Relations. By Arthur IIill, IIa.ssall, 
M.I). Loud., Member of the Royal College of Physicians , Physician to the Royal 
Free Hospital, <S,v. 8fc. Communicated by Professor Sharpev, Sec. R.S. 


Received June 10, 1S54,- -Read June 15, 1854. 


SlNCE I hsid the lionour of communicating to the; Royal Society in June last*, the 
results of my investigations on the frequent presence of indigo in human urine, 1 
have continued to follow up the subject, and this. I trust, with some interesting and 
impoitant results. 

First. After some difficulty. I have succeeded in obtaining the blue pigment in 
question in considerable quantity, so as to allow of its being subjected to further 
experiment, with the view of furnishing additional proofs of its being really indigo ; 
and second, 1 have succeeded in determining the cases in which this pigment occurs 
most frequently and abundantly, and its probable source. 

The present communication comprises these additional particulars and observa- 
tions, together with the chief facts connected with the occurrence of indigo in the 
urine which have insulted from my previous investigations. 

Remarkable cases of variously-coloured urine have been described from time to 
time; such instances have, however, hitherto been supposed 1o be of extremely rare 
occurrence, more than a single example of the kind but seldom falling under the 
observation of an\ one individual; they have also been regarded rather as curiosities 
and extraordinary anomalies, Ilian as physiological and pathological facts, which, if 
right I v understood, are full o| the deepest interest and importance. 

Although several cases of coloured urine have been described, two only, in which 
the colouring matter has been at all satisfactorily proved to be indigo, have been 
recorded. 

The circumstances which led to tin* investigations recorded in this communication 
were the following : Some four or five \ ears ago. when examining urinary deposits 
under the microscope, I frequently noticed in the field of vision, particles of a deep 
blue colour. So often did this occur, that 1 could not even then help suspecting that 
their presence could scarcely be accidents!! ; however, no analysis of the blue colour- 
ing matter wsis at that time inside, and the circumstance was in a fair wav of beinir 
forgotten, until the recollection of it was renewed by sumt her occurrence. 

In June IHiiii, a sample of urine freely exposed to the siir in sm open vessel, was 
* See l’rui-eodiiiirs of the RuvuJ Sueietv, June 1(1. ]S5,'5. 
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observed after four or five days’ exposure gradually to change colour; the pellicle or 
scuin which had formed oil the surface of the urine became at first slate-coloured, 
and at length deep blue, with here and there a rusty-red tint.: the urine also under- 
went, at the same time, some remarkable changes, becoming thick and turbid, 
deep brown, greenish, bluish-green, and finally of a faded vellowish-green colour; a 
considerable sediment was found at the bottom of the glass, this was deep brown, 
soft and deliquescent, intermixed with a little blue colouring matter, and it. had a 
medicinal smell resembling somewhat, that of valerian. 

In this state, without undergoing any further material changes, the urine remained 
for manv davs. 

Examined with the microscope, the scum or pellicle on the surface was found 
to consist of Vibriones, innumerable animalcules, and crystals of triple phos- 
phate, with a great many fragments and granules of a deep and bright blue colour. 

So remarkable and striking was the appearance presented by this urine, that 1 
could not help fancying a mistake must have occurred, and that possibly some 
foreign colouring matter had accidentally found its way into the urine; I therefore 
procured a second sample of the same urine, taking every precaution to avoid fallacy, 
and keeping it in a room to which no one had access but myself. Gradually the 
same changes ensued as in the first sample, and this likewise became blue. 

Having thus ascertained that the changes observed were due to something con- 
tained in the urine itself, I next proceeded to set aside in open vessels a series of 
urines, all from the same patient, noticing the alterations which occurred from day 
to day. 

The first, urine of the series, when passed, was somewhat alkaline to test-paper, 
had a specific gravity of 1017, and was of a light brown colour; there formed on its 
surface, in the course of three or four days, a thick, greasy-looking, soft scum, con- 
sisting of Vibriones and very many large and fine crystals of triple phosphate; at 
about this time the scum became greyish-blue, lavender, bright blue, and finally, 
after four or five days more, of a deep indigo-blue colour, which was permanent. 
When disturbed or broken, the blue crust usually turned, after some hours, rusty-red 
at the broken or fissured part, but gradually the original blue colour was restored. 
The urine itself at the same time underwent some singular changes; it became thick, 
brown, green, bluish-green, and* finally nearly black. As evaporation took place, the 
blue crust became attached to the sides of the vessel, and on pouring the urine into 
another glass, there was found a considerable quantity of a brown, ex tractive- 1 ike 
substance at the bottom of the vessel, mixed with some of the blue colouring matter 
which had fallen from the surface of the liquid. 

In the second urine of the series the changes were similar in kind, but less in 
degree. This urine was alkaline, of specific gravity 1 0 1 5, and the pellicle of Vibriones, 
animalcules and triple phosphate which formed on the surface became gradually 
coloured as before, being first slate-coloured, then bluish, and lastly light blue. The 
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urine in this sample became thick and of a dirty grass-green colour, and a similar 
brown deposit with some blue colouring matter was found at the bottom. Some of 
the blue and brown deposits from this and the previous sample were collected and 
subjected to analysis. 

The third, fourth and fifth samples resembled very closely the second, but con- 
tained less of the blue and brown colouring matters. 

The sixth sample was neutral, of specific gravity 100/, and contained rather much 
vaginal epithelium. A pellicle gradually formed, limited principally to the borders 
of the fluid ; this became of a decided bluish tint, the urine itself at the same time 
becoming dark brown, letting fall a deposit of the same colour, and possessing 
the same characters as in the other samples. Examined with the microscope, pieces 
of the blue colouring matter were detected in the scum, as well as triple phosphate, 
Vibriones, and a few of the animalcules. 

The seventh urine was decidedly alkaline, of specific gravity 1019, and contained 
much mucus and epithelium ; eight, days afterwards, a scum, which had become deep 
blue, had formed mound the margin of the fluid; tin? urine had changed from light 
brown to a dark greenish tint, and was very thick, some of the brown sediment 
present in the other samples being found at the bottom of the glass. 

The eighth urine was of a straw-colour, slightly acid, of specific gravity 1015, and 
contained much mucus and epithelium; at the end of eight days, the scum, which 
had formed chiefly around the edge of the fluid, was perceptibly blue on one side only, 
but the colour was neither so deep nor so extensive as in the previous sample. The 
urine itself became dark and thick. 

The ninth sample was decidedly acid, of specific gravity 1009, and contained 
albumen, many blood-corpuscles, and much mucus. The pellicle which formed around 
the edge of the fluid did not become in the least blue, neither did the urine undergo 
any ver\ considerable change of colour, although it became a few shades deeper. 

The tenth sample was slightly acid, also of specific gravity 1009, and contained 
much epithelium, but no albumen. A thick scum of Vibriones and animalcules 
collected after a time over the entire surface, but it did not become at all blue; the 
urine was only a few shades deeper coloured than when passed. No blue particles 
were discovered with the microscope. 

I will now proceed to state the results obtained by' the chemical examination of the 
urine, tin* blue colouring matter, and the brown extractive, as made by Dr. Lkthkhv 
and myself. The analysis of the urine was made after it had been standing for some 
time, and after it had been shaken and disturbed, its appearance being considerably 
altered thereby. 

The Urine . — The urine of the second sample at the time of analysis, when shaken 
up, luid a dark greenish-brown colour, was strongly alkaline both from fixed and 
volatile alkalies, and emitted a highly ammoniacal odour. It was turbid from the 
presence of a large quantity of triple phosphate, as also from the colouring matter; 

2 Q 2 
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these quickly subsided and left a clear supernatant liquid of a deep wine-red colour; 
above the deposit of earthy phosphates, collected at the bottom of the vessel, the 
colouring matter formed a thin stratum composed of dirty bluish-green tlocculi. 

The bottle was corked and set aside for ten days, at the end of that time the hluish- 
green precipitate had entirely disappeared, but on removing the cork and allowing 
free access of atmospheric air for some days, the coloured deposit was again 
produced. While in this state the liquid was filtered and the precipitate washed 
with water, then drenched with weak hydrochloric acid, and finally dried. By this 
means a rich bine precipitate was obtained possessing the following characters, 
chemical find general. 

«. It exhibited a coppery lustre on being rubbed with the nail. 

»3. It presented an amorphous, granular and fragmentary appearance under the 
microscope. 

y. It was not soluble in water, dilute acids, ether, alcohol, or turpentine ; nor was it. 
affected by spirits of wine in which there was a little free acid. 

0. It was not attacked by liquor potassic at ordinary temperatures, but when 
beared therewith, it was converted into a dirty, yellowish -brown solution. 

1. It was freely dissolved by strong sulphuric acid, and produced a deep blue 
liquid miscible with water, and which chlorine had the power of bleaching. 

£ When heated with fuming nitric acid, it yielded a greenish-yellow solution, which 
became of a brilliant yellow with liq. potassa*. 

r,. On diffusing it through water and boiling with lime and grape-sugar, it furnished 
a wine-red fluid, which on being filtered and then neutralized with hydrochloric acid, 
gave a greenish-blue precipitate. Another portion of the liquor was exposed to the 
air for a few hours, and it reacquired its bine colour. 

0. When heated in a test-tube it evolved vapours of a rich violet- red colour, and 
produced the characteristic odour of sublimed indigo. 

The urine that was filtered off from the above precipitate was allowed to evaporate 
spontaneously, by which means it yielded an additional quantity of indigo, which 
adhered in the form of very small flakes to the sides of the dish. It also gave a 
rather large proportion of a doliqueseent hfown colouring matter, and a mim her of 
large rhombic plates of ammoiiiaeal phosphate of soda and potash. These crystals 
were removed from the vessel l>y means of a needle, and the brown residue was 
treated first with alcohol and then with water. The alcohol acquired a deep brownish- 
red colour, and the water a dark brownish-green. Both of these solutions were 
evaporated at a temperature of 1(50° Fa hr. 

The alcoholic solution furnished a rich brown extractive, which was soluble in 
water, hut not in dilute acids ; and nitric acid did not produce that play of colours 
which is characteristic of bile pigment, nor did the precipitate formed with basic 
acetate of lead furnish a purple liquid with alcohol and free acid. A strong solution 
of potash dissolved the extractive and yielded a deep blood-red fluid, which was 



OF INDIGO IN HUMAN URINE. 


301 


rendered green and opalescent by boiling. These reactions show that the brown 
pigment was somewhat like hmiriatin in its chemical manifestations. 

While the aqueous solution of the colouring matter was undergoing evaporation, 
it gave a further supply of indigo, which was formed most freely at the edge of the 
liquid. The residue was made black by concentrated sulphuric acid and deep brown 
by potash. 

The blue colouring mutter. — The two samples of this, when subjected to analysis, 
were in a dry state, and were mixed with ti large quantity of earthy phosphates, 
Vibriones, mucus and epithelium ; one of them gave a dark brown solution with con- 
centrated sulphuric acid, and the other a dirty blue. Hot li of these solutions were de- 
composed by water, furnishing in the former ease a dark brown deposit, and in the 
latter a dirty green. In their other reactions, however, they presented the charac- 
ters of indigo; and it is especially deserving of notice that they were reduced by 
lime and grape-sugar, giving a liquid from which hydrochloric acid threw down a 
greenish-blue precipitate. 

The cause of concentrated sulphuric acid giving with one of these samples a brown 
solution, and with the other only a dirty blue, was, no doubt, mainly owing to the 
large quantity of animal matter, mucus, Vibriones and epithelium with which the 
specimens were contaminated. The acid, from its charring elVcet on this, would 
produce a brown or blackish solution, thus obscuring the colour of the solution of 
sulphate of indigo. 

The hromi e.t true/ ire . — The brown extractive yielded nearly the same results as 
on its first analysis, whim deposited on the evaporation of the filtered urine; and 
the aqueous solution, as before, furnished a few blue tlocculi. A portion of the alco- 
holic extract, was treated with potash, for the purpose of ascertaining whether it 
contained leucine; and the product, on the addition of hydrochloric acid, gave olf 
a powerful odour, which was somewhat like ru/rriunie m ill, but the result was too 
doubtful to be of much value. I have already referred to the peculiar smell of 
valerian emitted by the ext radix e ot more than one of the samples. 

Wc have thus then obtained tolerably conclusive evidence that the blue colouring 


matter in this ease was indigo. 


It was not verv long after the occurrence of the first case of blue urine that other 
eases fell under my observation. 

To the second ease, as to the lirst. I was led by accident. A sample of urine left 
for some days exposed to the air gradually changed colour, the urine turning 
bluish-green, and its surface becoming covered with a bluish scum. As before, a 
series of samples of this urine was set aside, the changes which ensued being noticed 
from time to time. 

The specific gravity and reaction of the first sample of urine set aside, were not 
taken at the time it. was passed. After it had been exposed to the air for about, ten 
days, the following was found to be its condition. An irregular and broken scum 
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had formed upon the surface; this consisted chiefly of very much triple phosphate, of 
Vibriones, numerous crystals of phosphate of lime, and one small circular tuft of the 
fungus Penici/itnn glanctim in perfect fructification; in the centre of the glass was a 
large patch of phosphatic pellicle, an inch and a half in diameter, rusty-red at the 
edges, but decided blue in the centre; a rim or border of blue had likewise collected 
around the edges of the fluid ; lastly, the urine had become very deep brown, with 
brown extractive at the bottom of the glass. 

The second sample, passed after a severe attack of vomiting, was slightly acid only, 
of specific gravity 101-1. and was of a straw-colour; it changed colour very rapidly, 
becoming dark brown ; a phosphatic pellicle soon formed over the entire surface, 
which became first slaty-blue, and then decidedly blue; the urine also quickly 
changed colour, becoming dark brown, while at the bottom of the glass there was a 
large quantity of the brown, treacly-looking extractive. 

The third sample was neutral, of a light brown colour, and of specific gravity' 
1012; after three or four days it became covered with a greasy, iridescent, phosphatic 
pellicle, which gradually turned slaty-blue, especially around the edges of the fluid, 
which was thickish and brown, l.'nder the microscope many pieces of the blue 
coloming matter were detected. 

The fourth sample, obtained many days subsequent to the above, differed greatly 
from tin? others in its acid reaction and in its greater specific gravity. It- was very 
decidedly acid, rather high-coloured, and of specific gravity 102-1. In the course of 
a few days small circular patches of PenivWum glaucmn , in perfect fructification, 
were observed studding the surface of the urine; in the intervals between these 
patches, and surrounding them, was a phosphatic pellicle; the urine had now 
become alkaline, turbid and deep brown, no blue being visible to the naked eye; 
but on tearing up one of the tufts with needles, and examining it under the micro- 
scope. numerous blue, indigo-like masses were seen, as well as threads of the sugar- 
fungus. showing that a small quantity of sugar was present in this urine. 

Several other samples of this urine were examined; these changed colour a good 
deal, becoming turbid and brown, and more or less blue being detected ; sometimes 
the blue was visible either on the surface or 'around the edges of the urines; in others 
the microscope was necessary for its discovery. 

The urine, the blue deposit, and the brown extractive of the first of the above 
samples were likewise subjected to chemical analysis The results were similar to 
those obtained in the previous case, the blue colouring matter possessing all the 
characters of indigo. 

More recently, a third very decided case of blue urine has fallen under my obser- 
vation. A bottle of urine was received from my brother, Dr. IIassall, of Richmond, 
on the 20th of April IHjJJ, labelled “ Mr. Artkrs, obscure case.” I examined this 
at the time without being able to discover anything very wrong about it; it was 
pale, slightly acid, of specific gravity 10 1H, and it let fall a large quantity of a mucus- 



OF INDIGO IN HUMAN UIUNE. 


303 


like deposit, which was more than an inch in depth in a six-ounce bottle. Examined 
witli the microscope, no crystalline deposit of any kind was discovered ; the bottle 
was kept corked until May 21, the urine undergoing no particular change during 
the interval, but only getting a little deeper-coloured. On that date it was poured 
into a glass; by the 24th the urine hud changed colour greatly, and a good deal ol‘ 
blue, visible to the nuked eye, had formed upon the surface. On the following day 
the surface had become deep indigo-blue all over, and the urine was thick and of a 
dull grass-green colour ; some of the blue colouring matter had become deposited 
upon the layer of mucus at the bottom of the glass, but there was no sediment of 
brown extractive. On the 2<>th the fluid had become more bluish-green, and was 
very deep-coloured; it also contained triple phosphate, Vibrioncs, and the usual 
animalcules. IJy the 28th much of the blue matter hud fallen as a deposit, and the 
liquid had become brownish-green; a day or two later it was tawny brown; the blue 
colouring matter which had not subsided as a deposit, adhered to the sides of the 
glass, forming a broad, deep blue ring round its circumference. This urine was 
chiefly remarkable for the extraordinary rapidity with which it changed colour, and 
with which the blue colouring matter was developed. The changes were so rapid, 
that every hour was observed to make a considerable difference in the appearance 
and characters of the. urine. This is possibly explained by the supposition, that, while 
in the corked bottle, the substance afterwards developed into blue indigo had 
undergone a certain amount of change through the limited access of oxygen. 

Chemical analysis proved that in this ease likewise the colouring matter possessed 
the usual characters of indigo; it gave a blue solution with Milphuric acid, was 
decolorized by chlorine and nitric acid, and it sublimed in violet -red vapours when 
heated in a test-tube*. 

1 have now to observe that 1 have detected the presence of indigo in human 
urine in a variety of other eases besides the above, of all which I have preserved 
memoranda. In some the quantity of indigo was, as in the three examples above 
referred to, very considerable ; the urine in some of them was coloured with if, or a 
deep blue pellicle formed on the surface. In many of the remaining eases, on the 
other hand, the quantity was less considerable; the scum on the surface was only 
slightly coloured, or the quantity was so small as to require the microscope for its 
detection. In nearly all of these instances the blue colouring matter was subjected 
to analysis; where the amount was so small that, it could only be detected by the 
microscope, it was tested by reagents, such as sulphuric acid, liquor potassa*. &c.. 
applied while the blue fragments were under the objcct-gla^s ol the microscope. 

Where the urine was high-coloured and acid, and when* the quantity of the blue 
colouring matter was but small, I have observed it to be deposited in the threads of 
the thallus of the fungus PcnirHiuui gluuvnm, forming patches which to the eye 

* A portion of the blue pigment formed ill this ruse accompanied my previous eummunicatum to the Royal 
Society. 
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appeared black ; but the colouring matter contained in which, was, under the 
microscope, seen to be of a deep blue. 

In order that a doubt might not remain as to the blue colouring matter described 
in the present communication being really indigo, it had been suggested to me that 
it was highly desirable to collect it in sullicient quantity to allow of its conversion 
into aniline. 

With the above view, I set aside upwards of twenty urines obtained from a variety 
of di lie rent eases of disease, watching them from time to time. In four of these the 
blue substance was formed in considerable amount ; it was carefully collected, and 
subjected, both by Dr. Lkthkhy and myself, to the following process of analysis. 

First. It was puriiied by steeping it for several days in dilute hydrochloric acid, 
by which means the phosphates, chlorides and urea were dissolved out, and the 
residue, when dried, hud a brighter blue colour. 

{Secondly. It was tested as follows : — 

«. W hen heated it sublimed in purple vapours; and on further application of heat 
it evolved einpyreumatic vapours, which possessed the properties of aniline and the 
odour of burnt indigo. 

;3. When treated with sulphuric acid, it furnished a blue solution, which was not 

dest roved bv dilution with water, but was bleached bv chloride of lime. 

» » • 

y. When boiled with dilute nitric acid and evaporated to dryness, it yielded a dirty 
orange-yellow material (isatine). which, when subjected to heat and the action of 
potash, gave an alkaline volatile tluid, and this, when tested with a solution of chlo- 
ride of lime and with a piece of deal moistened with hydrochloric acid, furnished 
the characteristic reactions of aniline. 

Aniline* was likewise procured by the simple distillation of the pigment with a 
concentrated solution of caustic potash, as shown by the development of the well- 
known violet- blue colour on the addition of a solution of chloride of lime. 

We have, in the next place, to consider the important question of the source and 
origin of indigo in urine. 

We have seen that blue indigo is not usually present in urine when first passed, 
and in which it afterwards makes its appearance, but that it is gradually formed some 
time subsequently, on exposure to the atmosphere, by a process of oxidation. One or 
two cases scarcely admitting of a doubt, are, however, recorded, in which coloured 
indigo has been voided with the urine. 

\\ e must not conclude, from the absence of coloured indigo in fresh urine, that that 
substance was not present in the urine in a modified form when first voided, since 
there is a colourless m white indigo, which, in contact with oxygen, undergoes 
precisely the same transformations as those through which the blue indigo of the 
urine was observed to pass: changing, like it, from slaty-blue to light, and ultimately 
to deep blue. 

Whether the blue indigo of the urine is derived directly from white indigo, or 
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from some other substance, as urine-pigment, capable of being transformed into blue 
indigo, it is not easy to determine. It is most likely, however, that the formation of 
white indigo in all instances precedes that of blue, but it is uncertain whether the 
white variety is voided with the urine, or whether it is formed from some substance 
contained in that fluid subsequent to its elimination. The fact, however, that blue 
indigo is in some cases immediately developed on the addition of hydrochloric acid 
to recent urine, appears to show that white indigo is present in the urine when first 
voided. 

It is at all events certain that a very close relation exists between indigo, whether 
colourless or coloured, and two animal products, namely luematin and urine-pigment ; 
and there is much reason for believing that in many of the present cases the indigo 
was formed either from modified or altered luematin or urine-pigment, since some of 
the analyses show that blue indigo was freely developed from the aqueous solution of 
the brown extractive, which itself was found so nearly to resemble luematin in its 
chemical manifestations. The close relation which exists between luematin and 
indigo is shown by the following elementary analysis of these ffubstanees : — 




1 

! Ibi'iiiatin 
! { Mi: i.ii hit.*). 

White indigo 
(Cbi'm). ; 

M uc indigo 
(( III M+). 

Carbon 

1 70*40 

72-72 j 

73-3*2 

Hydrogen 

; s*7« 

i 4'.Vt ' 


Nitrogen 

: 11*16 

j 10-G0 

ll-l'fj 

Oxyg.-n 

12*.VJ 

1*3-12 

1 i 

12*60 



Or, if I lie relation be exhibited in another way, it will be seen that there is a differ- 
ence of only four atoms of carbon and four of hydrogen between the composition of 
three atoms of indigo and one of luematin — 

I Ilicmatin — (■" II" N'O h . 

3 Indigo =rirN’() ,i . 

Again, leucine is a common product of the decomposition of organic, or rather of 
albuminous matters, and it was thought that this body was present in the alcoholic 
extractive; if so, the relation between luematin and indigo is still more remarkable; 
for, as suggested by my friend Dr. Lktukby, to whom I am much indebted for the 
aid afforded in these analyses, one equivalent of luematin and two of water contain 
the elements of two atoms of indigo and one of leucine. The relation stands thus : 

r. u. N. o. c. II. N. t). 


1 Ilaunatin 

2 Water . 


44 22 3 <>| 

O O | 

44 24 3 8 


2 Indigo 


.42 12 2 4 


l Leucine . 12 12 14 

41 24 3 8 


It is therefore not difficult to imagine that a transmutation of luematin into indigo 
mav be effected under certain circumstances both within and without the system. 


* Journ. fur Prakt. Client., bil. 28. s. 840. 


|' Annals of Philosophy, 2nd ser. vol. lxxxii. 
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Since, however, normal urine-pigment very closely resembles ha-matiu in its compo- 
sition, it is probable that in some eases indigo is formed from this pigment, altered 
or modified by disease. 

Professor Scherer* long since directed attention to the fact, that, there is a close 
relation between the elementary composition of luematin and the several colouring 
matters of bile and urine, and he even hazards a conjecture that the two latter may 
be derived from the former. If we view the per-eentage composition of all these 
substances side by side, the following is the aspect they present : — 



W l-.iti indigo 
i v ('ri m •. 

„ . 1 
ll. Ttn.lt m 

(Mi Lin \ 0 . 

iilu-piipnrnt 
(St’ll KUEll'. 

Blue pigment 
<>t' limit- 
( St II Kill lO. 

Brown pigment 
in iliscav. 

( Sell MU- lO. 

Brow ii pigment 

111 llfilltll 
^ St'Hl llKllV 

Carbon 

7*71 

70*40 

6s- iy 

66-99 

6l-6.i 

5S-1.H 

Uvtlrogt'ii 

4-54 


7*47 

.>•95 

i 5-60 

| ."»• 1 6 

Nitroyt-n 

! 10-60 

n*]b 

7-<i7 

7-K’ 

1 7 -’9 

8-83 

OwiH'ii 

1.2*12 

uv>o 

1 7*-6 

19-94 

1 -2.V46 1 

| -7 •*'»'■> 

! 


These numbers not oply indicate the relation which exists between these substances, 

but they also show that there is a progressive removal of carbon by oxidation, and 

it i< probable that the last of the series may represent the form in which, under 

ordinary circumstances, the luematin of the blood is removed from the body. 

* •> 

To the above list of colouring matters, all intimately connected by their element- 
ary composition, may be added melanin, itself supposed to be derived from bile- 
pigment. and the composition of which, according to Sc he re a*}*, is as follows: — 


. Melanin. 

Carbon 

Hydrogen 

Nitrogen 

Oxygen 


58 - 08-1 
5*91/ 
13-/G8 
22*23 1 


100000 

In the cases related in this paper, no reason exists for supposing that the indigo 
was derived from the colouring matter' of bile, as in the urines in which the 
indigo was found, no traces of the presence of that secretion could be discovered, 
while in one only of three samples of urine examined highly charged with bile was 
any indigo found, and then but in small quantity. 

The colour and characters of the urines, as well as their chemical analysis, favour 
the supposition that the indigo, whether white or blue, was derived either from altered 
haematin or urine-pigment. The urines in which the indigo occurred in the largest 
quantities were pale, straw-coloured or light brown, often somewhat turbid, and 
appeared as though but imperfectly elaborated. 


* Ann. der Chem. und Pharm., bd. 57. a. 181-195. 
t Ibid. 40. a. C. 
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I have employed the phrases “ altered hamiatin ” or “ urine-pigment,” because it 
does not appear that, by any treatment of tin; urine with reagents, indigo can be 
developed in healthy urine at will. I have made several attempts with this view, 
rendering various healthy urines alkaline (since the largest (piautitv of indigo was 
always lound in alkaline urines) with potash, soda, lime-water, &c., but without 
obtaining any definite result. 

Reviewing the whole of the eases which have fallen under my observation in 
which indigo has become developed in the urine, there is every reason to believe that 
the occurrence of that substance in the urine is strictly pathological: that it is so 
when in large amount, no doubt whatever can be entertained. Looking to the 
composition of indigo, there is also no doubt that, like bile and urine pigments, 
it forms a vehicle for the elimination of carbon from the system : and since it 
contains a much larger proportion of carbon than either hannatin, urine or bile 
pigments, we should be led to look for its occurrence in the urine in all those eases 
of functional derangement of any kind in which any impediment exists to dccarhoni- 
zation, as is the ease especially in most diseases of the organs j>f respiration. 

From the facts which 1 ha*. c already succeeded in ascertaining, there is good 
reason for believing that tin* above view is, in the main, correct, 'fuming to the 
history of the three eases ol bine urine which first attracted my attention, I find 
that one died phthisical; the second, though Ihiug, lias undoubtedly tubercular 
disease of the lungs, with greatly diminished capacity of respiration; while in the 
third case there have been evidences, although less marked, of lung alFeetion. 

Again, turning to the histories ol the twenty ea*»cs in which samples of urine were 
set aside tor observation, and in tour of which samples indigo became developed in 
considerable quantity, 1 find that these were also eases of phthisis. These facts 
possess the greatest interest, and appear to point clearly to the causes which 
determine the presence of indigo in the urine. 

From other observations not yet completed, it appears, however, that indigo is not 
developed in the urine in all eases of phthisis. If the urine voided he very acid, 
or if the a flection of the lungs lit; of hut trifling extent, no great development of that 
substance will take place. Neither, on the other hand, is the occurrence of indigo in 
the urine by any means limited to eases of phthisi*, as it may occur in abundance 
in any ease, no matter from what cause it proceeds, in which there exists great 
impediment to the elimination of carbon from the system, as in scarlatina, Rriuiit's 
disease, cholera, &e. 

Indigo is not the only blue colouring matter which has been stated to occur in 
urine, since two or three others have been described hv different observers, as 
fcrrocyanide of iron or prnssian blue, cyanourinc and uroglaucin. I now propose to 
contrast the two last of these with blue indigo. 

Prussian blue may of course he readily distinguished from indigo, and it would 


2 u 2 


•> 
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appear that the tests, as laid down in books, for cyanourine arc scarcely less 
distinctive*. 

Cj/amno'ine is described as a dark blue powder, destitute either of taste or odour ; 
it is scarcely soluble in water, moderately so in boiling alcohol (the solution being 
blue), but it is deposited on cooling. It is dissolved by dilute acids, the solution 
being brown or red. according to the quantity of acid. With sulphuric acid a 
brown liquid is formed, which on evaporation leaves a residue of a carmine colour 
soluble in water; it is precipitated from its acid solution by ammonia, lime-water, 
and by the fixed alkalies. It gives a brown solution with nitric acid, and like 
indigo, is converted into nitropierie acid. It is said to be principally distinguished 
from indigo by its forming a reddish-brown solution with sulphuric acid, and by not 
subliming, when heated, in a test-tube. Urine containing cyanourine is of a blue 
colour, the colouring matter on repose falling as a sediment. 

lIuLLF.itf applies the term uM.vmithin to the colouring principle or material of the 
urine ; and that of urnglauchi to a blue pigment which he considers to be developed 
from u m i a iif hi ii under the influence of disease. This pigment, dried, forms a powder 
of a coppery lustre resembling indigo, and dissolves in alcohol with a splendid 
purple colour ; its occurrence is said to be especially frequent, in Bright’s disease. 

According to I Ikllkr. cyanourine is simply a mixture or combination of moglam in 
and urrhoilin, and both these latter are but the products of um.nmfhiii, the colouring 
matter of healthy urine. 

It would appear, therefore, that there arc no very essential differences between 
rifiniuiiriiir and iiroghiuciii, while there arc so many points of resemblance between 
them both and indigo, that one is led strongly to suspect that they are simply 
some condition or modification of indigo. Not only do these substances agree in 
many of their chemical reactions with indigo, but they also very closely resemble it 
in their ultimate composition. 

(ireat care should be taken to obtain these blue deposits in as pure a state as 
possible for analysis, for being in general found in alkaline urines, they are very apt to 
be contaminated with large quantities of animal matter, Vibriones, tuple phosphate, 
tie. The presence of the animal matter obscures the action of concentrated sulphuric 
acid on indigo, it being charred by that reagent, and a reddish-brown solution is 
formed instead of a blue one. It also interferes with the sublimation of the indigo 
and the elimination of the characteristic vapours, as also with its conversion into 
aniline : lastly, indigo as well as cyanourine frequently furnishes a blue solution 
when boiled with alcohol. J cannot help therefore considering it to be highly pro- 
bable that the blue pigments which have been set down as uroglaucin and cyanourine, 
have in most cases really been indigo, and possibly have been so in all : it is, at least, 

* liiiACONNui, Journal tie ('hemic MuJiculc, loin. i. p. 4fi4. 

+ Arch. f. Chcrn. u. Mikrubk., lxl. 1(11, 173. 
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singular that I should so frequently have met with indigo in urine, the occurrence of 
which has hitherto been deemed so rare, and not have fallen in with a single case 
of cyanourinc or uroglaucin, the presence of which might be considered, from tin; 
inquiries of Braconnot, Scherer and Heller, to be so much more common. 

Taking into consideration then the whole of the facts and observations recorded 
in this communication, the following conclusions remain to be deduced : — 

1st. That, blue indigo is frequently formed in humau urine; the quantity being 
subject to the greatest variation. In some cases it, is so considerable as to impart a 
deep green or bluish-green colour to the whole urine, and to form a pellicle of nearly 
pure indigo o^& the whole surface of the liquid. In others the blue scum is formed, 
but the urine itself does not become either blue or green ; and occasionally the 
quantity is so small, that it can only be detected by means of the microscope. 

2nd. That for the formation of this indigo, it is in general necessary that the urine 
should be exposed to the air for some days in an open vessel, when oxygen is absorbed 
and the blue indigo developed. Whatever facilitates therefore oxygenation, as free 
exposure to light, air, and warmth, hastens the development of the blue indigo; 
hence in summer the changes described take place much more quickly than in 
winter. On the contrary, these changes are retarded, and even altogether prevented, 
by a more or less complete exclusion of oxygen. By this exclusion, blue indigo is 
deprived of its colour; and it may be reduced or reformed, alternately, according as 
air or oxygen is excluded or admitted to urine containing it. From one or two 
eases elsewhere recorded, however, it would appear that blue indigo is occasionally 
formed in the system, and is voided as such in the urine. 

:ird. That there is usually, but not always, found with the blue indigo, where the 
amount of this is very considerable, a brown extractive, sometimes in large quantity, 
which closely resembles luematiu in its chemical manifestations and elementary 
composition ; the aqueous solution of this, when exposed to the air, yields a further 
supply of coloured indigo. 

-It h. That the urines in which the coloured indigo occurs in the largest quantities 

are usually of a pale straw colour, readily becoming turbid ; they are alkaline, and of 

rather low specific gravity. Small quantities of indigo are. however, frequently found 

in urines possessing characters the very reverse, that is, in such as are high coloured 

and of high specific gravity ; Init as a rule, the blue pigment is usually absent from 

these urines, and in onlv a few eases is it formed in them in auv considerable amount. 

5th. That, between luematiu, urine-pigment, and indigo very close chemical and 

physiological relations exist, rendering it highly prohahlc that the indigo formed in 

the urine is in many eases immediately derived from altered or modified luematiu 

• * 

or urine-pigment . Urine-pigment is itself usually regarded as Iml a modification of 
htcmntin. 
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the elimination of excess of carbon from the system ; this view is confirmed by the 
nature of the cases in which indigo has been met with in the largest quantities in 
human urine, namely in cases of phthisis involving extensive pulmonary disease, and 
in cholera. 

7th. There appears strong reason for believing that the blue pigments, eyanourinc 
and uroglaueiii, if not identical with, are but states or modifications of indigo, since 
they resemble that substance in many of their chemical and physiological relations, 
and in their ultimate composition. 
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XIV. On certain Properties of square numbers ami other quadratic forms, with a Table 
of odd numbers from 1 to 191, divided into 4, 3 or '2 square numbers, the algebraic 
sum of whose roots ( positive or negative) map equal l, by means of which Table all 
the odd numbers up to 9503 may be resolved into not e. receding 1 square numbers . 
tty Sir Fkkdkiuck Pollock, F.1LS., Lord Chief Huron. 
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Some years ago, in examining the properties of the triangular or trigonal numbers 


»>, 1, (», 10. i:>, &e. 


— 1 ) 


1 observed that every trigonal number was composed of l trigonal numbers, viz. 
.*> times some prior trigonal number plus the next in t lie series, either immediately 
before or after that prior number; 
thus l.» = 1 0-f- J O-J- 10+ 1 .» 

.>•>-= i;>+i. r > + ):> + i»; 

or generally, as all numbers arts of the form '2n — 1 or of '2n, all trigonal numbers 
are of one of the '2 forms, '2h 1 — h, 2/r'+w , 


"X3+-M " 




1 found also that all the natural numbers in the interval between any two con- 
secutive. trigonal numbers, might be composed of 4 trigonal numbers, having the sum 
of their bases or roots amstitiif . viz. the sum of the roots or bases of the l trigonal 
numbers which compose the first of the 2 trigonal numbers. 

This will be best, explained by an example: the roots or bases are placed over the 
numbers, and it will be observed their sum is constant in the same interval. 
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l 

l 

« 

G 

1/ 

53 

1 

10 

21 

21 



l 

4 

5 

7 

i; 

51 

1 

10 

15 

\ 

28 


10x1 1 

4 

5 

5 

5 

- ii 

- = 55 

IO 

15 

15 

15 


From 55 to 00 (=15, 

lf>, 15, 

21) the 

constant sum of 

the bases will be 11), and 

this may 1 m* continued without limit. 




If the law hy which 

this can be continued were 

discovered and proved, it would 

furnish the means of proving Fkrmat’s 

theorems of the polygonal numbers ; but not 

being aware of any law 

by which the scries that fills up the intervals could he con- 

tinned, I turned tnv attention 

to the square numbers as 

containing (apparently) a 

greater variety of theorems, and 

as being (certainly) of all quadratic forms that which 
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is most familiar, and in which calculations or comparisons may be made with the 
greatest facility. 

Very lately 1 observed the following property of square numbers : — 

If any four square numbers d\ fr, <?, d 3 have their roots such that by making one 
or more positive and the rest negative, the algebraic sum of the roots may equal 1 ; 
then if the roots whose sum is one less than the others be each increased by 1, and 
the others be each decreased by I, the; sum of the squares of the roots thus increased 
and decreased will be equal to d 3 if -f- c 2 + d 3 -f- 2 . Let a+b — c— c/=i,and let c and 
d become c+1, rf+1, and let // and b become a — J, b — 1, then 

("- !)*+(/'- I )*+(<■+ 1 ) , +(rf+l)*=«’+i , +^+rf‘+2x(-tf-Hc+rf)+4, 

but 

2 X (— //— b+c+d) — — 2, 

therefore the sum of the squares of the new roots == d 3 //- -|- r 2 -f- c/ 2 -|- 2. If n — h 
— c — d— I, the result is the same, decreasing a and increasing each of b, c and d by I . 
The theorem is more general (as might, have been expected). 


Theokkm A. 


For if instead of 1 the algebraic* sum of the roots be equal to 2// — l, and the nega- 
tive roots be numerically increased by // and the* positive roots be decreased by //, 
the increase, in the sum ol’ the squares of the new roots thus formed will be 'In. 

Lot u-\-b—v — //— 2// — I, then [a — «)" + (/> — »)*-{• (t'-\-*iY-{-{d-\-n)' d 3 -\-lr~\-i -+d* 
— 2c/// — 26/i+2f7/-f--///t+-l/< 8 , but — 2c/// — '2bn-\-'2cn-{-'*dn— — (2// — I ) x2// = — 1/r 


+2//, .'.the sum of the squares of the new root s = <f -j- fr -j- c' -f d -f- 2// . 

The following table shows the result of different algebraic sums of the roots, with 
the corresponding increase or decrease of roots and increase of t he sum of the squares. 


I'orri'spoiuJinu iiiorc.i^r Jnrr/asc r>f 

Sum of root?). or clci uasr ol i* 'in. ol squarci 

1 I 2 

2 i 

fi ‘1 t! 

7 4 S 

it r* io 

II (5 12 

&(!. Jv'r. . .... &r. 


There is a similar theorem with respect to the decrease of the sum of the squares. 


Tiikorkm B. 

If n-\~b—c — //=2//+l (instead of 2//— I), then if o and b be each diminished and 
c and //be increased by //, the sum of the squares of the new roots will be less by 2«, 
and (a— n) a +(A— »)*+( c+m) !! +(//+/i)“ will equal a 2 + A 4 -|- < :1 -f- d‘ — 2// . 

2 s 


MDCCCLIV. 
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And a similar table will show the 


corresponding decrease of the sum of the squares. 


Sum of roots. Increase and decreasii*. Decrease of sum of squares. 

•i 1 '2 

r, o 

s **•«.. 3 D 

i) .!•••( ‘1 »*•*.. ^ 

\Ci ^C. ■••••» . 


The use that may be made of these theorems will best appear by an example or two. 
51 is composed of l square numbers, *25, IB. 9, 1, whose roots are 5, 4, 3, 1. 


4 + 3 — 5 — 1 = 1 

5 + 3 — 4 — 1=3 

5 + 4 — 3 — 1 = 5 

5 + 4 + 1 — 3 = 7 

Then by Theorem A. square numbers which compose 53, 55, 57, and 59 may be 
obtained, and by Theorem B. those which compose 49, 47, and 45 by adding to or 
subtracting from the roots ; thus 

5 + 4 — 3 — 1 = 5 = 2 X 3 - 1 , n = 3 


3 3 3 3 being deducted or added, 


2 16 1 become the new roots, the sum of whose 

squares=57 = 5 1 +2 x 3. 

5 + 4 + 1 —3 = 7 = 2 X 3 + l,« = 3 

3 3 3 3 

2 1 — 2 6 are the new roots, the sum of whose 

squaros=45=5 1 — *2 X 3. 

Again, 5 5.1 0 are roots of squares which compose 51, 

5+5+1 0 = 11 = 2 X 6 — 1, n = 6 

6 6 6 6 

1 1 — 5 6 the squares of these new roots =63 =5 1 

+ 12(51+2X0). Also, 

5 + 5—1 0 = 9 = 2 X 5 — 1, n = 5 

5 5 5 5 


0 0 0 5 the squares of these new roots = 01 by 

Theorem A. ; by Theorem B. the squares which compose 41 and 43 may be found, 
and thus the square numbers (not exceeding 4) which compose 51 being given, square 
numbers not exceeding 4 maybe discovered, which compose 11,43, and all the inter- 
mediate odd numbers up to 63. 

This method of obtaining the square numbers that compose a succession of odd 
numbers, suggested that if a method similar to what was observed in the trigonal 
numbers were adopted as to the square numbers, the scries of odd numbers might be 
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resolved into square numbers. In the trigonal numbers the successive bases of the 
4 trigonal numbers into which the terms of the trigonal series are each divisible, are 

0 0 0 1 

0 111 
1112 
12 2 2 
2 2 2 3 

2 3 3 3 &e. 

If instead of using these numbers as bases or roots of trigonal numbers they be 
squared and added together, they furnish a series (1,3,7, 13, 21, 31, &e.) whose 
general term is «**+/«+ 1, or according aswiis even or odd, 4// 2 4;2//+ 1 : this expres- 
sion is manifestly divisible into square numbers whose roots will be cither w, //,//, w-f-I 
or // — 1,//, //, <mil the sum of the roots will be 1//+ 1 , and with reference to integral 
quantities will la* a maximum. The terms of the series I, 3,7, 13, &c., furnish steps, 
places, or positions at which the process of increasing the sum of the squares might 
commence again, and as far as any law of increase is applicable to one term it is 
applicable to all. 1 have therefore called this series 1,3, 7, 13, &e. the gradation- 
series of this system of resolving the odd numbers into square numbers not exceed- 
ing t. 

[ have prepared a table in which the odd numbers from I to 11)1, respectively, 
arc divided into square numbers not exceeding I, the algebraic sum of whose roots 
may be made, equal to I . 

This table of the odd numbers up to l‘)l is at the end of the paper; the terms of 
the gradation-series (.is they occur) are distinctively denoted, and all the sots of roots 
of the odd numbers up to It) I are capable of forming 1 as their algebraic sum ; and 
by means of tills s-eries any odd number from hr -j-g//-(- 1 up to l« 3 i-//+l!)l inclu- 
sive, may be dhided into not exceeding I square numbers, whatever be the value of//. 

The examination of this series led me to .bserve a remarkable properly of odd 
numbers with reference to the square numbers (not. exceeding 1) into which thev 
may be divided, and which may be stated in the following theorem. 

Theorem C. 

I’ivery odd number may be divided into square numbers (not exceeding 4), tbc 
algebraic sum of whose roots (positive or negative) will (in some form of the roots) 
be equal to every odd number from I to the greatest possible sum of the roots, or the 
theorem may be stated in a purely algebraical form thus : 

If there he 2 equations, 

a* -{- /r + < - -f- d’ = 2/i + l 

and //-f //-f-e-|-//— 2/‘-|- 1, 

a, b, c, d being each integral or nil, // anil /• being positive, and r a maximum, then if 


*> w •> 

O M 
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any positive integer r' (not greater than ;■) be assumed, it will always be possible to 
satisfy the pair of equations 

iv ~ = jt +//* + - 2 == -H + 1 

W+J+.V + — -^+1 

by integral values (positive, negative, or nil) of w, .r, //, 

I now propose to show in what manner the table may be used, so as to divide into 
square numbers (not exceeding 4) any odd number from 1 up to 9503, and any odd 
number whatever of the form l/r+2//+2/>+l, where p is not greater than 95 [95 X 
2+1 = 191]. 

If 2/>+ 1 = ir + tr + ( ■ + and if also <?+A+c+*/= 1 (n, It, v, d being integral num- 
bers. positive, negative or nil), in other words, if the odd number 2/>+l be such that 
the algebraic sum of the roots of the square numbers (not exceeding 4) which compose 
it may be equal to 1, then it will follow that «r+///+i+2/> may be resolved into 
square numbers (not exceeding 1) the sum of whose roots will equal 2//I+1, for 
+ 1 i.N of the form t/r+2/i+l; let it equal it, and «r+w+ 1 +2 /j=4w s +2/i, (//+/» 
+<‘+r/; + tr + lr-\- </■*++’ = [n+uf + (/*+/+* + («+c) a + (w+r/)* (manifestly 1 square 
numbers), and the sum of the roots =4 «i(»+H r +^) = lw+l=2wi+l. 

Let the function «r+wt + 1 be designated by the notation fm. If every odd num- 
ber from 1 up to 2»t+l can be resolved into (not exceeding) 4 square numbers, the 
algebraic sum of whose roots may equal I, then every odd number from fm to fm 
+2/n inclusive may be resolved into 4 square numbers, the sum of whose roots may 
equal 2 /m+ 1 ; but the next odd number to is J\m-\- 1), and since /'(w+1) is 
resolvable into 4 square number*, the sum of whose roots=2/n+3 ; if every odd num- 
ber from 1 up to2//t + l can be resolved into not exceeding 4 square numbers the 
algebraic stun of whose roots=l, then every odd number from 1 up to /’(/«+ 1 ) + 2/w 
i« resolvable into 4 square numbers, and /(/«+ l)+2/«=/// a +5/u+3. 

In tht? Table the highest odd number 191 =2x95 + 1, therefore m=95 ; and every 
odd number from 1 up to 95 a +5 X 95+3=9503 may be resolved into not exceeding 
4 square numbers, by means of the Table, also every odd number of the form 4/r+2« 
+ 2/>+I, whatever be the value of w, provided p be not greater than 95 ; for example, 
let it be required to resolve 9301 into I square numbers, the next less number of the 
form m'+m+l is 9121 =95'+95 + l =4 , 48 a — 2'18+l, 9301=9120+181. 

181 by the Table is resolvable into 

r+4-+8 2 +10 2 

and -1+4+8-10=1 9301 =(48+ I ) a +(48 — 1) 2 +( 18— 8) B +(48+ 10)* 

= 4 9 * + 1 4 - + 4 O ' + 5 8* ; 

so 4/r+w+lSl is always resolvable into 1 square numbers, whatever be the value of 
w, arid the roots of the square numbers will be («+l), (m+ 4), (w+8), (m+10). 
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If the following series of equations be assumed, 

\+‘2d=2q+\ 

3+24=29+1 
7+ 2«4=2y+I 
13+2^=27+1 
m’+ m + 1 + 2d m _ 1 =2q + 1 , 

and if each of the quantities 2d+ 1, 2*/,+ l, 2 rf 2 + 1, 2</ 3 + 1 ...2 </„„,+ 1 can be resolved 
into I square numbers, the algebraic sum of whose roots =1, then the given odd 
number 2y+ 1 may lie resolved into successive sets of 4 squares, the sum of whose 
roots will be successively I, 3, 5, 7-»2 /m+ 1. Hence an odd number, 2y+l, may be 
resolved into 1 square numbers, the sum of whose rools shall be equal to 2/>+ 1 , if 
upon adding l to the difference between 2y+l and the (/>+ 1)“ term of the gradation- 
series, the difference so increased can be resolved into 4 square numbers, the alge- 
braic sum of whose roots=l. If it be required to resolve 3 7 into 1 squares, the sum 
of whose roots shall equal 7— 2x'»+l, here y,=3, the (/;+ J )“ or lt.h term of the 
gradation-series is 13; i3 is of the form 1 - 2' J — 2'2+l, and it equals 2 a +2 a +2*+l 8 
■!2 — If’; the difference between 3/ and 1 1 = 2 f, increased by l =2a, 2.'>= l L ’+2 2 +2 ,<l 
+ 4*, and the rools+l— 2 — 2+ l=| ami I3+24 = (2+2)'=l 2 , 4 J , I s , -2* 

(2 + 2, a 

(2-ir 

(2-4)* 

and + 1+ 1 + 1 —2=7. 

If, therefore, every odd number can be resolved into integral square numbers (not 
exceeding 1) whose algebraic sum will equal 1, then every odd number can be 
resolved into integral square numbers (not exceeding 1) whose algebraic sum will be 
I, 3, a, <Slc. {viz. nil l hr wh! tmmhrr.s up In l hr nui.nmnni J. 

I propose (in order not to leave the Theorem (’. unproved) to show by the proper- 
ties of numbers already proved, that every odd number maybe resolved into integral 
square numbers (not exceeding I) whose algebraic sum will equal I. 

ftvery odd number may be represented by 2/y+l (p being any integer): then by 
Fkkmat’s theorem of the polygonal numbers (as proved by I.kokmikk, TIi curie des 
iiombres), p must either be a trigonal number, or composed of two or three trigonal 

f i . 

numbers. If it be a trigonal number, then j*— 1 , and 2//+ 1 =y"+y+ I . which 

equals l/r + 2//+ 1 , which is divisible into (//d l)'\ ir. ir, and n — // + //.+ (//+ 1 )= I . 

If p he composed of 2 trigonal numbers, p-- 1 / + . and tin* sum of any two 

trigonal numbers is of the form of « 2 +u+//* and may he assumed equal to «*+</+ A*, 

* If - numbers be both o<ld or both even, tliev may always be represented by a -f- b and a -b; if one be odd 
and the other even, they may always bo represented by a f h -f- l, a-b or a f b, a — b V l; and it the 2 numbers 
be made the liases of trigonal numbers, the bum of the 2 trigonal numbers will always be of the form a 
-f h' 1 or a' 2 4- A + b ! . 
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therefore 2;»+ 1=2ci*+2i/+2A*+1 = («+0% «*» b*, and the roots (//+!), — rr, b , 

— b,= \. If /> he composed of it trigonal numbers, then «+//*+'- J" wl and 

1 =*J/r +2«+*2//‘+ w,s +/w + but ///*+//< + 1 > s of t lie form 'I// 9 +2//+ 1 , whose 
four roots (as already seen) are //+ I, n, n, //, and if these roots be varied thus, 

1 

a — n 
h-\-n 
b — //, 

tin* squares of these four roots will equal t2« 2 +2«d-2// 2 -4"-t w 'i- w + 1? and the algebraic 
sum of these roots obviously may=l. It follows from this, that every possible odd 
number may be divided into integral square numbers (not exceeding 1), the algebraic 
sum of whose roots=l. 

I propose in a future communication to give a di lie rent proof of the Theorem 
and instead of proving the Theorem by Fermat’s proposition of the trigonal num- 
bers. I shall oiler a proof of Fermat's proposition of the trigonal numbers by the 
Th« orem (’; it is obvious that they are so connected that either may be proved from 
the other. 

I am not aware that the theorems A, II, or or the method above described of 
using a gradation-series, have ever been noticed before, and as they appear to add 
something (however little) to the theory of numbers, I have ventured to present them 
to the attention of the Koval Society. 

Note. — Numbers of the form 2//-f-2 (rrrn numbers) may be resolved into square 
numbers (not exceeding 1), the algebraic sum of whose roots may always equal 2, 
and so far they have an analogous property, but they do not possess the analogous 
property of being lesolvalde into roots whose algebraic sum will = 2. 4, 0. H, &e. 
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Tahlk of odd numbers and of the Roots of the squares (not exceeding 4) into which 
they may be divided, whose algebraic sum may equal 1. 

! I ; I 


0(1(1 

numbers. 

Roots of the Squares inlo 
which they may be divided 
whose algebraic sum may equal 1 . 

0(1(1 

numbers. 

Roots of ilie Squares into 
which they may be divided 
whose al^ebiaic sum may equal 1 . 

Odd 

numbers. 

Roots of the Squares into 
which they may he divided 
whose algebraic sum may equal 1 . 

1 

0 

0 

0 

l 

1 

05 

«» 

3 

t 

o 

129 

2 

5 

0 

s 
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0 

l 

1 

i 

07 

i 
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t 

7 

131 

0 

5 

5 

0 

5 

0 

0 

1 

2 ‘ 

. 

CO 

i 

1 

t 

0 

133 

5 

6 

6 

6 

7 

1 

1 

1 
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71 
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5 
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I* 
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■> 
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9 
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5 
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7 


0 

i 

1 

3 | 
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2 

2 
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» 
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1 

0 

111 

i 
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0 
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1 
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:i 
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In the last experiment, related in our former paper*, in which a low pressure of air 
was employed, a considerable variation of the cooling effect was observed, which it 
was necessary to account for in order to ascertain its influence on the results. We 
therefore continued the experiments at low pressures, trying the various arrange- 
ments which might be supposed to exercise influence over the phenomena. We had 
already interposed a plug of cotton wool between the iron ami copper pipes, which 
was found to have the very important effect of equalizing the pressure, besides 
stopping any solid or liquid particles driven from the pump, and which has therefore 
been retained in all the subsequent experiments. Another improvement was now 
effected bv inf reducing a nozle constructed of boxwood, instead of the brass one 
previously mod. This nozle is represented by fig. I. Plate IV., in which a a is a brass 
casting which bolts upon the terminal flange of the copper piping, h It is a turned 
piece of boxwood screwing into the above, having two ledges for the reception of per- 
forated bras^ plates, the upper plate being secured in its place by the turned boxwood 
( r. which is seiewe I into tin* top of the first piece. The space enclosed by the per- 
forated plates is ;>• 'j-j inches long and an inch and a half in diameter, and being filled 
with cot ton. silU. or o| her mat (‘rial moi e or less compressed, presents as much resistance 
to the pass;:;;** of ! ho air as may be desired A tin can d, filled with cotton wool, 
and screwing to the brass casting, serves to ketp the water of the bath from coming 
in contact with tire boxwood nozle. 

In the following experiments, made in order to ascertain the variations in the 
cooling' effect abo\e referred to, the nozle was filled with .'tS’J grs. of cotton wool, 
which was suliicienl. to keep up a pressure of about of lbs. on the inch in the tubes, 
when the pump was working at the ordinary rate. Hv opening the stopcock in the 
main pipe this pressure could be further reduced to about '2'2 Ills, by diminishing the 
quantity of air arming at the nozle. Uv shutting and opening the stopcock we had 
therefore the uuaus of producing a temporary variation of pressure, and of investi- 
gating its effect on the temperature of the air issuing from the nozle. In the first 
experiments the stopcock was kept open fora length of time, until the temperature 
of the rushing air became pretty constant ; it. was then shut for a period of 
15, .‘JO or 00 seconds, then reopened. The oscillations of temperature thus pro- 
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duced arc laid down upon the ('hart No. 1, in which the ordinates of the curves 
represent the temperatures according to the scale of thermometer O, each division 
corresponding to 0*0-17/ of a degree Centigrade. The divisions of the horizontal 
lines represent intervals of time equal to a quarter of a minute. The horizontal black 
lines show the temperature of the bath in each experiment. 

The effect upon the pressure of the air produced by shutting the stopcock during 
various intervals of time, is given in the following Table : — 


Stopcock 

>hut for .. 


... 

fr. 

11\ 

:$o\ | 

l m . | 

om 

Initial pre^ure 

m 

N 

22* 3.1 

• 2*3.1 : 

22*3.1 

22*3.1 

22*31 

IVt sMIlV 

aiter 

0 

d 

4 

24*1)2 

21*1)2 

24-;»2 

24*1)2 

Pros* urc 

after 

0 

la 

23*07 

28*ft) 

28* 10 

2.s-4<> 

28*4(5 

IVesMiiv 

after 

0 

30 

22* 43 i 

23*38 

30*s4 

30*81 

ao-si 

Procure 

after 

0 

4i 

2 - 2 - 3.1 

22*1 


32*03 

32-03 

Prevoire 

after 

1 

0 

22 - 35 

22*13 

22*83 

32*71) 

iWJ 

Prepare 

after 

1 

1.1 


22*3,1 1 

22*4.1 

2 1*1 1 

33*08 

Pre^ure 

after 

1 

;;n 



22*3,1 

22*3.1 

22**3 

33*21 

Prevu re 

after 

1 

■i.i 

i 


22*31 , 

22*43 

33*33 
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A 

0 

I 

j 

i 

22*3.1 

33*11 
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2 

i .1 

...... 


! 

22*3.1 

21*. 11 

Pr« **sure 
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.) 

30 

i 

« 

j 

i 


22*11 

Pre-^uie 

after 

i) 

4.1 

i 


i 


22*40 

Prepare 

after 

3 

0 



1 

1 

22*31 





...... , 

i 


The last column gives also the effect occasioned by the permanent shutting or 
opening of the stopcock. :U»- 11 lbs. being nearly equal lo the pressure when the stop- 
cock has been closed for a long time. 

In the next experiments, the opposite effect of opening the stopcock was tried, the 
results of which are laid down on Chart No. 2. 

The effect upon the pressure of the air produced by opening the stopcock during 
the various intervals of time employed in the experiments, is exhibited in the next 
Table 


Stopcock opened for 

• • 

... | 

3 !s 

•> j . 

7 

11\ 

30'. 

l 111 

Initial prepare 

ni 


34*37 

:t 1-37 

31-3 7 

:t-i<J7 

31-37 

Pivwire aft* r 

0 

3{ 


211*17 


2!r.»7 

2'J-.'>7 
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0 

• 1 
/ l 


27-43 

27-4.4 

-7*4.4 

27-43 

Pressure after 

0 

>•« 

-42-17 

30*4 1 

2.1* 1 .1 

21*1.1 

2.1*11 

Pressure after 

0 

30 

33*1 

32-47 

30* 1 1 

23*23 

2.4-23 
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0 

11 

33*1)1 

33*1 

32*4 

2!)-4 

22*9 
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1 

0 1 

31*1 

31*1 

33*1 

42- 1.4 • 

oo. 

MIW 4 O 

Prepare after 

1 

1.1 

34*2 

34*3 

33-04 

3.4-24 

28*82 

Pressure after 

1 

30 

31*33 

34*37 

34*14 

33-yfl , 

31*44 

Pressure after 

1 

lo 

34*37 

34*37 

i 34*30 

.4414 

32*1) 

Pressure aft* v. 

2 

o ! 

ii j 


! 

34*37 

34*33 

33-Gfi 

Pressure after 

o 

+* 




34*37 . 

34*00 

Pressure after 

Pn *>Mirc. after 

2 

30 

41 

1 



I 

34*20 

2 

1 



! 

34*37 



... ... 



The remarkable fluctuations of temperature in the issuing stream accompanying 
such changes of pressure, and continuing to be very perceptible in the different cases 
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for periods of from 3 or 4 minutes up to nearly half ail hour after the pressure had 
become sensibly uniform, depend on a complication of circumstances, which appear 
to consist of (1) the change of cooling effect due to the instantaneous change of 
pressure ; (2) a heating or cooling effect produced instantaneously by compression 
or expansion in all the air flowing towards and entering the plug, and conveyed 
through the plug to the issuing stream ; and (3) heat or cold communicated by con- 
tact from the air on the high-pressure side, to the metals and boxwood, and con- 
ducted through them to the issuing stream. 

The first of these causes may be expected to influence the issuing stream instanta- 
neously on any change in the stopcock ; and after fluctuations from other sources have 
ceased, it must, leave a permanent effect in those cases in which the stopcock is per- 
manently changed. Hut after a certain interval the reverse agency of the second 
cause, much more considerable in amount, will begin to affect, the issuing stream, 
will soon preponderate over the first, and (always on the supposition that this con- 
vection is uninfluenced by conduction of any of the materials) will affect it. with all 
the variations, uudiminished in amount, which the air eutering the plug experiences, 
but behind time by a constant, interval equal to the time occupied by as much air as 
is equal in thermal capacity to the cotton of the plug, in passing through the appa- 
ratus*; this, in the experiments with the stopcock shut, would be very exactly a 


* To prove this, wc have only to investigate tin* convention of heat 
through a prismatic of poron- material, when a fluid tutoring it 

with a vsir\iii£ t« inpcrnturc i> torrid through it in a continuous and 
iinit'urni t-tream. Let 1> hr the j'l-ruib body, of length */ and trail 4 — 
vep-i .section S; and It t ft lluid he pri"-id ronliiniuu-lv through it in 
the direction troiu A to J>. the tempi-ratinc of this lluid .i< it •■ntti'- > - , - 5. 

at A an arbjtran junction h »/) ol tin: tiuu . 'I hm il -• hi* the 

common tempi ratlin* of the poi»»u- body and fluid | in*:; thnm^li d. *it a distance / Jrom (In* c/id A, we ha\e 



tt r dr t) tfr 

,1/ .h- ~S ,//■' 


O) 


if A bo the conduct imr pow « r "i t he porous "olnl fur la .it 1 1 1 u ■ -olid •‘urnmmliii^ jt ht ; i \jt -uppo-M d to he an 
infinitely bad lonductor, or the t ircuinstam i s to he otherwise .in.m.nd, a- i-* pr.u t ic.ibh- i:i .t vaiicfy of way*, 
mj that tlici'i. may be no i :i 1 « r 1 1 coinluction of heat), rr tin* thcnnal capacity ol unity ot its bulk. and 0 the 
thermal capacity of as much of the thiid a-' pr\-M s la the unit time. Now it, i> piobuhly the i a*c in tin* 
actual ciremiir-tanccs. conduction through tin- paHui- snbd ilselt h- in c i n-ihlr in it -- intluciicc compared with 
the convection of the lluid, thi> cipiatiou will become nppio\!inuti ly 


rfr _ II dr 
dt ft v 




wliicli, in fact, c\pics*scs rujfo roust \ tin* cllcct ot tin* m rmid rau-c nunliomd in the tr\t: it alone operative. 

If F denote any urbitiury fuuction, and it 0 he - uppo-i.il to he constant, the m ral integral ol this equal ion is- 


K' il- 


(3) 


and if the arbitrary function he chosen to express by V (/) the ;;i\cii variation of ti mperature where the lluid 
enters the porous body, we have the particular solution of the pmpiiM'd problem. W c inter Iroin it. that, at 
any distance x in the porous body from the entrance, the temperature will lullow the Mime law and extent of 

•j ’p o 
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quarter of a minute; but it appears to have averaged more nearly one-third of a 
minute in the varying circumstances of the actual experiments, since our observa- 
tions (as may be partially judged from the preceding charts) showed us with very 
remarkable sharpness, in each ease about twenty seconds after the shutting or open- 
ing of the stopcock, the commencement of the heating or cooling effect on the issuing 
stream, due to the sudden compression or rarefaction instantaneously produced in 
the air on t he other side of the plug. 

The entering air will, very soon after its pressure ceases to vary, be reduced to the 
temperature of the bath by the excellent conducting action of the spiral copper pipe 
through which it passes ; and. consequently, twenty seconds or so later, the issuing 
stream can experience no further fluctuations in temperature except, by the agency 
depending on the third cause. 

That the third cause may produce very considerable elfeets is obvious, when we 
think how great the variations of temperature must be to which the surfaces of the 
solid materials in the neighbourhood of the plug on the high-pressure sit J «» are 
subjected during the sudden changes of pressure: and that the heat consequently 
taken in or emitted by these bodies may influence the issuing stream perceptibly for 
a quarter or a half hour after the changes of pressure from which it originated have 
ceased, is quite intelligible on account of the slowness of conduction of heat through 
the wood and metals, when we take into account the actual dimensions of the parts of 
the apparatus round the plug. It is not easy, however, to explain all the fluctuations 
of temperature which have been observed after the pressure had become constant in 
the different cases. Those shown in the first set of diagrams are just such us might 
be expected from the alternate heating and cooling which the solids must have expe- 
rienced at their surfaces on the high-pressure side, and which must be conducted 
through so as to affect the issuing stream after a considerable time: but the great 


. . fj K 

variation a.- at th''- entrance, only later in time bv an interval equal to --- a-. We conclude that tlu* variations* 
tif tczupci attire in the inning -trcain due tu tin/ -croud r#ui-*e alone, in the actual circumstances*, art tqual and 
similar t j thu-c ot the air t-n tt_rin*r tin* plug, but bite r in time by n * In this expression, the numerator, <rSf/. 


(Knot'*' -imply tlit thermal capacity «»f the whole plug. Tin* plug, in the actual experiment?* , having consisted 
of L'l’itiii-i of cotton, of which tin; thermal capacity is about 11)1 time”? that of a grain of water, and (when 
the stopcock was clu-»*dj the air having been pumped through at the rate, per .second, of oO grains, of 

0 


which tin* capacity twelve time** that of a grain of water, the value of /1 must have been l ", 1 seconds, or 


about a quart* r of a minute. When the stopcock was open, ail unknown quantity of air escaped through it. 

rrSf/ 

and thi retort the value of ~ mn**t have been somewhat greater. The variation which the value of 0 must 


ha\e experi- need when the stopcock was opened or closed in the course of an experiment, or even merely in 
ron-t quence ot the change ot prc--urc following the initial opening or closing of the stopcock, makes the 
riirnirMaiires not .-uch a-* in any of the cases to correspond rigorously to the preceding solution; which, 
notw it branding, represents the general nature of the convective effect nearly enough for the explanation in 
the text. 
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elevations of temperature shown in the second set of diagrams, which correspond to 
cases when the pressure was temporarily or permanently diminished, are not, so far 
as we see, explained by the causes we have mentioned, and the circumstances of these 
cases require further examination. 

When we had thus examined the causes of the fluctuations of temperature in the 
issuing air, the precautions to prevent their injurious effect upon the accuracy of the 
determinations of the cooling effect in the passage of air through the porous plug 
became evident. These were simply to render the action of the pump as uniform 
as possible, and to commence the record of observations only after one hour and a 
half or two hours had elapsed from the starting of the pump. The system then 
adopted was to observe; the thermometers in the bath and stream of air, and the 
pressure-gauge every two minutes or minute and a half; the means of which observa- 
tions are recorded in the columns of the Tables, in some instances the air previous 
to passing into the pump was transmitted through a cylinder which had been tilled 
with quicklime. But since by previous use its power of absorbing water had been 
considerably deteriorated, a portion of the air was always transmitted through a 
Iukimu tube containing asbestos moistened with sulphuric acid or chloride of zinc. 
The influence of a small quantity of moisture in the air is trifling, but will hereafter 
be examined. That of the carbonic acid contained by the atmosphere was, as will 
appear in the sequel, quite inappreciable. It will be proper to observe that the 
thermometers by which the temperature of the hath and issuing air was ascertained, 
were repeatedly compared together to avoid any error which might arise from the 
alteration of their fixed points fiom time to time. 

Taiw.k 1 . — I'Apeiiinents with a plug consisting of MM grains of cotton wool. 
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air win 


passed through the quicklime cylinder. 

In the next experiments the nozle was filled with 3S2 grains of cotton wool. The 
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intermediate stopcock was however partly opened, in order that by discharging a 
portion of the air before its arrival at the no/le, the pressure might not be widely 
different from that employed in the last series. In all excepting the last experiment 
recorded in the following Table, the cylinder of lime was dispensed with. 


'Fable II. — Experiments with a smaller quantity of air passed through a plug 

consisting of :>8:2 grs. of cotton wool. 


1. 


3. 

4. ! 

3. i 


** 

4- 

s. 

Number of uhser- 
\.itin:i* from 
which the results 
in Column* 

1, t», ami 7. 
aro uht.ii'ioil. 

Cubic inche* 
p.i-M'il thiuugh 
the no/le 
per minute. 

Water in 
100 graniN 
ut* air, m 
grains. 

Pressure in Ihs. 
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inch. 

. 

Atmospheric ■ 
prcMtiire. 
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Tciii|ii rat lire of 
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Tompeiature 
of the iVuing 
air. 
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degrees. 
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Table III. — Experiments in which the entire quantity of air propelled by the pump 
was passed through a plug consisting of .'iK'2 grains of cotton wool. 'Flic cylinder 
of lime was not employed. 
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of the i-smiur 
air. 

f 'online 
rll'i-et 

ill L'i'iit. 
til'll ITS. 

aie • 1 d Uni* * 1 . 





! 



i 

1 17‘‘ r » 

o-.'ii; 


1 1-3*3 

ni-sc*.) 

l «j- 

0-334 

10 

Nut <»l»i tv* »1. 

O-.'id 

3 .VH 71 

1 1-700 

20-41 1) 

20 - 09 * 

0-3 Jl 

10 

Nut oIj-i tvi il. 


3.V77J 

1 1-30 1 

li'.-nyii ; 

i.V 7 :io 

0-300 

10 

Not ob<i*rvcil. 


a.'rs7» 

14-304 

1 11-104 

i:.- 72 i 

o-:;s:i 

10 1 

Nut fib-iTVi*il. 
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In the next series of experiments the air was passed through a plug of silk, formed 
by rolling a silk hand kerchief into a cylindrical shape, and then screwing it into the 
nozle. The silk weighed .">80 grains, and the small quantity of cotton wool placed 
on the side next the thermometer in order to equalize the stream of air more com- 
pletely, weighed 15 grains. The stopcock was partly opened as in the experiments 
of Table II., in order to reduce the pressure to that obtained by passing the full 
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quantity of air propelled by the pump through a more porous plug. The cylinder of 
lime was employed. 


Table IV. — Experiments in which a smaller quantity of air was passed 
through a plug consisting of 580 grains of silk. 


1. 

O 
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5. 

ti. 


H. 

Number of obser- 
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which llie results 
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Table V. -Experiments in which the entire quantity of air propelled by the pump 
was passed through the silk plug. The cylinder of lime was employed in all 
excepting the first two experiments. 
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Table VI. — Experiments in which the air, after passing through the cylinder 
of lime, was forced through a plug consisting of 7-10 grains of silk. 
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10 
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10 
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0-1. -| 

M)-27 4 

1 4-[»r,7 

Hi-4.SH 

1.1-374 
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10 

Not ol i»i r\ ■ il 

0- 1 7> 

7 . 0-003 

1 l-M.Vl 

Hi-"i0r» 

1 7»-:?0 2 

1-1 13 

10 


o-i ;> 

77 >s, ‘7 

1 1-iIoO 

niwji 

1.1-4 JS 

1-003 

10 

N* it 1 * 1 J !'V; .1. 

014 

7^-JU 

i Hl:is 

12-*7»1 

11*770 

1 0*1 

10 

\« it i»l ***1 rvi il. 

0-14 

7 s- J 4 .» 

i i-0:is 

1J-S77 

1 l-soo 

1-077 

10 

\i *t ohs t j*\ ml. 

0-1 4 

7s-l so 

i4-r,:i?s 

1 :-ss;, 

1 1-Si4 

l-oii. 

10 

\i if i it i-i r\ fil. 

0-1 4 


1 4-ii3s 

u-iMir* 

l l-*30 

i-or»i; 

M. :i 


0'1*> 

7:»- jAo 

14-7113 

1 3-4 S3 

1 4-37:5 

1-110 


Ill the foregoing experiments the pressure of the air on it** exit from the plug was 
til ways exactly equal to the atmospheric pressure. To iiseerfiiin the cllect of iin 
altenition in the pressure of the exit air, we now enclosed a long siphon barometer 
within the "hiss tube (tig. 10). The upper part of this tube was surmounted with a 
cap. furnished with a stopcock, by partially closing which the air at its exit could he 
brought to the required pressure. The influence of pressure in raising the mercury 
in the thermometer by compressing its bulb, was ascertained by plunging the instru- 
ment intoa bottle of water within the glass tube, and noting the amount, of the 
sudden rise or fall of the quicksilver on a sudden augmentation or reduction of 
pressure. It was found that the pressure equal to that of 17 inches of mercury, 
raised the indication by (I ; which quantity was therefore subtracted sifter the 
usual reduction of the t hermometric scale. 


Table VII. ---Experiments with the plug consisting of 7 10 grains of silk. Pressure of 

the exit air increased. Cylinder of lime used. 


1. 


3. 

4. 

.1. 


7- 
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].« r insii'i:*-. 
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1 *;0 g 1 at iin 

if air. in 

in ai 11 v 

J , rr*»siin* in Ihs. 
mi t lit- -ipiare 
inch. 

Pressure of 
tin; exit air. 

Temperature of 
llic hatli. 

Temperature 
i>f the issuing 
air. 

( 'nnlin^ 
effect in 
(Jdlt . llc- 
KKMS. 

10 

N ot « )l*'i-i vmI. 

0-14 

S2*!)S2 


12*073 

11*612 

1*061 

10 

1 Not oli'.i i vi ii. 

0-14 j 

H 2*5 10 

22-H7* 

1 2*7 1 3 

lHiyfi 

1-037 

10 

Not. oh-t-rvi-il. 

0-14 1 

SI 

22* 7;t« 

12-77i.l 

11*725 

1-030 

10 

Nut oll-lTVI ll. 

0-14 

*0-630 

22-4X* 

1 2*706 

1 1*71)2 

1-003 


Kstimnti-d at 







Mean 

64oo ; 

0-14 

82-004 

22-814 

12*7*14 

11*701 

1-033 
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With reference to the experiments in Table VII. it may be remarked, that the 
cooling effect, must be the excess of that which would have been obtained had the air 
been only resisted by the atmospheric pressure in escaping from the plug, above the 
cooling effect that would be found in an experiment with the temperature of the bath 
and the pressure of the entering air the same as the temperature and pressure of the 
exit air in the actual experiment, and the air issuing at atmospheric pressure. Hence, 
since two or three degrees of difference of temperature in the bath would not sensibly 
alter the cooling effect, in any of the experiments on air, the cooling effect in an 
experiment in which the pressure of the exit air is increased, must be sensibly equal 
to the difference of the cooling effects in two of the ordinary experiments, with the 
high pressures the same as those used for the entering and issuing air respectively, 
and the low pressure that of the atmosphere in each case ; a conclusion which is 
verified by the actual results, as the comparison given below shows. 

The results recorded in the foregoing Tables are laid down on Chart No. 3, in which 
the horizontal lines represent the excess of the pressure of the air in the receiver over 
that of the exit air as found by subtracting the fifth from the fourth columns of the 
Tables, and the vertical lines represent the cooling effect in tenths of a degree 
Centigrade. It will be remarked that the line drawn through the points of observa- 
tion is nearly straight, indicating that the cooling effect is, approximately at least, 
proportional to the excess of pressure, being about 'Oltf 0 per pound on the square 
inch of difference of pressure. Or we may arrive at the same conclusion by dividing 
the cooling effect (h) by the difference of pressures (1* — 1*') in the different experi- 
ments. We thus find, from the means shown in the different tables, -- 


Table (I.) p 

= 01/0 

(H.) 

•01/9 

(HI.) 

•oio:> 

(IV.) 

•0190 

(V.) 

•017/ 

(VI.) 

’0172 

(VII.) 

•017-4 

Mean 

•0I7<> 


(hi the ( 'no fin if Effects e.vperienetil hi/ Carbonic .It id in passing through a porous Plug. 

The position of the apparatus gave us considerable practical facilities in experi- 
menting with carbonic acid. A fermenting tun 10 feet deep and S feet, square was 
filled with wort to a depth of 0 feet. After the fermentation had been carried on for 
about forty hours, the gas was found to be produced in sufficient quantity to supply 
the pump for the requisite time. The carbonic acid was conveyed by a gutta-percha 
pipe, and passed through two glass vessels surrounded by ice in order to condense 
the greater portion of vapours. In the succeeding experiment the total quantity of 
liquid so condensed was 300 grains, which having a specific gravity of * 9905 , was 
composed of 10 grains of alcohol and 200 grains of water. On analysing a portion 
of the gas during the experiment by passing it through a tube containing chloride of 
zinc, it was found to contain 0*733 gr. of water to 100 grs. of carbouic acid. 


Miirrcuv. 
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Table VIII. — Carbonic.* acid forced through a plug 1 of 382 £rs. of cotton wool. 
Mean barometric pressure 20*43 inches, equivalent to 14*30!) lbs. (iaugc under 
atinospberic pressure I .*» 1 . The pump was placed in connexion with the pipe 
immersed in carbonic acid at lO h 
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1 AiiLE IX. — Carbonic acid forced through a plug consisting of 1 91 grs. of cotton 
wool. Mean barometric pressure 29*0 inches, equivalent to 14*4/2 lbs. Gauge 
under atmospheric pressure 150*(>. Pump placed in connexion with the pipe 
immersed in carbonic acid at I ()*• S8 m . 


L 

2. 

Time «f 

ollM’l \a- 
lion. 

Volume per- 
centage of car- 
bonic acid. 

i 


equivalent tlicreto. 


Temperature of the; hath. 


j Indication of thermometer. 
■Teinpciature of the issuing gas. 


Cooling 
effect in 
Cent, 
degrees. 


i 

, 1 2:Vl l 

Hi H i | 

] x7*2.-> 


;»o 

1 

[ 


, 

r»:» | 

: 1J3-0 

lli 1*77) 

l S7*- r » 



1 J 

Hil *75 

1 S7*4.‘> 



>i)l\»s , i 2 : 1-0 

i 2 2-9 i -- .m»-i;i i<;i* 7 . r ) 

-4fil'7s- : ls ,| |fi2 ls7‘.”). r i j 

,.lS7*49 = lS-.5!>2 0*44 

r>!) 

1 2 M) 

i<;i-s 

l s7*r»r» 

1 

1 1 o 





l 

\ 2 H\ 

HiW.) 

] s7*5."> 



1 2 Mi 

Mil -«ir» 

ls7-»'. 


a 

1 2 Mi 

Hi 2*0 " 


7 

i 

Hi-2'0 

lss-1 


\) 

1 J 2‘S 

it; mi 

ISV! 


10 Sl-sti 




; 

1 J 

12 M 

■Hi 2*» 

lss-4 

i 

l.'» 

'-7‘»“i7 i . # h; 

; i ji-Gi — j(»*«is j n;>-i 

. it; 2-1 i .— is-*j 7 <; iss-4 

visv:?.'> = i s**;o!i o-3G7 

17 

1 M‘7 

iti m;» 

1 SS-4 


111 

i mm; 

Hi 

i NS-riT) 

! 

.mi 70 -r,^ 

1 M-7 

Hi. 1 - J 

h**7 


ji 

i m*:i 

ni j- .» 

h^m;.*, 

, 

.y» 

S 1’1"J 

Hi?* 2 

1xs "7 


In tin* above, as well a* 

in tin: next series, the carbonic arid contained 0\*lfi per cent 

of water. 
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Table X. — Experiment, in which carbonic acid was forced through a plug consisting 
of 5H0 grs. of silk. Mean barometric pressure 29\ r »(5, equivalent to 1 lbs. 

Gauge under atmospheric pressure 1.>0*S. Pump placed in connexion with the 
pipe immersed in carbonic acid at I2 h f»3 m . Quantity of gas forced through the 
plug about 717P cubic inches per minute. 


Time of Volume per- 
oltserva- i oentajj ;* 1 of oar- 
t it'ii- « bonir acid. 


l’rt'Nsure-iram'e, and 
pressure in lbs. on the 
square inch equivalent 
thereto. 


lndieatinn of thenuometer. 
Temperature of the bath. 


Indication of thenuometer. 1 

Trmp. ralmc of tl.i- ,u 

isMiimr eras. . 1 1 ’ 

• ,ili , grcos. 


45 

0 

55 * 5^1 



464-5 

44 

0 

55-5 



464-35 

46 

49 

0 

0 

55*5 ( 
55-5 f 

> 52*2 : 

ltlS. 

= 55-454 

464-4 

464-35 

50 

0 

55-5 | 



464-35 

55 

0 

55-5 J 



464-4 

54 


5*',. 0 



464-55 

57 


55*7 



464-65 

0 

95-5 P 

| 56 - 0 ^ 



464-3 

5 


56-0 



464-55 

7 


56-0 



464-5 

9 


56-0 



464-4 

10 

96-0 

> 94-85 

>► 55 - 9-2 

= 51-7 


11 


55-8 



464-6 

13 


55-6 



46 , 4-55 

17 


56-0 



464-5 

50 

93 - 03 ^ 

56-0 



464-4 

54 


55 - 5 S 



464-6 

55 

1 

55-7 



464-6 

27 

: 

56-1 



464-6 

30 

85-92 

56-0 

> 55-94 

= 51*68 

464-7 

35 


56-1 



464-8 

36 

! 

56-1 



464-8 

38 

1 

56 - 1 J 



464-9 


4 G 4 - 34 = 19*072 


464-47 = 10*077 


464-71 = 19-omn 


1 6 »•;( 
16 t-s 
IG.VO 
• 1 G 5-4 
U66-0 
: 166-3 
il66-s 
'i6;-:» 
:16h-9 
.169-1 
l6y-6 


1 85-53 = 1 8-323 0-749 


lG5-0 = lG-j>5G 


l67-s=lC-53S 


In the above experiment, as well as in those of the adjoining Tables, the sudden 
diminution of pressure on connecting the pump with the receiver containing carbonic 
acid, is in perfect accordance with the discovery by Professor Graham of the superior 
facility with which that gas may be transmitted through a porous body compared 
with an equal volume of atmospheric air. ' 







THERMAL EFFECTS OF FLUIDS IN MOTION. 


333 


Table XI. — Experiment in which carbonic acid was forced through a plug consist- 
ing of 740 grs. of sik. Mean barometric pressure 30*065, equivalent to 14723 lbs. 
on the inch. Gauge under atmospheric pressure 145*65. Pump placed in con- 
nexion with the pipe immersed in carbonic acid at 11 11 37'". Per-eentage of 
moisture in the carbonic acid O’ 15. 




1 line of » \ol ume per- ' . K, 1 ’ . . Jmlirnlinn of thermometer. 

, . / pre-wire m lbs. on t lie • I mheat ion of thermometer. . 

ohserva- , m.tai'p of ear- 1 1 . , . . , , 4 , • 1 emperatme of the 

. , ■ . , Mimire iiieh eriiu\alent 1 eMiperalure of the liatli. t • • 

lion. home acnl. 1 tlierelo 1 inning gas. 

i 

Cooling 
piled in 
( ’put. 
degrees. 

i. :n 

11 !2H 

35-5 

318*9 

117*9 i 


30 

35- 1 

318-95 

118-0 


3-2 

35-6 

, 318-95 

118-0 


34 

3.V2 

318-95 

117*9 


3fi 

i 3.V2 

318-95 

117*73 

i 

37 

. 3(1-0 

318-95 

117*5 

j 

i 

3S 

, 3<;-2 

318-95 

1152-0 

i 

i 

39 <);'»•:» 1 

j 3<i*ti 

. 

94-0 

i 

43 

: 3G-«J 

319*03 

83-95 

1 

i 

45 95-51 

370 


83-(i 

i 

47 

37’ 1 


' 83-0 i 

! 

50 9.V3P 

37-0 ' 

, 319*05' 

82-<; " 



53 

37-0 


82-4 



55 t). r » , 51 

37-0 

II... , 319-15 

! 8*2*35 



*>7 

f >*)5-51 37-0 

^37*0=75-3-24 

>319*1 7=1 **^44 1 8-2-3 

^s*2-i;-2= 7-974 

4*7 

12 0 1)5-5 1 

i 37’0 


i 8:2*7 

1 


.> i 

I 37’0 

, 319-3 

83-0 



5 ‘J5-5I 

i 37-o j 

J 

83-0 




In order to ascertain the cooling effect due to pure carbonic acid, we may at 
present neglect the effect due to the small quantity of watery vapour contained by 
the gas : and as the cooling effects observed in the various mixtures of atmospheric 
air ami carbonic acid appear nearly consistent with the hypothesis that the specific 
heats of the two elastic fluids arc for equal volumes equal to one another, and that 
each fluid experiences in the mixture the same absolute thermo-dynamic effect as if 
the other were removed, we may for the present take the following climate of the 
cooling effects due to pure carbonic acid, at the various temperatures and pressures 
employed, calculated bv means of this hypothesis from the observations in which 
the per-centage of carbonic acid was the greatest, and in fact so great, that a con- 
siderable error in the correction for the common air would scarcely affect the result 
to anv sensible extent. 
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We shall see immediately that tin* temperature of the hath makes a very consider- 
able alteration in the cooling etleet, and we therefore select the first, three results, 
obtained at nearly the same temperature, in order to indicate the effect of pressure. 
On referring to Chart No. Jt. it will be remarked that these three results range them- 
selves almost accurately in a straight line. Or, by looking to the numbers in the 
la^t column, we arrive at the same conclusion. 

Cool inn I-' /feet experienced hi/ I It/ deepen in passing through a porous Plug . 

Not having been able as yet to arrange the large apparatus so as to avoid danger 
in using this gas in it, we have contented ourselves for the present with obtaining a 
determination by the help of the smaller force-pump employed in our preliminary 
experiments. The hydrogen, after passing through a tube filled with fragments of 
caustic potash, was forced, at a pressure of (>S - 4 lbs. on the inch, through a piece of 
leather in contact with the bulb of a small thermometer, the latter being protected 
from the water of the bath by a piece of india-rubber tube. At a temperature of 
about Hi -3 Cent., a slight cooling effect was observed, which was found by repeated 
trials to be 0 ‘070. The pressure of the atmosphere being l-i‘7 lbs., it would appear 
that the cooling etleet experienced by this gas is only one-thirteenth of that observed 
with atmospheric air. We state this result with some reserve, on account of the 
imperfection of such experiments on a small scale, but there can be no doubt- that 
the effect of hydrogen is vastly inferior to that of atmospheric air. 

Influence of Tent pern fit re on the (.'noting Effect. 

Hy parsing steam through pipes plunged into the water of the bath, we were able 
to maintain it at a high temperature without any considerable variation. The passage 
of hot air ••peedily raised the temperature of the stem of the thermometer, as well as 
of the gla^s tube in which it was enclosed ; but nevertheless the precaution was taken 
of enclosing the whole in a tin vessel, by means of which water in constant circula- 
tion with the water of the bath was kept within one or two inches of the level of the 
mercury in the thermometer. The bath was completely covered with a wooden lid, 
and the water kept in constant and vigorous agitation by a proper stirrer. 
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l'ablb.XII. — E xperiment in which — Jst, air; 2nd, carbonic acid ; 3rd air dried by 
quicklime was forced through a plug consisting of 740 grs. of silk. Mean baro- 
metric pressure 30*015, equivalent to 14*08 lbs. on the inch, (iauge under the 
atmospheric pressure 150. Per-cent age of moisture in the carbonic acid 0*31. 
Pump placed iu connexion with the pipe immersed in carbonic acid at l l h 24'". 
Disconnected and attached to the quicklime cylinder at 12 h 22"'. 
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Although hot air laid been passed through the plug for half an hour before the 
readings in the preceding Table were obtained, it is probable that the numbers 1 *44*4 
and 1*399, representing the cooling effect of atmospheric air, are not so accurate as 
the value r'-OjO. Taking this latter figure for the effect of an excess of pressure of 
$9(il8— l 4*(5S — 7*4*938 lbs., we find a considerable decrease of cooling effect owing 
to elevation of temperature, for that pressure, at the low temperatures previously 
employed, is able to produce a cooling effect of l°-309. 

In order to obtain the effect of carbonic acid unmixed with atmospheric air, we 
shall, in accordance with the principle already adhered to, consider the thermal 
capacities of the gases to be equal for equal volumes. Then the cooling effect of the 

3*17- X 100- 1-05*2 X 4-49 . 

pure gas= -- 95 . 51 " =‘> ;,8b - 

Collecting these results, we have. — 


Triu pr ratun.* 
of hath. 

Excels of 
pressure. 

Cooling 

i-rfret. 

Cooling effect 
! minced to 1U0 lbs. 
pressure. 

Theoretical cooling 
effect for 100 lbs. 
pressure. 

12-si 4 1 

60-601 

5 049 

i 

i 

i 


i 

8-27 

l9-»7 7 : 


2-938 


7-HO 

8-07 

91-516 

74-038 

3-5s6 

i 

\ 

4-78 

4-96 


.V ote . — The numbers shown in the last column of the Table are calculated by the 
general expression given in our former paper* for the cooling effect, from an empirical 
formula for the pressure of carbonic acid, recently communicated by Mr. Hankink in 
a letter, from which the following is extracted. 

“ Glasgow, May [), ISJ4. 

" Annexed I send you formula; for carbonic aeid, in which the coefficient a has been 
determined .solely from Rkonault’s experiments on the increase of pressure at constant 
volume between 0° and 100° Cent. It gives most satisfactory results for expansion 
at constant pressure, compression at constant temperature, and also (I think) for 
cooling by free expansion” [i. e. the cooling effect in our experiments]. 


“ Carbonic Acid (ias. 

P pressure in pounds per square foot. 

V volume of one pound in cubic feet. 

P 0 one atmosphere. 

\ fJ theoretical volume, in the state of perfect pas, of one lb. at the pressure P 0 and 
the temperature of melting ice. 

P„ V 0 for carbonic acid 1/1 10 feet, log P 0 V 0 = 4*2334 023. 

(P f) V„ actually, at 0°, 17115.) 

dynam. spec, heat at constant pressure 300*7 feet; log K ; ,=2*47H1334. 

C absolute temperature of melting ice, 274° Cent. 

¥ Philosophical Transactions, June 
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“The absolute zeros of gaseous tension and of heat are supposed sensibly to coin- 
cide, i. e. * is supposed inappreciably small. 

“ Formula ? : 

PV T + C « V 0 , n 

P (( V 0 _ C “T + C V < ,J 

</=!<), log 0=0-2787536. 

“ Cooling by free expansion, supposing the perfect gas thermometer to give the 
trnc scale of absolute temperatures : 


PgV 0 rv 0 vj 

K,» ’TfC|v; V a j • 
Io S U K V ° a==2 ' 51 1 


■ • (2)' 


V V (v p C P 

liy substituting for ^ and ^ their approximate values J { , tt unt * n,v,; we 

V j V t 2 1 "(' L/ 1 q 1 T v_/ 1 y 

reduce it to 

K r (T-f C)- 

from which we have calculated the theoretical results for di He rent temperatures shown 
above, which agree remarkably well with those we have obtained from observation. 

The interpretation given above for the experimental results on mixtures of carbonic 
acid and air depends on the assumption (rendered probable as a very close approxi- 
mation to the truth, by Dalton’s law), that in a mixture each gas retains all its 

physical properties unchanged by the presence of the other. This assumption, how- 
ever. may be only approximately true, perhaps similar in accur acy to IIovlk’s and (jav- 
Lossac’s laws of compression and expansion by heat; and the theory of gases would 
be very much advanced by accurate comparative experiments on all the physical pro- 
perties of mixtures and of their components separately. Towards this object we have 
experimented on the thermal etlect of tin*, mutual interpenetration of carbonic acid 
and air. In one experiment we found that when 7500 cubic inches of carbonic acid 
at the atmospheric pressure were mixed with 1000 cubic inches of common air and 
a perfect mutual interpenetration had taken place, the temperature had fallen by 
about. *2" Cent. We intend to try more exact experiments on this subject. 

Th BO It RTI C A L 1 ) K 1)1 1 C.TION S. 

Suction I. On the Relation between the Heat centred and the Hind; spent in Compress- 
ing a (ias hep/ at constant tempera! are. 

This relation is not a relation of simple mechanical equivalence, as was sup- 
posed bv Mavkk'J- in his ‘ llemerk ungen uebn die Kriifte tier Unbclcbten Natur,’ 

* Obtained by usiiiir Mr. Uankink’s formula (i) in tin* uenenil expression for the rooliinc effect ijiven in our 
former paper, mid repeated below sis ecpiatimi (k>) of .Section V. 
f Amiideii of Wbiii.Fii and Ljkimc, May 18-1*2. 


M1HTCL1V. 
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in which he founded on it an attempt, to evaluate numerically the mechanical 
equivalent of the thermal unit. The heat evolved may be less than, equal to, or 
greater than the equivalent of the work spent, according as the work produces other 
effects in the lluid than heat, produces only heat, or is assisted by molecular forces 
in generating heat, and according to the quantity of heat, greater than, equal to, 
or less than tiiat held by the fluid in its primitive condition, which it must hold to 
keep itself at the same temperature when compressed. The tt priori assumption of 
equivalence, for the case of air, without some special reason from theory or experi- 
ment, is not less unwarrantable than for the case of any fluid whatever subjected to 
compression. Yet it may be demonstrated* that water below its temperature of 
maximum density F.viik.), instead of evolving any heat at all when com- 

pressed, actually absorbs heat, and at higher temperatures evolves heat in greater 
or less, but probably always very small, proportion to the equivalent of the 
work spent ; while air, as will be shown presently, evolves always, at least when kept 
at any temperature between 0° and lOO - ' Cent., somewhat more heat than the work 
spent in compressing it could alone create. The first, attempts to determine the 
relation in question, for the case of air, established nu approximate equivalence with- 
out deciding how close it might be, or the direction of the discrepance, if any. Thus 
experiments 44 On the Changes of Temperature produced by the Rarefaction and 
Condensation of Air*f*,” showed an approximate agreement between the heat evolved 
by compressing air into a strong copper vessel under water, and the heat generated 
by an equal expenditure of work in stirring a liquid ; and again, conversely, an 
approximate compensation of the cold of expansion when air in expanding spends all 
its work in stirring its own mass by rushing through the narrow passage of a slightly 
opened stopcock. Again, theory J, without any doubtful hypothesis, showed from 
Rkg.n ault’s observations on the pressure and latent heat of steam, that unless the 
density of saturated steam differs very much from what it would be if following the 
gaseous laws of expansion and compression, the heat evolved by the compression of 
air must be sensibly less than the equivalent of the work spent when the temperature 
is as low as 0° Cent., and very considerably greater than that equivalent when the 
temperature is above 40 3 or Mr. Kankine is, so far as we know, the only other 

writer who independently admitted the necessity of experiment on the subject, and 
he was probably not aware of the experiments which had been made in IS 14 , on the 
rarefaction and condensation of air, when he remarked that “the value of* is 


* Dynamical Theory of Heat, § G’i, equation (6.), Trans. Roy. Soc. Edink. vol. xvi. ]>. 2!>0; or Phil. Mag. 
vol. iv. Scries 4. p. 425. 

t Communicated to the Koval Society, June 20, 1844, and published in the Philosophical Magazine, May 1845. 
J Appendix to “ Account of Carnot's Theory/' Roy. Soc. Edinburgh, April 30, 1849, Transactions, vol. xvi. 
j). 568; confirmed in the Dynamical Theory, § 22, Transactions lloy. Soc. Edinb. March 17, 1851; and 
Phil. Mag. vol. iv. Series 4. p. 20. 

§ Mechanical Action of Heat, Section II. (10.), communicated to the Roy. Soc Edinb. Feb. 4, 1850, 
Transactions, vol. xx. p. 166. 
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unknown; and as yet no experimental data exist by which it can be determined” 
(* denoting in his expressions a quantity the vanishing of which for any gas would 
involve the equivalence in question). In further observing that probably * is small 
in comparison with the reciprocal of the coefficient of expansion. Mr. Rankins 
virtually adopted the equivalence as probably approximate ; but in his article “On 
the Thermic Phenomena of Currents of Elastic Fluids*,” he took the first opportunity 
of testing it closely, afforded by our preliminary experiments on the thermal effects 
of air escaping through narrow passages. 

We arc now able to give much more precise answers to the question regarding 
the heat of compression, and to others which rise from it, than those preliminary 
experiments enabled ns to do. Thus if K denote the specific heat under constant 
pressure, of air or any other gas, issuing from the plug in the experiments described 
above, the quantity of heat that would have to he supplied, per pound of the fluid 
passing, to make, the issuing stream have the temperature of the bath, would be Kd, or 

v (I* 11 *) 

where m is equal to *26° for air and Mf»° for carbonic acid, since we found that the 
cooling effect was simply proportional to the difference of pressure in each case, and 
was -0176° per pound per square inch, or '2(> per atmosphere, for air, and about times 
as much for carbonic acid. This shows precisely how much the heat, of friction in the 
plug falls short of compensating the cold of expansion. But the heat of friction is the 
thermal equivalent, of all the work done actually in the narrow passages by the air 
expanding as it flows through. Now this, in the cases of air and carbonic acid, is 
really not as much as the whole work of expansion, on account of the deviation from 
Boyle's law to which these gases are subject; but it exceeds the whole work of 
expansion in the case of hydrogen which presents a contrary deviation ; since P'V\ 
the work which a pound of air must do to escape against the atmospheric pressure, 
is, for the two former gases, rather greater, and for hydrogen rather less, than PV, 
which is the work done on it in pushing it through the. spiral up to the plug. In 
any case, w denoting the whole work of expansion, w — (PV' — PV) will be the work 
actually spent in friction within the plug ; and 

j { ic — ( P V' — PV) } 

will be the quantity of heat into which it is converted, a quantity which, in the cases 
of air and carbonic acid, falls short by 

.. P-P 

IVWi J| * 


of compensating the cold of expansion. If therefore II denote the quantity of heat 

♦ Mechanical Action of Heat, Subsection 4, communicated to the Roy. Soc. Edinb. Jan. 4, 1853, Transac- 
tions, vol. xx. p. 580. 


2 x 2 
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that would exactly compensate the cold of expansion, or which amounts to the same, 
t he quantity of heat that would be evolved by compressing a pound of the gas from 
the volume V to the volume V, when kept at a constant temperature, we have 

1 { «— ( l v V' - PV) } = 1 1 - - > 


whence 


11= £+{ - jd'V’— PV)+K;„tJ?}. 


Now, from the results derived by Rkux.u'lt from his experiments on the compressi- 
bility of air, of carbonic acid, and of hydrogen, at three or four degrees above the 
freezing-point, we find, approximately, 


p'V'_ 1>V ,.P-1V 

1»V •' ' 11 ’ 


where f— *00082 lor air, 

f— •()()(> ! for. carbonic acid, 
and f— — *0004:1 for hydrogen. 

No doubt the deviations from Boyle's law will be somewhat different at the higher 
temperature (about 15 3 or 10° (.’ent.) of the bath in our experiments, probably a little 
smaller for air and carbonic acid, and possibly greater for hydrogen ; but the pre- 
ceding formula may express them accurately enough for the rough estimate which 
we are now attempting. 

We have, therefore, for air or carbonic acid, 

PVAP-I* , PV/JKim jAP-I" 

ii- j+( K '"— j ;-rr-=.i+T (. pv • ) -if • 

The values of JK and PV for the three gases in the circumstances of the experiments 
are as follow : — 

For atmospheric air JK = I 390 x *238 =331 
For carbonic acid JK=l390x *- 1 7 =301 
For hydrogen . . JK= 1390x3*4046=4732 

and for atmospheric air, at l o' 1 Cent. PV = 262*24 ( I + 15 X *00366) = 27663 
for carbonic acid, at 10 Cent. PVf= I71»4(l + 10 x *00366)= 1 77^2 
for hydrogen . . at 1 0° Cent. PV=378960( I + 1 0 X *00367) = 393000. 

Hence we have, for air and carbonic acid, 

T , w , PV V-V 

where > denotes *0024 for air, and *013 for carbonic acid; showing (since these 
values of/, are positive) that in the case of each of these gases, more heat is evolved 
in compressing it than the equivalent of the work spent (a conclusion that would hold 
for hydrogen even if no cooling effect, or a heating effect less than a certain limit, 
were observed for it in our form of experiment). To find the proportion which this 
excess bears to the whole heat evolved, or to the thermal equivalent of the work spent 
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in the compression, we may use the expression 


M)=PV log 

as approximately equal to the mechanical value of either of those energies ; and we 
thus find for the proportionate excess, 

H- J w . P-I* P-P' 

, — =a — ,, = 0()24 ,i for air, 

f w niog-p H log p 


or 


= •(113 


P' 
P- P' 


LI los 


p for carbonic acid. 


]>' 


'Phis equation shows in what proportion tin; heat evolved exceeds the equivalent of 
the work spent in any particular ease, of compression of either gas. Thus for a very 
small compression from 1*'=1I, the atmospheric pressure, we have 

log log (Vi T, “ 11 ) = P 7i 11 u Pl )rox i ,u ately, 


and therefore 


II- 1 // 

— =*0021 for air. 


.1 


//* 


or =oi:t for carbonic acid. 

Therefore, when slightly compressed from the ordinary atmospheric pressure, and 
kept at a temperature of about (50 ’Fahh., common air evolves more heat by and 


carbonic acid more bv than the amount mechanically equivalent to the work of 

"it ‘ 

compression. For considerable compressions from the atmospheric pressure, the pro 
portionatc excesses of the heat evolved are greater than these values, in the ratio ol 
the Napierian logarithm of the number of times the pressure is increased, to ibis 
number diminished by I. Thus, if either gas he compressed Irom the standard state 
to double density, the heal evolved exceeds the thermal equivalent of the work spent, 

by „-* )0 in the ease of air, and by ^ in the ease, oi carbonic acid. 

As regards these two gases, it, appears that the observed cooling effect was chiefly 
due to an actual preponderance of the mechanical equivalent, of the heat required to 
compensate the cold of expansion over the work of expansion, but that rather more 
than one-fourth of it in the ease of air, and about, one-third ot it in the case of 
carbonic acid, depended on a portion of the work of expansion going to do the 
extra work spent by the gas in issuing against the atmospheric pressure above that 
gained by it in being sent into the plug. On the. other hand, in the case of hydrogen, 
in such an experiment as we have performed, there would be a heating effect, it the 
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work of expansion were precisely equal to the mechanical equivalent of the cold of 
expansion, since not only the whole work of expansion, but also the excess of the 
work done in forcing the gas in above that performed by it in escaping, is spoilt in 
friction in the plug. Since we have observed actually a cooling etlect, it follows that 
the heat absorbed in expansion must exceed the equivalent of the work of expansion, 
enough to over-eoiupensate the whole heat of friction mechanically equivalent, as 
this is. to the work of expansion together with the extra work of sending the gas 
into the plug above that which it does in escaping. In the actual experiment* we 
found a cooling effect of *07t>\ with a difference of pressures, 1*— 1*', equal to 53*7 lbs. 
per square inch, or 3*7 atmospheres. Now the mechanical value of the specific heat 
of a pound of hydrogen is, according to the result stated above. 4732 foot-pounds, 
and hence the mechanical value of the heat that would compensate the observed 
cooling effect per pound of hydrogen passing is 3(50 foot-pounds. But, according to 
Kegnaults experiments on the compression of hydrogen, quoted above, we have 

PV — l y V=PVx *00043- "jj* approximately ; 

and as the temperature was about 10° in our experiment, we have, as stated above, 
PV =303000. 

Hence, for the case of the experiment in which the difference of pressures was 3*7 
atmospheres, or 

P-I y ..... 


we have PV— l y V'=G25 ; 

that is, G25 foot-pounds more of work, per pound of hydrogen, is spent in sending the 
hydrogen into the plug at 4'7 atmospheres of pressure, than would be gained in 
allowing it to escape at the same temperature against the atmospheric pressure. 
Hence the heat required to compensate the cold of expansion, is generated by friction 
from (1) the actual work of expansion, together with (2) the extra work of 025 foot- 
pounds per pound of gas, and (3) the amount equivalent to 3G0 foot-pounds which 
would have to be communicated from without to do away with the residual cooling 
effect observed. Its mechanical equivalent therefore exceeds the work of expansion 

by 985 foot-pounds ; which is of its own amount, since the work of expansion in 

the circumstances is approximately 393000 x log4’7=608000 foot-pounds. Con- 
versely, the heat evolved by the compression of hydrogen at 10° Cent., from 1 to 4*7 

atmospheres, exceeds by the work spent. The corresponding excess in the case 


* From the single experiment we have made on hydrogen we cannot conclude that at other pressures a 
cooling effect proportional to the difference of pressures would be observed, and therefore wc confine the com- 
parison of the three gases to the particular pressure used in the hydrogen experiment. It should be remarked 
too, that wc feel little confidence in the value assigned to the thermal effect for the case observed in the expe- 
riment on hydrogen, and only consider it established that it is a cooling effect, and very small. 
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of atmospheric air, according to the result obtained above, is an ^ * n t ^ ,c case °f 

carbonic acid - • 

32 

It is important to observe how much less close is the compensation in carbonic 
acid than in either of the other gases, and it appears probable that the more a gas 
deviates from the gaseous laws, or the more it approaches the condition of a vapour 
at saturation, the wider will be the discrepancy. We hope, with it view to investi- 
gating further the physical properties of gases, to extend our method of experiment- 
ing to steam (which will probably present a large cooling effect), and perhaps to 
some other vapours. 

In Mr. Joui.p/h original experiment* to test the relation between heat evolved and 
work spent in the compression of air, without an independent determination of the 
mechanical equivalent of the thermal unit, air was allowed to expand through the 
aperture of an open stopcock from one copper vessel into another previously exhausted 
by an air-pump, and the whole external thermal effect on the metal of the vessels, and 
a mass of water below which they are kept, was examined. We may now estimate the 
actual amount of that external thermal effect, which observation only showed to be 
insensibly small. In the first place it is to be remarked, that, however the equi- 
librium of pressure and temperature is established between the two air vessels, pro- 
vided only no appreciable amount of work is emitted in sound, the same quantity of 
heat must be absorbed from the copper and water to reduce them to their primitive 
temperature; and that this quantity, as was shown above, is equal to 


PV 


P— V' 27000 x •002 1 P-P' P- P' 

X 


0-4 (> 


-j X-002-lX ,, — , ,j, (> ✓s j| — ,, 

In the actual experiments the exhausted vessel was equal in capacity to the charged 
vessel, and the latter contained *13 of a pound of air under 21 atmospheres of pressure, 

at the commencement. Ilencc 1* =;,- 1*, and 


P-P' 
II 


= !()•;» 


and the quantity of heat required from without to compensate the total internal 
cooling effect must have been 

*0-4 (»X 10 5 X‘ 13 = 003. 

This amount, of heat, taken from U»\ lbs. of water, 28 lbs. of copper, and 7 lbs. of 
tinned iron, as in the actual experiment, would produce a lowering of temperature 
of only *003° Cent. We need not therefore wonder that no sensible external thermal 
effect was the result of the experiment when the two copper vessels and the pipe 
connecting them were kept under water, stirred about through the whole space 

* The second experiment mentioned in the abstract published in the Proceedings of the Koyal Society, June 
20 , 1844, and described in the Philosophical Magazine, May 1845, p. 377. 
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surrounding them, and that similar experiments, more recently made by M. Rkgnault, 
should have led only to the same negative conclusion 

If, on the other hand, the air were neither allowed to take in heat from nor to part 
with heat to the surrounding matter in any part of the apparatus, it would experience 
a resultant cooling effect (after arriving at a state of uniformity of temperature as 
well as pressure) to he calculated by dividing the preceding expression for the quantity 
of heat which would he required to compensate it, by * 17 , the specific heat of air 
under constant pressure. The cooling effect on the air itself therefore amounts to 

p_ p» * 

0°-27X Tr >* 

which is ecpial to 2"'S, for air expanding, as in Mr. Joule's experiment, from 21 atmo- 
spheres to half that pressure, and is 1)00 times as great as the thermometric efiect 
when spread over the water and copper of the apparatus. Hence our present system, 
in which the thermometric efiect on the air itself is directly observed, affords a test 
hundreds of times more sensitive than the method first adopted by Mr. Joule, and 
no doubt also than that recently practised by M. Rkgnault, in which the dimensions 
of the various parts of the apparatus (although not yet published) must have been on 
a corresponding scale, or in somewhat similar proportions, to those used formerly by 
Mr. Joule. 


Section II. On the Density of Saturated Steam. 

The relation between the heat evolved and the work spent, approximately 
established by the air-experiments communicated to the Royal Society in 181-1, was 
subjected to an independent indirect test by an application of Carnot’s theory, with 
values of “Carnot's function” which had been calculated from Reu.nault’s data as 
to the pressure and latent heat of steam, and the assumption (in want of experimental 
data), that the density varies according to the gaseous laws. The verification thus 
obtained was very striking, showing an exact agreement with the relation of equiva- 
lence at a temperature a little above that, of observation, and an agreement with the 
actual experimental results quite within the limits of the errors of observation; but 
a very wide discrepancy from equivalence for other temperatures. The following 
Table is extracted from the Appendix to the “Account of Carnot’s Theory” in which 
the theoretical comparison was first made, to facilitate a comparison with what 
we now .know' to be the true circumstances of the case. 


■ 1 1 i'- worthy of remark that this, the expression for the cooling effect experienced by a mass of atmospheric 
lir expanding from a bulk in which its pressure is P to a hulk in which, at the same (or very nearly the same) 
temperature its pre-Mire i> 1*', and spending all its work of expansion in friction among its own particles, agrees 

P — P f 

very closely with the expre^ion, "20 x - — , for the cooling effect in the somewhat different circumstance* 

if our experiments. 
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“ Table of the Values of * (1_ j^=[W]. 


“ Work requisite In 
produce a unit of heat 
by the compression 
of a gas 

J./00 ■+■ E0 _ [W]. 

K 

! 

“ Temperature 
of the gas 
t. 

“ Work requisite to 
produce a unit of heat 
liy the compression 
of a gas 

MO — [W] 

** Temperature 
of the gas 
/. 

ft. lbs. 


ft. lbs. 


1357-1 

o ! 

1440*4 

120 

136S-7 

10 1 

1455*8 

130 

1379-0 

20 

1 405*3 

140 

1388-0 

30 

1475*8 

150 

1395-7 

40 

1489-2 

100 

1401-8 

50 

1499*0 

170 

1 40C-7 

0 0 

151 1*3 

180 

1412-0 

70 

1523*5 

190 

1417-0 

80 ! 

1530*5 

200 

1424-0 

90 

1 550*2 

210 

14S0-C 

100 

1504*0 

220 

1 438-2 

110 

1577*8 

230” 


We now know, from the experiments described above in the present paper, that the 
numbers in the first, column, and we may conclude with almost equal certainty, that 
the numbers iti the third also, ought to be each very nearly the mechanical equivalent 
of the thermal unit. This having' been ascertained to be 1300 (for the thermal unit 
Centigrade) by the experiments on the friction of lluids and solids, communicated to 
the Royal Society in IS ID, and the work having been found above to fall short of the 

equivalent of heat produced, by about ^ at the temperature of the air-experiments at 

present communicated, and by somewhat less at such a higher temperature as 30°, 
we may infer that the agreement of the tabulated theoretical result, with the fact, is 
perfect at about 30 ’ Cent. Or, neglecting the small discrepance by which the work 
truly required falls short of the equivalent, of heat produced, we may conclude that 

the true value of 1 for all temperatures is about 1300; and hence that if [ W] 

denote the numbers shown for it in the preceding table, the true value of Carnot s 
function, and [p J the value tabulated for any temperature in the “ Account of 
Carnot's Theory,” we must have, to a very close degree of approximation, 

. l.MJO 

f^LHx jtvj- 

Rut if [<r] denote the formerly assumed specific gravity of saturated steam, /> its pressure, 
and X its latent heat per pound of matter, and if § be the mass (in pounds) of water in a 
cubic foot, the expression from which the tabulated values of Qa] were calculated is 

1 -[<r] 1 tip, 

1-P-l ~ ? |>] xvr 

while the true expression for Carnot's function in terms of properties of steam is 

1 — (T 1 tip 
g<r A dt' 

2 Y 


MDCCCLIV. 
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Hence 


y [<r | 1 —<r 

l>. ] ~ <r ' i — |>] ’ 


or, approximately, since a anti [<r~| are small tractions, 

/*• _r cr i_ 

do * ' 


We have, therefore. 


- _[W1. 

[o-] - 1.3!>0' 


and we infer that the densities of saturated steam in reality beat the same propor- 
tions to the densities assumed, according to the gaseous laws, as the numbers shown 
for (litre rent temperatures in the preceding Table bear to I3!)0. Thus we sec that 
the assumed density must have been verv nearly correct, about Cent., but that 
the true density increases much more at the high temperatures and pressures than 
according to the gaseous laws, and consequently that steam appears to deviate from 
Hoyle's law in the same direction as carbonic acid, but to a much greater amount, 
which in fact it must do unless its coefficient of expansion is very much less, instead 
of being, as it probably is, somewhat greater than for air. Also, we infer that the 

specific gravity of steam at 100" Cent., instead of being only jjjjy as was assumed. 

or about y=^y as it is generally supposed to be, must be as great as Without 

using the preceding Table, we may determine the absolute density of saturated steam 
by means of a formula obtained as follows. Since we have seen the true value of W 
is nearly we must have, very approximately, 

1.500 K 
! Jj — 1 + K t ’ 

and hence, according to the preceding expression for //. in terms of the properties of 
steam, 

1 — 7 , i i r-i\ 1 

- f<r -1.3‘JOK n + L/) X dt' 

or. within the degree of approximation to which we are going (omitting as we do 

fractions such as of the quantity evaluated), 

( 1 4 Kt) dp 

Z a — 1.WOK.X dt * 

an equation by which c<r, the mass of a cubic foot, of steam in fraction of a pound, or r, 
its specific gravity (the value of * being G3’H87), may be calculated from observations 
such as those of Regxault on steam. Thus, using Mr. Rankine’s empirical formula 
for the pressure which represents M. Rkgnaults observations correctly at all tem- 
peratures, and \I. Regnault’s own formula for the latent heat; and taking E=r—L, 


we have 


.27 .3 + / p ( (274-G +"/")* + (274-fH- <) :i ) X * 4342945 _ 

1 .500 (GOG-5 + b : .505 1 ) — (f + ‘ 600021“ + 0000003 Z 3 ) J 
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with the following equations for calculating p anti the terms involving /3 and y ; 

lo g,.p=«- 


1 + 274*6 ( 274 - 6 + 0 2 

«==4'950433+log )0 21 14=8*275538 
log 10 (3=3*I851091, 
loffio 7=50827 1 76. 

The densities of saturated steam calculated for any temperatures, either by means 
of this formula, or by the expression given above, with the assistance of the Table of 
values of [W], are the same as those which, in corresponding on the subject in 1848, 
wc found would be required to reconcile Rkgnaijlt’s actual observations on steam 
with the results of air-experiments which wc then contemplated undertaking, should 
they turn out, as we now find they do, to confirm the relation which the air- 
experiments of 1814 had approximately established. They should agree Avith results 
whi di Clausius * gave as a consequence of his extension of Carnot’s principle to the 
dynamical theory of heat, and his assumption of Maykii’s hypothesis. 


Suction III. Evaluation of Carnot’s Function. 

The importance of this object, not only for calculating the efficiency of steam- 
engines and air-engines, but for advancing the theory of heat and thermo-electricity, 
was ;i principal reason inducing us to undertake the present investigation. Our pre- 
liminary experiments, demonstrating that the cooling effect, which we discovered in 
all of them was very slight for a considerable variety of temperatures (from about 

O' lo 77 Cent.), were sufficient to show, as wc have seen in §§ 1. and II., that ^ 1 ' 

must be very nearly equal to the mechanical equivalent of the thermal unit : and 
therefore we have 

•T . , . 

fjj~~ j approximately, 

- t f 

E 

or, taking for K the standard coefficient of expansion of atmospheric air, 003GCa, 


tjj- 


J 


2/2‘Sj | / 

At the commencement of our first communication to the Royal Society on the 
subject, we proposed to deduce more precise values for this function by means of the 

CClUcltlOIl 

J_JK5— ifV'— I*V) nr. 
fx dir 


where 


iv — | pdv . 

J V 


dt 


* PoucKNDOHFF’b Annulcti, April and May 1850. 
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v, v, V' denote, with reference to air at the temperature of the bath, respectively, the 
volumes occupied by a pound under any pressure />, under a pressure, P, equal to that 
with which the air enters the plug, and under a pressure, P\ with which the air escapes 
from the plug; and JK.& is the mechanical equivalent of the amount of heat per 
pound of air passing that would be required to compensate the observed cooling 

effect 15. The direct use of this equation for determining requires, besides our own 

" v- 

results, information as to compressibility and expansion which is as yet but very 
insufficiently afforded by direct experiments, and is consequently very unsatisfactory, 
so much so that we shall only give an outline, without details, of two plans we have 
followed, and mention the results. First, it may be remarked that, approximately, 

w=(l +E/)H log p-, > and =E1I log p > 

II being the “ height of the homogeneous atmosphere,” or the product of the pressure 
into the volume of a pound of air, at 0 ° (’ent. ; of which the value is feet. 

Hence, if E denote a certain mean coefficient, of expansion suitable to the circum- 
stances of each individual experiment, it is easily seen that -^7 maybe put under the 


form jj+f, and thus we have 

J 1 . , , JKS-(P'V'-PV) 

" — E+^+ —\i ~ » 

' KHlogp 

since the numerator of the fraction constituting the last term is so small, that the ap- 
proximate value may be used for the denominator. The first term of the second 
member may easily be determined analytically in general terms; but as it has refer- 
ence to the rate of expansion at the particular temperature of the experiment, and 
not to the mean expansion from 0 ° to 100 °, which alone has been investigated by 
Reonault and others who have made sufficiently accurate experiments, we have not 
data for determining its values for the particular cases of the experiments. We may, 
however, failing more precise data, consider the expansion of air as uniform from 
0 ° to 100 ”, for any pressure within the limits of the experiments (four or five atmo- 
spheres) ; because it is so for air at the atmospheric density by the hypothesis of the 
air-thermometer, and Reonault’ s comparisons of air-thermometers in different con- 
ditions show for all, whether on the constant- volume or constant-pressure principle, 
with density or pressure from one-lmlf to double the standard density or pressure, 
a very close agreement with the standard air-thermometer. On this assumption 
then, when we take into account Reonault’ s observations regarding the effect of 
variations of density on the coefficient of increase of pressure, we find that a suitable 

mean coefficient E for the circumstances of the preceding formula for - is expressed, 

r 
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to a sufficient degree of approximation, by the equation 

E= -0030534+'—— 

m„ s L 

Also, by using Reunault’s experimental results on compressibility of air as if they 
had been made, not at 4 0, 75, but at 16° Cent., we have estimated P'Y' — PV for the 
numerator of the last term of the preceding expression. We have thus obtained 

estimates for the value of from eight of our experiments (not corresponding exactly 

to the arrangement in seven scries given above), which, with the various items of the 

o 

correction in the ease of each experiment, are shown in the following Table. 


No. nO\- 
perimi-nt. 

Ihcssure of 
siir forced 
into the plug. 

llaro metric 
pressure. 

Excess. 

Cooling 

effect. 

Correct i« m 
by ronling 
effect. 

Correction by 
reciprocal 
roellicicnt of 
expansion. 

| Correction 
| by com- 
i prc'isibiliiy 

; (»“•»- 
1 1 railed). 

Valm- of J 

divided b\ 

function for 
Iff’ Cent. 


1\ 

1". 

p-r. 

t . 

JKr- 

1 1 

1 |>. V '_rv 

J 






I'll lug 1 ’. 

Oil/ 

E li’ 

•Kll log— . 
i •*' 

/^lO 

I. 

‘30-013 

14-777 

n- uii) 

0-105 

1-031 

0-174 

’ 0-200 

289-4 

11. 

21-282 

] 1-526 

, 0-956 

0-100 

0043 ' 

0-1 C»S 

i 

i 28 •)■» 

III. 

| 55-822 

11-504 

1 21-518 

0*373 

1*431 

0*5 1 0 

1 0-412 

! 2 * 9-97 

IV. 

o 

1 14-6<| 2 

1 lS-(il8 

0-3« 4 

1-553 

0-470 

! 0-572 

i 2fl0-0(>5 

V. 

55-441 

1 14-610 

i 10-851 

0-740 

J-SJV3 

0-033 

j 0-480 

i 2*9*705 

VI. 

55*171 

1 11-571 

58*900 

o*r»7ii 

1-HM 

0 -svi 

1 0-475 

! 289-59 

VII. 

79-46 1 

I 14-!)55 

64-509 

1*110 

3*373 

1-370 

! 0-592 

j 2 * 9-69 

VIII. 

7V!)<>7 

, 1 4-7*5 

<>5-1 82 

1-14.3 

5-300 

i-:57(i 

, 0-581) 

j 289-73 

1 

1 


1 

1 


i 

j 

i Mc:in ... 

; '3S0"liH 

i 


In consequence of the approximate equality of - to ^ + 1, its value must be, within 


a very minute fraction, less by 10 at O than at 1G"*; and, from the mean result of the 
preceding 'Fable, we therefore deduce 273-G8 as the value of * at the freezing-point. 

The correction thus obtained on the approximate estimate |, + /— 272*85 + /, for ^ 
at temperatures not much above the freezing-point, is an augmentation of ’83. 

For calculating the unknown terms in the expression for we have also used 
Mr. Hankink’s formula for the pressure of air, which is as follows : — 

where C=2/4*G, log 10 «=*3I /GIGS, log,,, /<=3*818154G, 


11 = 


2<J22 i 
1 — a \ ~h ' 


and, v being the volume of a pound of air when at the temperature t and under the 
pressure p, g denotes the mass in pounds of a cubic foot at the standard atmospheric 
pressure of 29*9218 iuches of mercury. The value of p according to this equation, 
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when substituted in the general expression for gives 

fA, 


;=c+/+ 




, i» 

p) 


From this we find, with the data of the eight experiments just quoted, the following 
values for - at the temperature 1C>' Cent., 

280*014, 280*008, 288*840, 280*112, 288*787. 288*7--, 288*505, 288*550, the 

O 

mean of whieh is 288*82, 

giving a correction of only *08 to he subtracted from the previous approximate 
1 , , 

estimate y+f. 

It should be observed that Carnot's function varies only with the temperature ; and 
therefore if such an expression as the preceding, derived from Mr. Rankink's formula, 
be correct, the cooling effect, b, must vary with the pressure and temperature in such 
a way as to ret I uce the complex fraction, constituting the second term, to either a con- 
stant or a function of t. Now at the temperature of our experiments, b is very approxi- 
mately proportional simply to P — P\ and therefore all the terms involving the pressure 
in the numerator ought to be either linear or logarithmic ; and the linear tcrms-should 

p 

balance one another so as to leave only terms which, when divided by log p, become 

independent of the pressures. This condition is not fulfilled by the actual expression, 
but the calculated results agree with one another as closely as could be expected from 
a formula obtained with such insufficient experimental data as Mr. Ranktxk had 
for investigating the empirical forms which his theory left undetermined. We shall 
see in Section V. below, that simpler forms represent Rkunaclt's data within their 
limits of error of observation, and at the same time may be reduced to consistency 
in the present application. 

As yet we have no data regarding the cooling effect, of sufficient accuracy for 
attempting an independent evaluation of Carnot’s function for other temperatures. 
In the following section, however, we propose a new system of thermometry, the 
adoption of which will quite alter the form in which such a problem as that of 
evaluating Carnot’s function for any temperature presents itself. 


Section IV. On an absolute Thermometric Scale founded on the Mechanical Action 

of l feat. 

In a communication to the Cambridge Philosophical Society* six years ago, it 

* “ On an Absolute Thermometric .Scale founded on Carnot's Theory of the Motive Power of Heat, and 
calculated from Ukon observations on Steam,” by Prof. W. Thomson, Proceedings Camb. Phil. Soc. 
•tune 5, 1848, or Philosophical Magazine, Oct. 1848. 
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was pointed out that any system of thermometry, founded cither on equal additions 
of heat, or equal expansions, or equal augmentations of pressure, must depend on the 
particular thcrmomctric substance chosen, since the specific heats, the expansions, 
and the elasticities of substances vary, and, so far as we know, not proportionally 
with absolute rigour for any two substances. Even the air-thennometer does not 
afford a perfect standard, unless the precise constitution and physical state of the 
gas used (the density, for a pressure-thermometer, or the pressure, for an expansion- 
thermometer) be prescribed ; but the very close agreement which Reunault found 
between different air- and gas-thermometers removes, for all practical purposes, the 
inconvenient narrowness of the restriction to atmospheric air kept permanently at 
its standard density, imposed on the thermoinctric substance in laying down a rigorous 
definition of temperature. It appears then that the standard of practical thermo- 
metry consists essentially in the reference to a certain numerically expressible quality 
of a particular substance. In the communication alluded to, the question, “ Is 
there any principle, on which an absolute thcrmomctric scale can be founded ?” was 
answered by showing that Carnot’s function (derivable from the properties of any 
substance whatever, but the same for all bodies at the same temperature), or any 
arbitrary function of Carnot’s function, may be defined as temperature, and is there- 
fore the foundation of an absolute system of thermometry. We may now adopt this 
suggestion with great advantage, since we have found that Carnot’s function varies 
very nearly in the inverse ratio of what has been called “temperature from the zero 
of the air- thermometer,” that is, Centigrade, temperature by the air-thermometer 
increased by tin* ree'proeal of the coefficient of expansion ; and we may define tem- 
perature simply as the reciprocal of Carnot’s function. When wc take into account, 
what has been prove* I regarding the mechanical action of heat*, and consider what 
is meant by Carnot’s function, we see that the following explicit definition may be 
substituted 

If mi if suhsfanieirhatever , subjected, to a p'lfei tip reversible ci/cle of operations, tubes 
in heat onh/ in a localifu hep/ at a uniform temperature, and emits heat null/ in another 
locality hep/ at a uniform temperature, the temperatun ■s of these localities are propor- 
tional to the i/uan/ities of heat /alien in or emitted at them in a complete ct/vle of the 
operations. 

To fix on a unit or degree, for the numerical measurement of temperature, we may 
either call some definite temperature, such as that of" melting ice, unity, or any number 
wc please; or we may choose two definite temperatures, such as that of melting ice 
and that of saturated vapour of water under the pressure *J!) tf2IK inches of mercury 
in the latitude la", and call the difference of these temperatures any number we 
please, 100 for instance. The latter assumption is the only one that can be made 
conveniently in the present, state of science, on account, of the necessity of retaining 
a connexion with practical thermometry as hitherto practised ; but. the former is far 

* Dynamical Theory of Heat, §§ 42, 43. 
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preferable in the abstract, and must be adopted ultimately. In the mean time it 
becomes a question, what is the temperature of melting' ice, if the difference between 
it and the standard boiling-point be called 100°? When this question is answered 
within a tenth of a degree or so, it may be convenient to alter the foundation on 
which the degree is defined, by assuming the temperature of melting ice to agree with 
that which lias been found in terms of the old degree ; and then to make it an object 
of further experimental research, to determine by what minute fraction the range from 
freezing to the present standard boiling-point exceeds or falls short of 100. The 
experimental data at present available do not enable us to assign the temperature of 
melting ice, according to the new scale, to perfect certainty within less than two- or 
three-tenths of a degree ; but we shall see that its value is probably about 2 “3’/, 

agreeing with the value of — at 0° found by the first method in Section III. From the 

A* 


very close approximation to equality between - ami which our experiments 


have established, we may be sure that temperature from the freezing-point by the 
new system must agree to a very minute fraction of a degree with Centigrade tempe- 
rature between the two prescribed points of agreement, 0° and 100°, and we may 
consider it as highly probable that there will also be a very close agreement through 
a wide range on each side of these limits. It becomes of course an object of the 
greatest importance, when the new system is adopted, to compare it with the old 
standard: and this is in fact, what is substituted for the problem, the evaluation of 
Carnot s function, now that. it. is proposed to call the reciprocal of Carnot’s function, 
temperature. In the next Section we shall see by what kind of examination of the 
physical properties of air this is to be done, and investigate an empirical formula 
expressing them consistently with all the experimental data as yet to be had, so far 
as we know’. The following Table, showing the indications of the constant- volume 
and constant-pressure air-thermometer in comparison for every tw’enty degrees of 
the new’ scale, from the freezing-point to 300° above it, has been calculated from the 
formula.* (0), (10), and (30) of Section V. below. 
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Comparison of Air-therrnoiifcter with Absolute Scale. 


Temperature by 
absolute scale in 
Cent, degrees 
from the freezing- 
point. 

/- 2737. 

Temperature Ccnti- 
tigrade by coiustant- 
volume thermometer 
with air of specific 
«I» 

gravity — . 

v 

. Pt -to 

Temperature Centi- 
grade by constant- 
pressure air-thermo- 
meter 

e.,70.7 

5_100 - 7 . 

9— 101) ' - - 

P&73‘7 ~ P‘272'7 

v 37 :v7~" v 273-7 

6 

n 

0 

0 

0 

20 

20 + *029Sx- 

20 + *0404 x || 

40 

40 \ -0403 „ 

40 + -0477 „ 

60 

60 + *03(16 „ 

60 +*0467 „ 

80 

SO + *0223 „ 

SO + *0277 „ 

100 

100 f- ‘004)0 „ 

100 +*0000 „ 

120 

120 — *02S4 „ 

120 — *033‘) „ 

110 ' 

1 140— *06 15 

140 — *11721 „ 

160 

16(1 --0«)S3 „ 

160 *1134 „ 

ISO 

1 IsO — *13S2 „ 

ISO -*1571 „ 

200 

! 200 — * 1 75)6 „ 

200— *20 IS 

220 

: 220 -*2232 „ 

220 - *24 7 S ,, 

210 

1 2UI *2663 „ 

240 * 211:12 „ 

26 0 

, 26(1 .*31.11 

260 — *3420 „ 

2s0 

i 2sil — *3610 ., 

2S0 — *3s'.»7 

300 

! 300 • 10s.) „ 

300 *4377 •• 


The standard defined hy IIkunaui.t is that of t he constant-volume air-thermometer, 
with air at. the density which it has when at the freezing-point under the pressure of 
"(JO mm. or inches of mercury > and its indications are shown in comparison 

with the absolute scale hy taking - = 1 in the second column of the preceding Table. 

The greatest discrepance between O’ and 100° Cent, amounts to less than ._, l 0 th of a 
degree, and the discrepance at 3(Mf J Cent, is only four-tenths. The discrepancies of 
the constant -pressure air-thermometer, when the pressure is equal to the standard 

atmospheric pressure, or ^ — I , are somewhat greater, but still very small. 


Suction V. l*/n/sieal Properties of .-Hr c v pressed according to the absolute Thermo- 

th/mtmie settle of 'Tern perut arc. 

All the physical properties of a lluid of given constitution are completely fixed 
when its density and temperature are specified ; and as it is these qualities which 
we can most, conveniently regard as being immediately adjustable in any arbitrary 
manner, we shall generally consider them as the independent \ a r tables in formula; 
expressing the pressure, the specific heats, and other properties of the particular lluid 
in any physical condition. 

Let r be the volume (in cubic feet ) of a unit mass (one pound) of the fluid, and t 
its absolute temperature ; and let p be its pressure in the condition defined by these, 
elements. 

MDCCCLI V. ‘2 Z 




354 


MR. J. P. JOULE AND PROFESSOR THOMSON ON THE 


Let also e be the mechanical energy*" of the fluid, reckoned from some assumed 
standard or zero state, that is, the sum of the mechanical value of the heat commu- 
nicated to it, anti of the work spent on it, to raise it from that zero state lo the 
condition defined by (r,/); and let N and K be its specific beats with constant 
volume, and with constant pressure, respectively. Then denoting, as before, the 
mechanical equivalent of the thermal unit by J, and the value of Carnot’s function 


(1) 

( 2 ) 


bv 


we 

have-)' 


rlr 

J 

dp 




dr~ 

> 

\it ~ 

~P 

• • 

• 

N= 

1 

= J 

dr 

iii 

• 

• • 

• 






dp 


1 

dr 

1 / 

•it \ 

dt 

K= 

= J 

dl + 

j( 

j- + n 

dp 






dr 


From these we deduce, by eliminating c, 
K-N = lU) 


and 


rfX, 

dr' 


• —It 

dc 

\p ill 
ill 


) 


1 dp 

J ill 


('») 


(•'*) 


equations which express two general theorems regarding the specific heats of any 
fluid whatever, first publi>hed;|; in the Transactions of the lloyal Society of Edinburgh, 
March 1851. The former (1/ is the extension of a theorem on the specific heats of 
gases originally given by (.vknoT'N, while the latter (5) is inconsistent with one of his 
fundamental assumptions, and expresses in fact the opposed axiom of the Dynamical 
Theory. The use of the absolute thermo-dynamic system of thermometry [imposed 
in Section IV., according to which the definition of temperature, is 

.1 


/=' 

.«■ 

simplifies these equations, and they become 

f fill 


<«) 


JK-.JNW 


lit: 


(D 


ill, 


ill 


■ Dvrtuniic.'il Theory of Heat, Purl. V. — On the Quantities of Mechanical Energy contained in a Fluid in 
eiff-n lit .'states as to Temperature sfnd Dcu-ity, § «VJ Tr.m^. Hoy. Hoc. Edin., Dec. Id, 1.S51. 
t lied. $§ *9, 91. J Ibid. $§ 47, 48. 

*; '• Account of Cauxoi’* Theory,” Appendix III. Trans. Roy. Hoc. Edin., April 30, 1849, p. 5(io. 
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To compare with the absolute scale the indications of a thermometer in which the 
particular lluid (which may be any gas, or even liquid) referred to in the notation p, v, t, 
is used as the thermoinetrie substance, let p, } and p l0 „ denote the pressures which it has 
when at the freezing and boiling points respectively, and kept in constant volume, v, 
and let v 0 and t;, 00 denote the volumes which it occupies under the same pressure, p, at 
those temperatures. Then if 6 and & denote its thermoinetrie indications when used 
as a constant-volume and as a constant-pressure thermometer respectively, we have 


6 = 100 -^-^- 
1 j \w~~Pq 


( 9 ) 


£> = 100 


7 > — V . 


t) 


'loo — 7 ’(> 


( 10 ) 


Let also e denote the “coefficient of increase of elasticity with temperature*,” and 
e the coefficient of expansion at constant, pressure, when the gas is in the state defined 
by (r, /); and let K and K denote the mean values of the same coefficients between 
0° and 100° Cent. Then we have 

c 


(ID 


•*/> 

■if 


( 12 ) 


i • /' » /'n 

loo/#,, 


/ ’ * i 1 » * ' 1 '» 


( 13 ) 

( 1 * 1 ) 


Lastly, the general expression for quoted in .Section II. from our paper of last 

\ear, leads to the following expression for «i>:> cooling ellcet on the tluid when forced 
through a porous plug as in our air experiments : 

®=.ik!I (,:>l 

t « ' -* 

(p,r) (I’’, V) (1\ A"), as explained above, having reference to the tluid in difiereilt 
states of density , bin always at. the same temperature, /, as that with which it enters 
the plug. 

From these equations, it appears that if// he fully gi\ en in terms of r and absolute 
values of / for any fluid, the various properties denoted by 

Jlv — .IN, (/ ‘ , il d, .. Vj. If, undo, 

may all be determined for it in every condition. ( 'onversely, experimental invc*tiga- 

* So calh'il by Mr. ItvxhiM--. Tin: .-an..- ob mint i" t-albt! by M. ltn.vui.r tin- cot-ilif-ii-nt of limitation of 
ii gas fit constant vulunv. 
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tions of these properties may he made to contribute, along with direct measurements 
of the pressure for various particular conditions of the pressure, towards completing 
the determination of the function which expresses this element in terms of r and /. 
But it must he remarked, that even complete observations determining the pressure 
for every given state of the fluid, could give no information ns to the values of t on 
the absolute scale, although they might afford data enough for fully expressing p in 
terms of the volume and the temperature with reference to some particular substance 
used thcriuometrieally. On the other hand, observations on the specific heats of the 
fluid, or on the thermal effects it experiences in escaping through narrow passages, 
may lead to a knowledge of the absolute temperature, /, of the fluid when in some 
known condition, or to the expression of p in terms of r, and absolute values of / ; 
and accordingly the formula? (7b (8), and (15) contain ; explicitly, each of them in 
fact essentially involving ( ’arxoi’s function. As for actual observations on the specific 
heats of air, none which have yet been published appear to do more than illustrate the 
theory, by confirming (as Mr. Joclk’s. and the more precise results mori i.cci.tly 
published by M. Regxault, do), within the limits of their accuracy, the value for 
the specific heat of air under constant pressure which we calculated* from the 
ratio of the specific heats , determined according to La peace’s theory by observations 
on the velocity of sound, and the difference of the specific heats determined by ( ' \ knot's 
theorem with the value of Carnot’s function estimated from Mr. Joule's original 
experiments on the changes of temperature produced by the rarefaction and conden- 
sation of aii-{~, and established to a closer degree of accuracy by our preliminary expe- 
riments on expansion through a resisting solid;};. It ought also to be remarked, that, 
the specific heats of air can only be applied to the evaluation of absolute temperature 
with a knowledge of the mechanical equivalent of the thermal unit; and therefore 
it is probable that, even when sufficiently accurate direct determinations of the specific 
heats are obtained, they may be useful rather for a correction or verification of the 
mechanical equivalent, than for the thermometric object. On the other hand, a 
comparatively very rough approximation to JK, the mechanical value of the specific 
heat of a pound of the fluid, will be quite sufficient to render our experiments on the 
cooling effects available for expressing with much accuracy, by means of the formula 
( 15), a thermo-dynamic relation between absolute temperature and the mechanical 
properties of the fluid at two different temperatures. 

Let us now assume 


/'=;{ A ^+A(*»)+^T i + $ jSr+&c.} 


as an empirical formula, where A is a constant and <p, ,(».»), &c. are functions of 

the volume to be determined by comparisons with experimental results. In doiug so 


* Philosophical Transaction*. March 185*2, p. 82. 

r Royal Society Proceeding*, June 20, 1844; or Phil. Mag., May 1845. 


J Ibid. Dec. 1850. 
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wc adopt the form to which Mr. Rankine was led by his theory of molecular vortices, 
and which he has used with so much success for the expression of the pressure of 
saturated steam and the mechanical properties of gases ; with this difference, that the 
series we assume proceeds in descending powers of the absolute thermo-dynamic 
temperature, while Mr. Rankine’s involves similarly the temperature according to 
what lie calls "the scale of the perfect gas-thermometer.” 

Now any variable part of <p„(v), anti the whole series of terms following it, must 
correspond to deviations from the gaseous laws, since the general expression of these 
laws would be simply pv=Af-j-li, if A and 13 be constant. Hence for atmospheric 
air any variable part that ,(e) can have, and all the terms following it in the series, 
must be very small fractions of pv. We shall see immediately that the various devia- 
tions from the gaseous laws which have been established by experiment, as well as 
the cooling effects which we have observed, are all such as to be represented by ex- 
pr< ssions derived from the preceding formula, if the variable part of and the 

whole functions f,(e), p a (r), &e. be taken each of them simply proportional to the 
density directly, or to the volume (r) of a pound inversely. We may then, to avoid 
unnecessary complications, at once assume 

/^=A/+13+((J+y + < 7 j) f J.- (17) 

where A, II, <’, 1) and (» are all constants to be determined by the comparison with 
experimental results, and *1* denotes a particular volume corresponding to a standard 
state of density, which it will be convenient to take as I2‘3S7 cubic feet, the volume of 
a pound when under the atmospheric pressure* II (--^- 2 J 17 lbs. per square foot) ot 
*2!)'1)2JH inches of mercury in latitude ■l.V’. The series is stopped at tin* fifth term, 
because we have not at present experimental data for determining the coefficients for 
more. The experimental data which we have, and find available, are (I) the results 
of Kkonaui.t's observations on the coefficients of expansion at different constant den- 
sities. (2) tin: results of his observations on the compressibility, at a temperature* ol 
t° 7a (’cut., and (3) our own experimental results now communicated to the Royal 
.Society. 'These are expressed within their limits of accuracy (at least, for pressures of 
from one to five or six atmospheres, such as our experiments have as yet been con 
lined to), by the following equations: — 


!<;— -OtMiOa -f- 


■ooonui /<!> 


(T-)* 


<i> 

K=*0036;>:ti:t+'00(M)i i:>7:> p 
l’-P' .... 


I*V — P'V'=MX)S1(53 jj - PV, at temperature l' ,- 7o Cent., 

1»_P' 

&=**2G , at temperature 17 ' ('cut. 
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Now, by the empirical formula (17). with equations (13) and (15), neglecting 
squares and products of the small quantities (\ 1), (J, we liiul 

iuo(ai„+b t (C+JgjSjv} 

= .U; t B - 1U0 1 .V( u+ U>{a/„ | b( C +/;+^)+ I) G ;-/,4 l(Xl) +G (r; - ^Tloiir i )}» 


. I»V-1'V\ _ 

\ ‘* V 




,W ra+ B + (C + ^ + ^- 
_ A/„+B / n (I\/P i»\ 


*^475+^ 


From the last, and the equation of condition (‘20), we find 


H--0 


“A ( “ 7 ' 


Again, by equations (21) and t Is) similarly used, we have 


VM h = '0U3U53I3 (2H) 


«( c '■+■ t:; + / r -y + +1 ihj)+ € ^ C i~" (/„ + f i iki,0 } = * w- • (-’!>) 


l; o A/. -Jl. A/ 


From 120) and (2S), we have 


=oo:H).'»:}I3 


•oid 273 72 

That i-. from the thermodynamic experimental result (20), and the experimental result 
i 1h; characteristic of the difference of temperature which we choose to call 100 from 
the lrei zing-point upwards, showing the effect on the pressure of air, we have determined 
the absolute thermo-dynamie temperature of the freezing-point. The result agrees 
within one-twentieth of a degree with that which we obtained in Section If. by the 
fiist plan, in which the same data as regards the increase of pressure of air from to 
' 4- lot/' were used, but taken into account on different and apparently less satisfac- 
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tory principles. From (22) and its equation of condition (19) we derive only a single 
equation among the constants, which is as follows : — 

( c +£+£)= 008,,i3 (31 > 

Another equation besides the three, (27), (29), and (31), is required to determine 
the four remaining unknown constants, A, C, D, G ; and is afforded by a determina- 
tion of the density of air, which has been most accurately given by Regnault, who 
finds that the weight of 26224 cubic feet of air at constant temperature 0° Cent, and 
constant atmospheric pressure, in lat. 4f»°, amounts to the same as the pressure per 
square foot, a result which is expressed by the equation 

11 4> =26224. 

Here II denotes the value of p in the empirical formula (17), which corresponds to 

l=f„, (the absolute temperature of the freezing-point,) and e=4>. Hence we have 
the equation 

Af 0 + R + G + 26224 (32) 

f V 'if 

Tailing 26224, II, (the “ height, of the homogeneous atmosphere”) for brevity, and 
denoting the true value of Af„ by $), which must be very nearly equal to II, we may 
simplify the treatment of the four equations by taking the approximate value II for 
A/.„ in three of them, (27), (29), (Ml ), without losing accuracy, and we may after- 
wards use (.42) to determine the exact value ol'J). Accordingly (and to avoid subse- 
quent confusion of algebraic signs in the numerical results) it is convenient to 
assume 

|)=£vk G=— (33) 

Then, taking everywhere 15=0 as we have found it. we have, instead of (92), (27), 
(29). (91) respectively, 

$(,_»+£_ cm) 


.» ' 5 ' 3 _ L _ ' ' 1 *••»<) 

/ 7 -i i;+ /„■! <:>•- ii ’ * 


.-too \ , . / too 1 

loo«-( /( +l- /() , , 00 J/' • v /,; ~ r '„ 


. (99) 


j .)-/=HMt/ 1| X’«DD(n 1974 • (96) 


■ ('" 7 7> ) X 00S169. 

/„ I" I’l •> (M- t’/.M" \ /„ / 


Reducing to numbers the coellieients of a, rJ, 7, and the other terms, by using the 
value 27972 found above (90) for f „ ; 1990 for .1 ; and '29S for K according to the 
observations and theoretical conclusion regarding the absolute value ot the specific 
heat of air under constant pressure, published in Notes to Mr. Joule’s paper on the 



MR. J. 1*. JOULE AND PROFESSOR THOMSON ON THE 


Air-Engine, since confirmed by Urunaults observations ; we have three simple 
equations for determining t he three unknown quantities, «, y ; and then a single 
simple equation (.’*4) for determining J). By solving these, we find 

« = 001*281 1 "1 
3= 1*3918 

S (38) 

7=353*30 ( 

$=36347*9 J 

Using these and (33) in (17), 've have 

y ,r=H{/- (o«. a «. . 

an empirical formula which represents the pressure of air, in terms of its temperature 
on the absolute thermo-dynamic scale and its density, consistently with IIeonaclt’s 
observations on the increase of pressure from 0° to 100° Cent, and on the compres- 
sibility at 4 *75 Cent., and consistently with our own on the thermal effects of air at 
the temperature 17^ Cent., forced with various pressures through a porous body. 

It also agrees perfectly with Regn.vui.t's observations on the expansion of air under 
constant pressure. 

The only other observations on the variations of pressure and density available for 
testing the formula, are Heonaixts comparisons of different air-thermometers. The 
Table at the end of Section IV., which has been calculated from our empirical 
formula (39), shows, in its second and third columns, the indications to be expected 
of constant-volume and of constant-pressure air-thermometers in terms of tempe- 
rature on the absolute thermo-dynamic scale; and the differences between the 
numbers show the discrepancies to be expected between different, air-thermometers 
themselves. These discrepancies, although considerably greater than have been 
observed by Kkunailt on thermometers with air at different, densities or pressures 
of from half to double those of the standard, appear to be within, or scarcely to exceed, 
the limits of errors of observation. If further examination of this subject proves that 
there h in realitv a closer agreement between air-thermometers than shown in the 
'fable, it will be necessary to introduce another equation of condition to reconcile 
them, and to determine another constant in the general empirical formula for />. At 
present however we do not think it necessary to take up this question, as we hope 
soon to have much more; extensive experimental data on the cooling effects, with 
more \aried pressures and at different temperatures ; which should both show whether 
any other functions of the density than that of simple proportionality will be required, 
and enable us to determine other terms of the series in descending powers of t, and 
will so give us probably a much more exact empirical formula for air than all the 
data at present available enable us to obtain. 

We have also calculated formula: for the specific heats of air under constant pres- 
sure and constant volume, by which the variations of these elements with the tempo- 



THERMAL EFFECTS OF FLUIDS IN MOTION. 


361 


rat u re aiul density are determined. Should they turn out to be inconsistent with 
tacts, other equations of condition will have to be introduced and other constants of 
the empirical formula determined, to do away with the discrepancies ; but probably 
no experiments have yet been made of sufficient accuracy to test them. 

The following' expressions are derived from the general equations (/ ) and (8) for 
the mechanical values of the specific heats of a fluid, by substituting for p the parti- 
cular expressions for the case of air afforded by the empirical formula (39), and inte 
grating the second of the two results with reference to v : — 

J(K-N)=?+S(*_f + 2r)2 (40) 

JN=jja+52(=£+f?)f, («) 

in the second of which, J 10 denotes the value of JN when w=oo . Using a similar 
notation Jit with reference to the specific heat of air at constant pressure, we have 
from these two equations, 

Jte=Jia+7 (42) 


or with fj t instead of — , 

Jit V 


JK=J*+2S(«-¥ + £)f; (43) 


JK=Jfe+^(«-T+ 5 ,i)n (■'•>) 

1C i fc 

Lastly, denoting the ratio of the specific heats, by Zr, and the particular value, j^> 

corresponding to the ease of extreme dilatation, by k, we have, to the same degree ot 
approximation as the other expressions, 


2Hf (r>-.U J-y) 


/. - 311 (•> — K)P •>AI7 / d r,\ 

/t=fe+j N ^«— — P - J V (4.1) 

In the Notes to Mr. Joule’s paper on the Air-Engine*, it was shown that it Mayer’s 
hypothesis be true we must have approximately, 

K=“23/4 and N=*ll>84, 

because observations on the velocity of sound, with Laplace’s theory, demonstrate that 

£=1*410 

within of its own value. Now the experiments at present communicated to the 

Royal Society prove a very remarkable approximation to the truth in that hypothesis 
(see above, Section I.), and we may therefore use these values as very close approxi- 
mations to the specific heats of air. The experiments on the friction of fluids am! solids 


MDCCCL1V. 


* Philosophical Transactions, March 1852, p. 82. 

3 a 
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made for the purpose of determining the mechanical value of heat*, give for J the value 
1390 ; and we therefore have JN=234* 1 with sutlicient aeeuracy for use in calculating 
small terms. Calculating accordingly, with this for .IN, and with the value 1*4 1 lor k, 

^ <J) ^ 

the coefficient of in (45), we find, 


for 


<f> 


f=273*7 (temperature 0° Cent.), A*=ft+*00126X t " 


<l> 


and for f =293*7 (temperature 20° Cent.), A=ft + *00076 X“ 


. . . (46) 


Now according to Ukonault we have, for dry air at the freezing-point, in the 
latitude of Paris, 

11=26215; 


and since the force of gravity at Paris, with reference to a foot as the unit of space 
and a second as the unit of time, is 324813, it follows that the velocity of sound in 
dry air at 0° Cent, would be, according to Newton’s unmodified theory, 

y / 262 1 5"x 32* 1 813 =918*49, 
or in reality, according to Laplace's theory, 

Sk.y / 262 1 5 X 32* 18 1 3. 

But according to Bkavais and Martins it is in reality 

1090*5, which requires that A*= 1*4096, 
or according to Moll and Van Beck 

1090*1, which requires that k— 1*4086. 

The mean of these \ alue.s of k is 1*4091. If this he the true value of k for 0° Cent. 

( fj) V 

-=1 1, the correction shown in (46) above would give 


ft= 1*40/84 ; 

or if it he the true value of k for air of the standard density, and the temperature 20' 
Cent., the correction will give 

b= 1-40834. 


Which of these hypotheses is most near the truth, might possibly he ascertained by 
reference to the original observations on the velocity of sound from which the pre- 
ceding results reduced to the temperature 0° were obtained, but as the actual tempo 
ratures of the air must in all probability have been between 0° and 20° Cent., without 
going into the details of the calculations by which the reductions to 0° have been 
made, we may feel confident that ft cannot differ much from either of the two pre- 
ceding estimates, and we may take their mean, 

ft= 1*4081, (47) 

as probably a very close approximation to the truth. Now we have seen above that 


* Philosophical Transactions, 1849. 
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ft — 26247‘i), and since / 0 =273’7, we have, by (42), 

Jft— JJ0=95 S 9OO3. . , 


(48) 


From this, and the preceding value of k ^or we have 

JJ0 =134*99211 

Jfit=330*8924 J 


(49) 


Using these, and the values of «, /3, and y obtained above, in the preceding expres- 
sions (40), (II), (45) and (44), and calculating for every 20° of temperature from 
0° Cent, to 300°, we obtain the results shown in the following Table ; the assumptions 



(50) 


being made merely for convenience in exhibiting the formulae and mode of calcula- 
tion along with the results. 


Table of the Specific Heats of Air. 


Tempera- 
ture* from 
frrezing- 
poiut, 

/— / 0 . 

i. 

II. 



in. 


IV. 

llitfereiicc of mechanical 
tallies of specific heals, 

/ 0 0 

Mechanical value of specific 
heat at constant volume, 

jn- jja+y-. 

v 

Ratio of specific heats, 

Mechanical value of specific 
heal at constant pressure, 

o 

0 

95-9003 | I-OOsOx* 

234-9921 ( 1*7376 X? 

1*40M +*001262 x 

<I> 

330-8924 + 2-7457 X J - 


V 


V 



V 

JI 

20 

9->*9»03 •: -7306 „ 

234*9921 +l*3-|s6 

» 

M0H 

+ *000759 


330-8924 + 1-9376 „ 

40 

95-9003 + -o:j i t „ 

231*9921 + 1*0591 

?? 

1-lOSi 

1- *000404 


330-8934 -t 1-3880 „ 

60 

95*9003 i- *38(52 

231-9921 f -K40H 

»? 

1* 108 1 

*000177 


330-8924+1-00(54 „ 

SO 

95*9003 f *279- » 

sa-Hwm 4 - -67:n 


1-10814 *000014 


330-8924 + *73(59 „ 

100 

95*9003 4- *199 * 

231-9921 + *54211 


1*4081 

- *000098 


330-8924 + *5435 „ 

1 20 | 

'95*9003+ *139(1 „ 

f -4401 

?> 

1-4081 

*000173 


330-8924+ -4030 „ 

1 to 

95*9003 | -09 H „ 

231-9921+ -35K7 


1*4081 

— ‘000*225 


330-8924+ -2997 „ 

160 

95*9003 -|- *060 1 „ , 

231-9921 |- *2934 


MOM 

- *000256 

n 

330-8924-1 -2331 „ 

ISO j 

95*9003+ -0345 ,, 

s?3 4-JWxM+ -241s? 

1? 

1-40S1 

*000375 

^ j 

330-8924+ -1(563 „ 

uoo 

[95*9003+ 0141 „ 

234-9921+ -1977 


1*4081 

— •000285 

yi 

330-8924+ -1223 „ 


195*9003 -0010 „ 

231-9921+ *1625 

u 

1*1081 

— *000388 


330-8924 + *0895 „ 

aio 

95-9003 *0125 „ 

^l*[)!) n } -133 1 

• I 

1*4081 

— *000286 


330-8924 f -0644 „ 

‘260 

95*9003 *0211 „ 

i»34-Jl!»21 f -10'J4 

’J 

1*4081 

-•00038 2 


i 330 892 1 f- -0453 „ 

UtfO 

95*9003— -0275 „ 

s!3*l-»i^l+ -Oh 93 

JJ 

1*1081 

— •000274 

?> i 

330-8924+ -030(5 

:son 

95-9003- -0322 „ 

'>3 1-9921 +. *07*26 

J? 

M0S1 

— -000263 

n 

330-S924+ -01951 „ 


The mean 
rat u re from 
those limits, 


value of .IK for air at constant pressure />, and for the range of te.mpc- 
/' to t obtained by integiating equation (41) with reference to t between 
and dividing by t — is 




/' . 
u ’ 


and this divided by .T expresses the element actually observed in experiments such as 


3 a 2 
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have hitherto been made on the specific heat of air at constant pressure. The theo- 
retical results, according to this expression and to the determination 1390 for J, arc 
as follow for several particular cases : — 



Mean specific heat of 

Mean specific heat of 

Range of temperature. 

air at atmospheric 

air at five times the 


pressure. 

atmospheric pressure. 

Cent, degrees. 



0 to 100 

•2390 

•2428 

0 to 300 

•2384 

•2396 


The comparison of these results with sufficiently accurate direct experiments on 
the specific heat of air at the atmospheric pressure, might lead to a correction on the 
value 1390 found for J by direct experiments on the generation of heat by friction ; 
but it must depend on the evidence afforded by accounts of the experimental details, 
whether tht value of the mechanical equivalent of the thermal unit is to be corrected 
from them, or whether we may assume the preceding results as nearer the truth than 
the results which they indicate. No such evidence, nor any demonstrating whether 
or not the influence of change of pressure is such as shown in the preceding 'fables, 
has as yet been published. 









INDEX 


TO THE 

PHILOSOPHICAL TRANSACTIONS 

FOR THE YEAR 1854. 


A. 

Acid, nitrotoluylic, products of decomposition of, 43. 

Acids , osmose of, 225. 

Air, physical properties of, expressed according to the thermo-dynamic scale, 353; table of 
specific heats of, 303. 

Alkalies, osmose of, 225. 

Atmosphere , effect of pressure of, on the mean level of the ocean, 285. 

B. 


Bakerun Lecture, 177. 

Booth (Llev. Researches on the Geometrical Properties of Elliptic Integrals, 53. 

C. 

Cayley (A.). An Introductory Memoir on Qualities, 245. 

Crystals, musical tones in, produced by heat, 7. 

D. 

Donkin (\V. J\). On a Class of Differential Equations, including those which occur in Dyna- 
mical Problems. — Part 1., 71. 


Elliptic integrals, geometrical properties of, 53. Quadrature of the logarithmic ellipse and 
logarithmic hyperbola, 54. On the rectification of the lemniscatcs, 61. On the hyper- 
bolic Icnmiscatcs, 65. 

Embryo , body and head of, produced from definite portions of yelk, 240. Axis of, correspondent 
with primary yelk-cleft, 241. 



366 


INDEX 


Engines, Thermo-dynamic, theory of, Ii>7. 

Equations, differential, occurring in dynamical problems, 71 ; examples of, 1)(>. On the equations 
of rotatory motion, 105. 

Excrements, organic chemical constituents of, in Man and animals, ; excretinc, a constituent 
of, :2(>T ; effects of alimentation on, :3GS ; margaric acid in, 527*2; colouring matter in, 5273 ; 
excretoleie acid in, 5275 ; of canmornus animals, ;27l>; of herbivorous animals, 5271); of 
gr.um or ous animals, 5281 ; differences in, .‘2S;2. 

Excretine, a constituent of human fares, 5207 ; sulphur contained in, 5207-5270 ; probable forma- 
tion, 52GS ; not a constituent of animal faeces, 52852. 

Excretoleie acid, 275. 


F. 

Fluids in motion, thermal effects of, 321. 


G. 

Graham (Thomas}. On Osmotic Force, ITT. 


II. 

H as>vll (A. II.). On the frequent occurrence of Indigo in Human Urine, and on its Chemical, 
Physiological, and Pathological Relations, 297. 

Heat , geometrical representation of expansive action of, 115; isothermal curves, and curves of no 
transmission of, Ilfi; mechanical equivalent of, 119-1 4*1; general equation of expansive 
action, 123 ; curves of free expansion, 130 ; relation between temperature and actual heat, 147. 
Ileat , mechanical action of, thcrmometric scale founded on, 350. 

IlnoKK'a 'J. !)■)• the Function* and Structure of the Rnstcllum of Listera acuta , 259. 


I. 


Ifffl/jr'j, in urine, ‘-*07 ; its relation 
carbon from the **\Mem, 307. 


with h&einatin and urine-pigment, 305; an elimination of 


J. 

Joi'T.i. 4. P. and Thomson (\VA On the Thermal Kflects of Fluids in Motion, 32 1 ; variations 
in cooling effect, 32 i ; rau-e* of ihic tuatioii of temperature, 323 ; experiments in tubes plugged 
with cotton wool, 3:25 ; with plug of silk, •'Ml ; cooling effects on carbonic acid, 329 ; on 
hydrogrn, 331 ; inlluence of temperature, on cooling effect, 335; relation between the heal 
evolved and work spent in compressing a gas, 337 ; density of saturated steam, 311; evalu- 
ation of Carnots function, 31 S ; absolute thermometric scale founded on the mechanical 
action of heat, 350; phvdcal properties of air according to the absolute thermo-dynamic 
scale, 353 ; table of specific heats of air, 3G3. 


L. 

Lemniscatr.s , on the rectification of, Cl. 

Liqftf, theory of vibrations of, J 1 ; harmonic resonance of, 13; determinations of component and 
secondary waves of, 20 ; elucidation of optical laws, 33. 

Listera orata % functions and structure of the rostellurn of, 259. 



INDEX* 


367 


M. 

Marcet (W.). An Account of the Organic Chemical Constituents or Immediate Principles of 
the Excrements of Man and Animals in the Healthy State, 2G5. 

Metals , musical tones in, produced by heat, 4. 


N. 

Newport (G.). Researches on the Impregnation of the Ovum in the Amphibia; and on the 
Early Stages of Development of the Embryo, 229. 

Nitrotoluytic acid, products of the decomposition of, 43; nitrotoluylamide, 44; action of reducing 
agents on, 40; toluyl-urea, 48; carbo-toluylic acid, 50. 

Noad (II. M.). On some of the Products of the Decomposition of Nitrotoluylic Acid, 43. 


O. 

Osmometer , description of, 185. 

Osmose , phenomena of, ITS. 

Osmotic Jbrce, definition of, ITT; osmose, how produced, 1*18; not an effect of capillarity, 180; 
evidence of chemical activity, 183 ; electrical endosmosc, 184; description of osmometer, 185; 
osmose in membrane and in earthenware compared, 1ST; effects with different acids, 191 ; 
tables of experiments with aljohol, 191*; osmose of sugar, 195; of sulphate of magnesia, 199; 
of chloride of sodium, 5201 ; of chlorides of barium and calcium, £01; of potassium and sodium, 
£05 ; of carbonate of potash, 20G ; of sulphates of potash and soda, ‘ill; of oxalate of potash, 
Jfce., 21 3; of barium, strontium, &c.,£l5; of acetate of alumina, £IT; of magnesian chlorides, 
2 1 9 ; of nitrate of lead, 1 ; of various metals, 222; of nitrate of uranium, 223 ; solutions of 
mercury, ££3 ; opposite results with arid and alkaline salts, 225; unosmotic salts, 22G ; osmose 
in living membrane, 227. 

Ovum, impregnation of, in the Amphibia, 220 ; method of obsenation, £30; penetration of yolk by 
spermatozoa demonstrated, £3£; appearances of the yelk alter lecundation, £31; production 
of the body and head of tin* embryo, £10; primary cleft correspondent with axis of future 
embryo, £11 : power of spermatozoon to influence direction of primary cleft, 2 12. 


Pollock (Sir K.). On certain Properties of square numbers and other quadratic forms, with a 
Table of odd numbers from ! to 191, divided into 1*, 3 or 2 square* numbers, the algebraic 
sum of who>e roots (positive or negative) may equal 1, by means of which 'Fable all the odd 
numbers up to 9503 may be resolved into not exceeding 1 square numbers, 311. 

Power (J.). Theory of the Reciprocal Action between the Solar Kays and the diflerent Media 
l j v which they are reflected, refracted, or absorbed ; in the course ol which various optical 
law s aiv elucidated and explained, 1 1. 


Q. 


Quant tes , definition of, £15; examples of, £17 ; 


the covariants of, .£50. 


R. 

Rankink (\Y. J. M.). On the Geometrical Representation of the Expansive Action of Heat, and 
the Theory of Thermo-dynamic Engines, 1 15. 



368 


INDEX. 


Ross (Capt. Sir J. C.). Oil the E fleet of the Pressure of the Atmosphere on the Mean Level of 
the Ocean, 285. 

Rotatory motion, equations of, 105. 

S. 

Solar rays , reciprocal action of. 1 1 ; ris viva, different phenomena and definition of, 12; greatest 
in the incident wave, 13; equations for the determination of, 15; statical equivalent of re- 
flected and refracted rays, IS; demonstration that transmitted solar rays arc accompanied by 
a diminution of the refractive index, 25 ; effect of absorption antagonistic to chromatic disper- 
sion, 32 ; explanation of rotatory phenomena of polarization, 35. 

Spermatozoon , method for observing its penetration of ovum, 230; proofs of penetration, 232; 
influence of, in the direction of the primary yelk-cleft, 242. 

Square numbers, certain properties of, 311. 

Steam, saturated, on the density of, 314. 


T. 

Thermo-dynamic engines, theory and efficiency of, 137 ; efficiency between given limits of actual 
heat, 139; of the use of the economiser or regenerator, 140; advantage of a regenerator, 143; 
of temperature, and mechanical hypothesis of molecular vortices, 140; relation between tem- 
perature and actual heat, 147; numerical computation of efficiency, 149; a heterogeneous 
mass or aggregate in vapour-engines, 154; absolute maximum efficiency of vapour-engines, 
103. 

Toluyl-urea, 48. 

Tyndall (J.). On the Vibrations and Tones produced by the Contact of Bodies having 
different Temperatures, 1 ; different views concerning, 2; the rocker, 3 ; tones from sub- 
stances of the same nature, 4, 5 ; from the contact of metallic with nou-mctallie, 7 ; not 
dependent on conducting power, 9. 


U. 

Trine, indigo in, 297. 


V. 

* 

Vibrations and tones , how produced in metals and other substances, 2. 


LONDON: 

PRINTED BY TAYLOR AND FRANCIS, RED LION COURT, FLEET STREET. 



PRESENTS 


RECEIVED JiY 


THE ROYAL SOCIETY, 

WITH TIIE 

NAMES OF THE DONORS. 


From November 1H5M to June 1854. 

Plth^EN 1 S. 

u XDl.Mir.S SOCI liTIKS. 

AIIkihx : fransn-tinns uf t^e Albany liMilute. Vul. II. Hvo. AUxnu/ lS.-VJ. 
J»a-» l l a lielir ueber di«- Ve ■ili.mdlun^eii dor Nat nrfursoliemlen (icielkclialt. 

lid. 10. S\i». /Ns sf/ I SJ'A 
Ritiiv.a :■ 

\ i-riMnilrli.iMi'n \ nu het l>:ita\ ina-rli ( n'iioot>rli;i|i van Kiuisten en Wotru- 
*•( happen. ! )| el '1 1. Ho. / !i ftft t’to I 5* i. 

1 >1 in e.«: Snei* ■tali'* Artiom Si-ieiih.n umi|ue ipi.e Ikituvi.c tluiet. tatri- 

Id-j us s\ M omal icn>. svo. Huttnttr LS.i.l. 

Herhn ■ 

\l)lMiitllii'i;;rii d«T koin*»lielieii Akadi mie, del WUsrie.eli.iften. \ns dent 
lain. 1 1S J, \ lto. littfin ls.>!5. 

'Nionai "In i irlii. M.i\ i«- Die. ls.“i i. Jan. tn \| 1 IS.il. S\o. 

1).,. ]■’»», -t'-cioiltr ili-r I *!i \ -lk ini Jaine IM:». .V * Infill*.:, Svo. lUrh/t 

ISrrwirk : - - 1 ’men dines «»f the Peru ieksdiire NaturalklV Club. \ ol. III. 
\.»s. S ain I 1. S\o. 

PujoLUM : — 

Miini.rir della Aeoadnnia diile Seien/.e. Timiju III. lto. Iinfar/ntt l SSI. 

H ••litlirniil n tit -He SeSMohi 1 S.*! ) 1N./J. ^vo. HnhujtUl lsr,o 

Dolla lii»«itu/inin dr* Pompicri jut piandi cilia e Terre miiiori. aS^t. per 
France.-sco <la-L ( iiudicc. ttvo. linlotjmt 1S,7J. 

PotiiIirv : — Transactions of tin* Mi die-id and Physical Society. No. 1. New 
Serb Svo. Honthttt/ 1 S.IS. 

Poston 

Memoirs of tin* Aim rican Academy of Arts and Sciences. \ ol. V. Part 1. 

I to. ( 'anthrnhjc ami Host on 1 S.5o. 

Proceedings. May 1S48 to May 1S52- Vol. II. Svo. IS5 4 2. 

Index to Vol. I. 


1 )0 NDlCs. 

Tin- I uM-ltutc. 

'fill 1 Sue let \ . 


'file Societx . 


'I’lii \eademv. 


I in- l\i\ ^ 1 1**4 1 Si U‘ i ‘l\. I j rll 


I h, l l-.l. 


flu* \rndi-mv. 


file Sonet). 


'fhe Aeadeni). 


MDCCCLIV. 


a 



PllKSKN' r>. 


Donohs. 


[ ^ i 


ACADEMIES ami SOCIETIES (continnuf). 

Boston : — 

Map of Tornado. S/ud. 

Proceedings of the Boston Society of Natural History, Jan. 1S.3I to Oct. 

1 > o*J. Svo. 

Journal. Parts 1 and l J. Vol. VI. Svo. Huston ISoO. 

Breslau : — 

Dreissigstcr Jahres-Bcrieht der Selilesi-ehen Gesellsehaft fiir \ aterlaudisehc 
Kultuv. Ini J all re 1S.“>J. I to. If resin n m 
Denk<i lirift /ur Eeier ihivs «>0 jiilirigeii Botehens lit rac-gegeben von 
der Sehle-i>clu-n Gesellscluift fiir vaterluudische Kulrur. 1 to. Dnshut 
1SJJ. 

Brus-el> : — 

Mcmoire* do PAeadcmie K ovale dos Sciences. Tom. XXVII. Ito. 

I s.JJ. 

Mt’iunins Ccuronucs, *\e. Part *2. 'Pom. V. Part 1. Tom. \ I. S\o. Drue- 
* (h * 1 <S.U. 

Bulletins: Tom. XX. N\»», lirn.n/fcs is.lj. 

Instructions pour P< )! nervation ilts Pin. immOtu v Perindi(jiie<. 1-lu. 

Maritime Conference held at Brus-t U tor deviling a uniform System ol* 
Meteorological Oli*LW.itio»s at Sea. Am- and Sept. I -Ito. 

Sur PEW otricite Natimlle des Curp-. Nvn. 

Stir h s EtoiU- Cilanh - Periodhpie- <li - j; » i 10 Aoiil. Mo. 

Note sur lEircur probable d‘mi ja--*gr ob-nve a Ja Lum Uo feridierme 
d»* POb-orvatoire II ovule de Biu\iiii-. Svo. 

Sur la Meteoiologie Xauti<|ue i t la Couii leiice Maiitime tonne a Bruxelles 

Svo. 

Sur la Diminution de Plncliiini-on Magnethpic cu Europe. Svo. 

Caleutla: — J oiiiii.i 1 of tile Asiatic; Soeii 1y of Bengal. No-. 1 to 7- IS. 1.5. 
Cambridge: — Transaction- of the Philosophical Society. Vol. IX. Pint :5. 
Ito. C'ft mhrniiji IS.-; {. 

Cherbourg : — Memoiri * de la Soeutc dcs Science:* Nat iirclle- do Cherbourg. 

Liv. 2. .‘5. 1. f luihmtrtj JS5J. \ ol. ]. Svo. 

Copenhagen : — 

Det Koiigcligo l_)an-ke Vidciiskabernes* SeNkabs Skrifter. Hemic Raehkc . 

‘ % 

3' Bind. Ito. Kjiilx ahum I s.j J. 

(J\ er-iert. . . i Aarci 1*^.1. i. Svo. 

Hi ehunatioii entitle "la (j cm.' ration altenianle ot la Digencsc,*' &c. Pat 
J. J. Sm. Ste< iistrup. Svo. iJupenhuyuc I.S.lt. 

Cm n wall : — 

Tvviiitieth Annual Hcport of the itoval Cornwall Polytechnic Society, 
1S.V2. Svo. 

Thii ty-ninth Annual Report of the Geological Society of Cornwall* 1 S/J2. 
Sv o. 

Dijon : — Memoires de PAeadcmie ilc** Sciences. Tom. I. et II. ‘J” 1 *" Seric. Svo. 

Dijon i t Haris 1 H. r /2- .> J . 

Dublin : — 

Bov id Iri-h Academy. Proceedings. VoJ. V'. Svo. Dublin 1 H.73. 


'Pile Academy. 
The Society. 


The Sneietv. 


'Plie Vrademv. 


The Society. 
The Society. 


r Pln* Soeietv . 


'I'lie Society. 


The Society. 
The Society. 
Tim Academy. 

The Academy. 
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Presents. 

ACADEMIES and SOCIETIES {continued). 

Dublin : — 


Geological Society. Journal. Vol. V. Part 3. Vol. VI. Part 1. 8vo. 1853. 
I'Minburgh : - - 

Kuyal Society. Transactions. Vol. XX. Part 4*. 4-to. 1853. 

Proceedings. Vol. III. No. 13. 8vo. 

Itojal Scott isli Society of Arts. Transactions. Vol. III. Part I. 8vo. Etlin- 
b unjk 181-5. 

Transactions of the Architectural Institute of Scotland. Vol. III. Part 1. 

8 vo. 1853. 

Fourth Prport. Svo. luUttlmryh 1853. 

( Jot tingen : — ■ 

Ahhandlmigcii tier kduiglicheii Gcscllschaft dcr Wissenchaiicn. 5 <r Hand. 
Ito. u | 853. 

Nachrichten. No-. I IT. 1 853. Svo. (t ntti/if/cu. 

I'aail* in : — Nat.mirkundiyo Ve* i.-audi lingen van tic Ilnllandsclic Maatschappij. 

2 ‘ I < rut turf ut</ 8 i u J» ilc< 1. Ito. fhuulxnt. 1853— 51*. 

I h h inyfors : — 

Act. i Societal i- Sciential um i'emiu .e. Tumi 111. Fuse. 2. Ito //< f>uitffors 
IS 53. 

N'nri < r nr S-d 1 .he pets t .n» \ mu.it i Flora I eiinica ITirhandlinirar. Ito. 1 85*2. 
f v: -;■«?. re : 1 » * 1 1 1 ( * t i ! i d I, i . n ■ i - ti* ’• .imlf.M' :h - Science-* Nat u n lie-. No*. 

‘ \ \ . , ». Tom. III. 

\ r!id..-»,,l,i.vl a !i* ! 1 itcrary .'ueiei y- Annua! Report for 1852-53. 

* ■ M — 


MJi.nidlin.::: 

. -c 

I ■ d- i k - nigh 

S. idl'd-* lun tfi-ellM-halt 

• \ n. I .* tf»: 1 

1 

it. r 1 ’ 1 » 1 1 . .!o«»i -i”! 

*.i‘ tori' t ’1.'' 

-o. Iklii*l. t and 8. 8. vo. 

•*,t r § 2'<f 1 ' 

■ ■■ * 1 / . 



\ j 

.Ci >i! ( i . . ; . 

t •, 1 ' -5 1 - ^ 1 4 It. l 

• >. 8\ ti. 1 1 . 


V m .jelil* 1 1.1 8- I" v II. I hlh-lil.'t. I in-*ij. lid. I to 7- 8\o. 


L'ijt /./ !: It j . 
i .njo:-- 

Mi nioiri - <h la '-(irj--;* 8- 

I " i '■ ■ / . ... . 

1 'lanrhi Ito. t ■- i 7- 
1 u\ t - poul -Pi on vd, :.g* :.i 1 
1 , -5I 53. 


«K 8,*!- ikvs <Ic I/u ge. I mil. 1. to \ 111. 


I.iltiarv and Philosophical Society. N«*. 


Pliti-h \ ■- '« 1 1 . 1 1 i o' > . lli'j.Oit 1 1: i w »_ *.! y-^ecoiid Meeting. 8VO. f^unlu/i 

I S53. 

(’'•■i , ideal . **.■ ii.i * In J ;w:e it- No-. 32 to 35. 8\o. 

ChroiH higieal In Ti._o .a. is«.:i Pai l 1. Svo. 1 S.V2. 

I'hit diiii » I f hmI St ^ 1 . tv- l i ;rn‘*iH , tn.s ,, i. \ ok 11. 1 .i to \ o. 1 853. 
Geological Sneiely. Quarterly Journal. Vul. IX. Part- 3 and 1. Vol. X. 
Paris 1 and 2. S\o. I S55 51. 

Horticultural Society. Journal. Nos- 3 and 1. Vol. VIII. NVs. ! and 2. 
Vol. IX. Svo- 


Donors. 

The Society. 
The Society. 
The Society. 
Tile Institute. 


The Society. 

'Flic Society. 

Th.- Society. 

The Society . 

idle Society . 

Flic Society. 


1 he Socii ty. 

Hie Society. 

Fhi Assuci-Ttioii- 

'Fhe Society. 

The Institute. 
The Society. 

'Idle Society. 

'Fhe Socict\. 



C < ] 


Prksfxts. 

ACADEMIES an.l SOCIETIES (twHuimtl). 

London : — 

Institute of 1 British Architects. Proceedings. November 1 S53 to May 1 S5 1. 

Report of Council, May 1. 

Linnean Society. Transactions. Vol. XXL Part II. 4 to. 1S53. 

Proceedings. Nos. ly lo .11. S\o. 

Li>t of Fellows, 1S52. 

Photographic Society. Journal. Nos. 1 to 17- 

Ko\al Agricultural Society. Journal. Vol. XIV. Part J. Svo. 

Koval Asiatic Society. Journal. Vol. XV. Part 1. Svo. 1S53. 

Koval Astronomical Society. Memoirs. Vuls. XXL ami XXII. Ito. 
] s.33— .> k 

— — ■ - - Monthly Notice's, Ac. Vols. XII. ..n. 1 MM. 

S\ n. I s i. 

K«»yal Ideographical Society. Journal. \ ul. XXIII. S\o, Lomfnn ]S53. 

— (ieiieral Imlt\ to the second tin volumes 

of the Journal, svo l.wulmt ]S53. 

Koy.il Institution. Nutin* of the Meetings, [•art J and No. 15. Svo. 

List of Members ami Keport. Is52. S\o. 

Koval M< ilieal and CLirurgical Society V ransnctimi'. Vol. XXX\ 1. Svo. 
I.<>nih*n 1 S 5 ‘ » . 

Socn ty of Ant hpiarif?’*. Arclueologia. Vol. XXXV. ito. 

Proceeding*. : J to r.’fj. Svo. 

I.i-t of l eiiows, 1 s.) 

— Catalogin' of Roman Coin*, collected by the late 

Ki*v. Tie ana.* Kerrich. M.A.. L .s. Ac. Svo. 1 852. 

Society of Art*. Journal. No*. :it) to si. Svo. 

Statistical Society. Journal. \ ol. ML Part* 5 and L Vol. XVII. Parts 
1 and 2. Svo. ] N53— 5L 

Milan: -Atti <h 11a -e*ta K itinione «h gli Scien/iati Ituliani teimta in Milano 
u el Settt ndjre 1SJ 1. lt»». Mdauu is 15. 

Mfi-ma : — Dull*. tin de la Socittr Imperiale des Naturalistc*. Non. .'I and L 
Is 11 ; 1 to k I S52 ; J and 2. ls.3.5. Svo. J Iosrnu. 

M ui.icli - 

AMiundlungen der I liatm isclu.u ('la~*t: der Kwnigl. Baycrischen Akademie 
dcr \VL*en.*chaften. Band 7. Abih. 1. I to. Mii/tchrn 1 S53. 

--- — Matlu-ph\ (_la**e. Baud 7. Alith. 1. H.o. Mutithot I H53. 

Bull* tin. No*. 1 to 52, 1S55. ito. 

(jelehrte AriZe'ii'eri. lid. 3B, 37. Ito. Mu nr hoi l 853. 

Hi de /ur Vortex er des holien fie hurts festes Sr. Maj. (les Kdnigcs Maxi- 
milian II. Ito. Miinrhm L*vl3. 

Leber ilie Bcwcguni' tier Bexolkerung im Kdnigreiche Bayern. I'vstrede , 
Ito. M u nr hen 1853. 

Die Cla.-d-ehen Studien und ihre (iegner. Ito. Munchrn 1853. 

WegweLer t ur die Besuchcr des K. Botunischcn Cartons in Munchcn. 
\ on Dr. C. I*. P. von Martius. 8vu. Munrhen J 852. 

New York: — AnuaU of the Lyceum of Natural History. Svo. New York 
1 853. 


Donors. 

The Institute. 
The Society. 

The Society. 
The Soc •icty. 
The Society. 
The Society. 

I he Society. 

The Socii ty. 

rhe Institution. 
Tile Sim •it ty. 
Tile Society . 


The Society. 

The Society- 

Dr. Kogcl, l-.K.S. 

The Society. 

The Academy. 


Tlic Lyceum. 
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Presents. 

ACADEMIES ami SOCIETIES (continued). 

Paris : — 

Annuiiiro de la Societe Meteorologique de France. Tom. I. Part. 1. 
Fondles J to 8. 4to. Paris 1 850. 

Archives tin Museum d’Histoire Xaturellc. Tom. VII. Liv. 1 et 2. 4 to. 
Paris 1 858-5 1*. 

Tmllctin ile la Societe de Geographic. 4 n,e Serie. Tom. V. et VI. Svo. 
Paris 1853. 

Hiillctin ile la Societe Geologique de France. Feuillos 30 to 40, Tom. IX. 

!• to 40, Tom. X. 1 to 3, Tom. XI. Svo. 

Mcmoires presentes par dive rs Savants ii T Academic des Inscriptions ct 
1 >elles-lcttivs. Premiere Serie. Tom. III. Mo. Paris 1853. 

Memoiro de T Academic firs Science*.. Tom. XXIV. lto. Paris 1851*. 

(_'« uuptes I’cndus. Nos. 22 to 20. Tom XXXVI. and Table des Mattered. 
Tom. XXXVII., and 1 to 22 Tom. XXXVIII. lto. 

Pliiladi Ipliia : — 

American Philosophical Socif tv. Transactions. Vol. X. Part 2. 4 to. Phi- 
Imh fji/tia | S52. 


Pmcci ding*. Vol. V. No. IS. Svo. 

Frankl in Institute. Journal. V il. \XV. No.tJ. Vol.XXVI. No*. 1. 1,5,0. 
\ ol. X\\ I (. Nik. 1 2. 3, ", Svo. 


tlonu : - 


Atti ill IT \i-e *fleini:i. Pntjtifici.i de* N’uovi l.ineei. Amm 5. Se^ioni 2, 5. t. 

lto. P*.tO'i I 853. 

i ’til ! j *|: i»nili n/.a Scientific.!,. No. 13. 

M. Pi s » r-biireh : 

M uni.ii'i ■* de I’ Academic leipi'ii.de d* * Scienri <. St imre* X I;i 1 1 1 . et Pli\*. 

I mu. V . I.iv. 1. ej liu. 1 s.j5. 

I > n 1 1 1 ' 1 ill de la ( 'I.i-.m* IliMo! ieo Plidnlogif pie. Tom. X. lt«». 

. . — Pli\ hematn pa-. 1 om. X I. *1 to. 

lleem il d< * 5 1 eme-il • pj'i -« site** a I’ Ve.idemn de- Srienci *• par les Astro- 
II'MIHS »le PoUlkOX l. \ ol. 1. lto. St. Pt /« / .shift ! I N5 J. 

Stockholm : — 

Rough Vetcn-J,nps- Akademh ii's I I.indlingar lor ar 1851. Svo. Sfnt hholni 

<)l\ei*igt. - - .'itlonde nrgnngen I S52. Svo. I s', 3. 

Kcgkler for aren IS'JO till ocli meil JS lS. S\o. IS52. 

Herat telsc om FramMegcn i Vertebreraih Djurcvis Nat nralln^toi ta «»ch 
Kthrmgralieii tinder are ti |.*>l5--5(). Svo. ls5:5. 

'Toronto: —'The. ('anadian Journal, April to December ]S55. January t « * April 
1851. lto. Toronto. 

Turin: — Memorie della llcale Aecailemia della Science. Serie Seconda. 

Tomo XIII. lto. Torino 1853. 

Vienua : — 

Denksehriften der Kaiser lichen Akademie der Wisseuscliaften. .Math. 
Natur. Chisse. l‘ r Hand, Lief], 5 ,r Hand, I.ief 1, 2, <i ,r Hand, 1S53. lto. 
IVicn 1852, 1 851. 

Philos. Ilistor. Clas.se. l' ,r Hand. lto. Hiiot 1853. 


Donors. 

The Society. 
The Museum 
The Society. 
The Society. 
The Institute. 


'The Society. 


IJie Institute. 


The Academy. 


I be \iaduny. 


I he < )b*n *.itoi v. 


I lie Aeadi mv. 


The ('anadian Institute. 
'The Academy. 

The Academy. 
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PuKSFN'TS. 

ACADEMIES ami SOCIETIES (continual). 

Vienna: — 

Tafeln — Math. Nairn*. Cl.t^c. Hd. V. 

. Phil. I lUtor. Classe- Band IX. Heft 1,3. L>tl. X. 3, 1, 5. 

Ud. \1. 1 and Me. 1 S3:>. 

Math. X.itur. Cla>se. Bd. IX. II- ft 3. k 5. Band X. 

i t.> xi. i tn 4. ‘'vo. is.xh 

• VliuaiiiU'li iii r \kadt mie. P’ r Jahrg.ing ISA 1. Svo. 

dain-hucli dt r K. k. (lYohujkehen lit ichsaifetult. No. 1, 1SA2. Nos. 1,2, 

1 ! to. II /, tt. 

\ » rli.r.nli.iiijui i!i - zoolo^iseh-botanischen Vrmns in Wien. Band I., II. 

S * I). If t, ■ ] s J ”,/• 


Pi • n't » li«u' ■ *'n \ : i 


i vail .\ 


nviatiou for tin* Advancement of Science* 


Si\!il N 1 > c T : ^ Vi i, 1 f f'\ l J S.VJ. 

>n. ■ '■ .ii ( • , . r ,".lnitio:is to Know ledge. \ nl. V. Ito. \\ ashiihjton ISA. 4 !. 




\i.M..d !!< . *-rt 

• -i* tin 1'nard 

M. t. 

• ii » 

Till 

pri par* si In A 

( *■ i 1 

i s 

r 

- 1 

■ n ■ f' Pun** it- 

"t \» rtii Ann 

Cut ! 

- 

i.r . f N 

K. yt.h - 

»V. 

. f 

i. >i i \ i ii- 

. > y t */r / •”,fi ,t 

O. e. 

.1 . 

■ : ■ * . i.! ‘ 

■" *h \» I v; 

N i 

) 1 

[I. W.». si. 

» i e| ?];•■ | 

t .. 

'■ l 

’ ii.-- u .. it.i. 

l ' ' t"T'l 1 S.Vi. 


\ -J i! :-.i -i * ■ ■ l XJa'iiit rical, and Meteorological Olhcrva- 
li,,, " *• ,l ‘ li * ' d ().. . .\.it«uy, (iifi'iiu irli, ;n tin* year 1SAI. Ito. 

/.I ■ - \^‘s ■. 

.i.L ’i v\ < Dr. ( i. On 4, a .- A i traction of Ellipsoids, with a new Dciuon- 

T:u , •*!:!. c\c. Ito. Dublin IS.",'). 

\ NDI.' i .V*. ' • i* f . I ). i. Iti t • .i r . *i f h-- Trade and Commerce of the BrilMi North 
A ,l *‘ *■ li * * 1 h>:oi eve. Svo. If ostumjfon ISAiJ. With three Maps. 
WON) \B >(>: - 

% 

\ { i i .■'* * ■ & r i 1 1 r _r t> the Discovery of (iold in Australia. Svo. 

/.*». I- - ;:. 

\ ,., ie :•:*:« • para >1 A'o lS”A. S\«i. Sttn Prrnanda 1SAA. 

Xni " II[. •!. • u i a; ■ * i : ■ * ■ 1 1 1 mil. \ I. \ II. VIII. S\o. Darts 1 S.'S 1 — .52. 


Donors. 


The Academy. 


The Institute. 
The Society. 


The* Association. 

The Smith.NOiiiai Institu- 
tion. 


The Author. 

The Admiralty. 

The Koval Irish Acadenn 
The Author. 

The Author. 

The Observatory, 
la: Depot de la Miumc 


laid* d ' Ji s 1 1 1 12 1 .il . S\o. Paris | S.33. 

\j s :. I •* 'Mu! f o-P~ ! 1 . 1 |\|.- _\J. M. h-s Doeteurs J hi il larger, Brierre 

’ lA ■ " 1 1 ( t J f * 121 . iJ. To \ . Svo. Put is 1 S.j()-.>3. 

A i > i ••!.■- -Wai** - dcs (. •fir^ d< - 1-runrc, IsA:'— .>1. l2ino. Paris I HoS. 

Vuni 1 l K< ,.oi t nt the Snpi rinS « ndi nt of the Count Survey, for the year ending 

Nov. JS,,]. Svo. Wa^hun/t'in 1 S.32. 

Sketches, iVe., ditto. 4 to. 


M. dc Boisniont. 


Le Depot de la Marine. 
Professor A. I). Baehe. 
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Presents. 

ANONYMOUS (continued). 

A Subsidiary Catalogue of 1440 Stars, selected from the British Catalogue, 
reduced to January 1st, 1850, from Observations made at Madras, in the 
years 1849-53. 4to. 

Observations of 144 Double or Multiple Stars, made at the Madras Obser- 
vatory, with the Lerebours Equatorial in 1850-52. 4to. 

Bibliography of American Natural History for the year 1851. Svo. Wash- 
ington 1852. 

Bulletin des Societes Savantes. Svo. Paris 1854. 

Catalogue of the Library of the London Institution. Vol. IV. Svo. 1852. 

Catalogue of Stars near the Ecliptic, observed at Markree, during the year.'' 
1851 and 1852, «!vc. Vol. II. 8vo. Dublin. 


Catalogue of the I'VlImvs, iKc. of the llojal College of Physicians, 1353. 
Census of Great Britain, 1851. Pojiulatiou Tables. Vol». I. II. and Index. 
F«il. London 1852. 

Conuaissance des Temps pour fan 1851* et pour fan 1855. 8vo. Paris, 
Ainiuaire pour fan 185*5. 12ino. Paris . 

Corisideratioiih (ient rales sur rOeiau Allantique. Svo. Paris 1852. 
Considerations ( ieiierale^ sur 1 Oi -m Pariiiipn. S\o. Paris 1 > 1 - 
Decimal Coinage : What it. ougli! and \vj»:it. it might not lo be. By oiu of 
the Million. Svo. I ah, dan ISM. 

Figures and l)t -eriptioiis iUu-.t,r;.J svo ot Briti.sh Organic L eiiiain* 3 . Deead*.^ 
1, f>, 7. llo, Lam but 1 8 >2-’:.’- 

Flora Malawi. All. «> to Pi, 77s 7s. 125 to 151. 1 17, 150 to I.'S, !CO, 175 l<' 
\ 75. llo. 


l vtel eii llegi-tir to the Gt, 5th. KHh and ilth u, Limes. U*». 

Grammar of the Bonin or Kannri Langua j*. Y\>o i"l u ‘ Lmvhm 


1853. 

Dialogues, and a -mall Pori ion of the Ni u l ,-t.mu nL m th 1 l.ngli. n. \iabn, 
Ilau.--a. and Bornn Languagi-. Two copies < Mjl. llo. Land • a 
London l niver-it 1 ; l ah nd.ir, 1 8 H. Svo. 


Mag in 


I jsrlie mid Meti-or.ilogi'Clie Benbaelihingfu . ** Pi air. i..itiu- Jalji^air: 


llo. Pray. 1 ->55. 

M i:ilU 1 de la Nun igalnei dans la Mer des Anlille**. Gun. !. )L Svo. Pans I s.M. 
.Manuel de !a Navigation a la Cote oeehh iitalr d’Afiique. Tom. HI- Sv,K 


Pans 1 S52. 

Mcmoire mu* lea Ourngau- de la Mer des Indt Svo. Part . * J8.i2. 

Memoirs oHhe Geological Sur\e\ of du al l«nuin. \ ol. II. P.uN I and 2. 
,S\o. i .ton bat. ISIS. 

Meinoiie dell’ <)-ser\ alorio dell' 1 nmi-iCi Gregoiianu del C.>!!e ; *in IC-m.uio 
diretto dai P. P. della Compagnia di Gcmi. Anno L\)l. Mo. liana: 1851- 
Me-.s.ige of the Governor of Maryland* on Bmindaiy Line-., i\c. Svo. \,a\n- 
ij/ybj/t 1S50. 

Notice des Trnvnuv Mutlii-mafujucs <1.- M. ('Iiu-lcs. Ito. 

OliMTXiitioiis Mcti-orolo^iqiics taiU's ii Nijiic TaguiNk. Annus IS.jO-.jI. 
Svo. Paris IS52. 

Tirana Sanitraliu, &c.. edited by Kev. K. M. Hiimicrji a. No. I. <S\o. Cat- 
euttu 1851. 


Donors. 

The Directors, Hon. East 
India Company. 


C. Girard, Esq. 

The Editor. 

The Institution. 

Her Majesty’s Government. 

The College. 

The I legist rar-Gcncral. 

Le Bureau des Longitudes. 


Le Depot de la Marine. 


'i he Author, per Dr. J. E. 

v/i.i\, F.lt.S. 

Ih r Majol\’> Government. 

Hi- Maje-tx the King of 
tin- NeiiurlamG. 


Tli'* High! I Ion. the Karl ol 
( Lit t mli i'). 


! he l f.n- r-il\ 
i he ( *li*i rv.itoi \ . 


| ,»• |)i |»ot d« la Mat ini . 


Her Maje-i \ L Government. 

i he Ob -enalorv. 

Kii ut.-Cnl. Graham, l inted 
Stale-: r.llgilK ITS. 

The Author. 

Prince Demidoll. 

The Editor. 
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Donors. 


Pill's fnts. 

ANONYMOl'S ( conti it uni 4. 

Quarterly Return of Marriages, Births ami Deaths. Nos. IS to 20. Svo. 
IS ,W. 

lit cords of the Sehool of Mines. Parts ] to 4. Svo. London 18,52-5:1. 
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tore* > Iliutliee-?. S\o. J'Jin irf' 1 ^32. 

P. VCHK (A. D.) Volitional Noti^ of a Diteu^mu of Tidal Observations 
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Svo. (‘aim Mo Ispi. 
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BURMKISI LH (Dr. II.) Rcise nacJi Brsisilien, (lurch die Provinzrn von Rio 
dc Janeiro und Minas-Gcraes. 8vo. Merlin 18.53. 
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I he l’hilo'ophieal Magazine, July to December 1853 ; January to June 1X5 4. 
11‘DkIXS ((’. J.) A Pape r on Sewing Machines. Svo. fjmdon lS.il*. 
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ltd. St. /V tershnu rtf 1 SAIL 

Amici 1 IS.iO. No*. 1, 

Comptc Ik min Annual. \nnce 1 SA'J. Ho. 1SA.J. 

1. \M(>NT (.1.) M:i"nrii>cl , »: < >rNbi ^timnmn^rii au-gefiiljrt an xersehii denni 
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Tr.ielv of ill.' C) clone, -f>th and ‘JTlh Mi.rrli, ISA,' 5. Shnt. 
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